. 
sa 
fe 


Ch aun eM 


DUQUESNE UNIVERSITY 
The Gumberg Library 


Gift of 
Dr. Robert A. Nelson, Ph.D. 
Scholar, Teacher, Scientist 


A 
4 


it 
> oF a oar ae 
7 ’ _~ ae 


7 


nae a ee 


Mi 
— 


. , § 7 
Zia patina : 
: : o 
| d 
é 
we ran 2 1 a 
-” 
7 
: “ al - 
\ on me 7 ‘ ? _ 
el Rewee! Epo ys , 
a 2 alah et ol — is ; 7 
. 
a, 
i 
J 
7104 
- oe 


Digitized by the Internet Archive 
in 2023 


https://archive.org/details/elementarytreati0000will_ m1z8 


SNe ewe NMARY TREATISE 


ON 


FOURLER’S SERIES 


AND 


SPHERICAL, CYLINDRICAL, AND ELLIPSOIDAL 
HARMONICS, 


WITH 


‘APPLICATIONS TO PROBLEMS IN MATHEMATICAL PHYSICS. 


BY 


WILLIAM ELWOOD BYERLY, Pu.D., 


PROFESSOR OF MATHEMATICS IN HARVARD UNIVERSITY, 


GINN AND COMPANY 


BOSTON - NEW YORK + CHICAGO + LONDON 
ATLANTA - DALLAS +» COLUMBUS -« SAN FRANCISCO 


COPYRIGHT, 1893, BY 
WILLIAM ELWOOD BYERLY 


ALL RIGHTS RESERVED 


PRINTED IN THE UNITED STATES OF AMERICA 


The Atheneum Press 


GINN AND COMPANY .« PRO- 
PRIETORS + BOSTON + U.S.A. 


PREFACE. 


Asout ten years ago I gave a course of lectures on Trigonometric Series, 
following closely the treatment of that subject in Riemann’s “ Partielle 
Differentialgleichungen,” to accompany a short course on The Potential 
Function, given by Professor B. O. Peirce. 

My course has been gradually modified and extended until it has become an 
introduction to Spherical Harmonics and Bessel’s and Lamé’s Functions. 

Two years ago my lecture notes were lithographed by my class for their 
own use and were found so convenient that I have prepared them for 
publication, hoping that they may prove useful to others as well as to my 
own students. Meanwhile, Professor Peirce has published his lectures on 
‘‘The Newtonian Potential Function” (Boston, Ginn & Co.), and the two 
sets of lectures form a course (Math. 10) given regularly at Harvard, and 
intended as a partial introduction to modern Mathematical Physics. 

Students taking this course are supposed to be familiar with so much of the 
infinitesimal calculus as is contained in my “ Differential Calculus ” (Boston, 
Ginn & Co.) and my “Integral Calculus” (second edition, same publishers), 
to which I refer in the present book as “Dif. Cal.” and “Int. Cal.” Here, 
as in the “Calculus,” I speak of a “derivative” rather than a “ differential 
coefficient,” and use the notation D, instead of < for “ partial derivative with 
respect to x.” 

The course was at first, as I have said, an exposition of Riemann’s “Partielle 
Differentialgleichungen.” In extending it, I drew largely from Ferrer’s 
“Spherical Harmonics” and Heine’s “ Kugelfunctionen,” and was somewhat 
indebted to Todhunter (“Functions of Laplace, Kessel, and Lamé”), Lord 
Rayleigh (“Theory of Sound”), and Forsyth (“‘ Differential Equations ”’). 

In preparing the notes for publication, I have been greatly aided by the 
criticisms and suggestions of my colleagues, Professor B. O. Peirce and Dr. 
Maxime Bocher, and the latter has kindly contributed the brief historical 
sketch contained in Chapter IX. 

W. E. BYERLY. 


Campripce, Mass., Sept. 1893. 


ANALYTICAL TABLE OF CONTENTS. 


CHAPTER I. 


EERO DUG LLON meer etter, eect enn ir, Seen eeeey eee NAL Ce ey Se Le ee 


Art. 1. List of some important homogeneous linear partial differential equations 
of Physics. — Arrs. 2-4, Distinction between the general solution and a particular 
solution of a differential equation. Need of additional data to make the solution 
of a differential equation determinate. Definition of linear and of linear and 
homogeneous. — Arts. 5-6. Particular solutions of homogeneous linear differential 
equations may be combined into a more general solution. Need of development 
in terms of normal forms. — Arr. 7. Problem: Permanent state of temperatures 
in a thin rectangular plate. Need of a development in sine series. Example. — 
Art. 8. Problem: Transverse vibrations of a stretched elastic string. A develop- 
ment in sine series suggested. — Art. 9. Problem: Potentiai function due to the 
attraction of a circular ring of small cross-section. Surface Zonal Harmonics 
(Legendre’s Coefficients). Example. — Arr. 10. Problem: Permanent state of 
temperatures in a solid sphere. Development in terms of Surface Zonal Har- 
monics suggested. — Arrs. 11-12. Problem: Vibrations of a circular drumhead. 
Cylindrical Harmonics (Bessel’s Functions). Recapitulation. — Arr. 13. Method 
of making the solution of a linear partial differential equation depend upon solving 
a set of ordinary differential equations by assuming the dependent variable equal 
to a product of factors each of which involves but one of the independent variables. 
Arts, 14-15. Method of solving ordinary homogeneous linear differential equa- 
tions by development in power series. Applications. — Arr. 16. Application to 
Legendre’s Equation. Several forms of general solution obtained. Zonal 
Harmonics of the second kind.— Arr. 17. Application to Bessel’s Equation. 
General solution obtained for the case where m is not an integer, and for the case 
where mm is zero. Bessel’s Function of the second kind and zeroth order. — Arr, 
18. Method of obtaining the general solution of an ordinary linear differential 
equation of the second order from a given particular solution. Application to 
the equations considered in Arts, 14-17. 


CHAPTER II. 


DEVELOPMENT IN ‘TRIGONOMETRIO SERIES .20.0.22....-2sccc--ccscenceccencseccnsccnceceosesceecescerencneoes. sensneneszes 


Arts. 19-22. Determination of the coefficients of n terms of a sine series so that 
the sum of the terms shall be equal to a given function of x for n given values 
of x. Numerical example. — Arr. 23. Problem of development in sine series 
treated as a limiting case of the problem just solved. —Arrs. 24-25. Shorter 
method of solving the problem of development in series involving sines of whole 
multiples of the variable. Working rule deduced. Recapitulation. — Arr. 26, A 


vi TABLE OF CONTENTS. 


PAGES 
few important sine developments obtained. Examples. — Arts. 27-28. Develop- 

ment in cosine series. Examples. — Arr. 29. Sine series an odd function of the 
variable, cosine series an even function, and both series periodic functions. — 

Arr. 30. Development in series involving both sines and cosines of whole 
multiples of the variable. Fourier’s series. Examples. — Arr. 31. Extension of 

the range within which the function and the series are equal. Examples. — 

Arr. 32. Fourier’s Integral obtained. 


CHAPTER III. 


CGNVERGENCE OF FOURIER’S SERIES .......22-..-.2:0---+ PON eae hae cg oraay aotende Rte ree eee 55-68 


Arts. 33-36. The question of the convergence of the sine series for unity con- 
sidered at length. — Arrs. 37-38. Statement of the conditions which are sufficient 
to warrant the development of a function into a Fourier’s series. Historical note. 
Arr. 39. Graphical representation of successive approximations to a sine series. 
Properties of a Fourier’s series inferred from the constructions. — Arts. 40-42. 
Investigation of the conditions under which a Fourier’s series can be differentiated 
term by term. — Art. 43. Conditions under which a function can be expressed as 
a Fourier’s Integral. 


CHAPTER IV. 


SoLuTION oF PROBLEMS IN Puysics BY THE AID OF FourrerR’s INTEGRALS AND 
FO URTWR’S: SSE RIBS scree eect ca eee ea aaa ce 69-134 


Arts. 44-48. Logarithmic Potential. Flow of electricity in an infinite plane, 
where the value of the Potential Function is given along an infinite straight line; 
along two mutually perpendicular straight lines; along two parallel straight lines. 
Examples. Use of Conjugate Functions. Sources and Sinks. Equipotential 
lines and lines of Flow. Examples. —Arrs. 49-52. One-dimensional flow of heat. 
Flow of heat in an infinite solid; in a solid with one plane face at the temperature 
zero; in a solid with one plane face whose temperature is a function of the time 
(Riemann’s solution); in a bar of small cross section from whose surface heat 
escapes into air at temperature zero. Limiting state approached when the tem- 
perature of the origin is a periodic function of the time. Examples. — Arts. 53-— 
54. Temperatures due to instantaneous and to permanent heat sources and sinks, 
and to heat doublets. Examples. Application to the case where there is 
leakage. — Arts. 55-56. Transmission of a disturbance along an infinite stretched 
elastic string. Examples,— Arrs. 57-58. Stationary temperatures in a long 
rectangular plate. Temperature of the base unity. Summation of a Trigono- 
metric series. Isothermal lines and lines of flow. Examples. — Arr. 59. Potential 
Function given along the perimeter of a rectangle. Examples. — Arrs. 60-63. 
One-dimensional flow of heat in a slab with parallel plane faces. Both faces at 
temperature zero. Both faces adiathermanous. Temperature of one face a 
function of the time. Examples. — Arr. 64. Motion of a stretched elastic strine 
fastened at the ends. Steady vibration. Nodes. Examples. — Arr. 65. Motipn 
of a string in a resisting medium. — Arr. 66. Flow of heat in a sphere whose 
surface is kept at a constant temperature. — Arts. 67-68. Cooling of a sphere in 
air. Surface condition given by a differential equation. Development in a Trigo- 


nometric series of which Fourier’s Sine Series is a special case. Examples. — 


TABLE OF CONTENTS. vil 


Arts. 69-70. Flow of heat in an infinite solid with one plane face which is 
exposed to air whose temperature is a function of the time. Solution for an g 
instantaneous heat source when the temperature of the air is zero, Examples. — 
Arts. 71-73. Vibration of a rectangular drumhead. Development of a function 

of two variables in a double Fourier’s Series. Examples. Nodal lines in a 
rectangular drumhead. Nodal lines in a square drumhead. 


MIscELLANEOUS PROBLEMS 135-143 


I. Logarithmic Potential. Polar Coérdinates. —II. Potential Function in Space. 
III. Conduction of heat in a plane. —IV. Conduction of heat in Space. 


CHAPTER V. 


LON MILLAR MONIC See agrees eset 0 we ne eer ene es Ren tie eee earn Po LC elas 144-194 


Art. 74. Recapitulation. Surface Zonal Harmonics (Legendrians). Zonal Har- 
monics of the second kind. — Arts. 75-76. Legendrians as coefficients in a Power 
Series. Special values. —Arr. 77. Summary of the properties of a Legendrian. 
List of the first eight Legendrians. Relation connecting any three successive 
Legendrians. — Arts. 78-81. Problems in Potential. Potential Function due to 
the attraction of a material circular ring of small crosssection. Potential Function 
due to a charge of electricity placed on a thin circular disc. Examples: Spheroidal 
conductors. Potential Function due to the attraction of a material homogeneous 
circular disc. Examples: Homogeneous hemisphere ; Heterogeneous sphere ; 
Homogeneous spheroids. Generalisation.—Arr. 82. Legendrian as a sum of 
cosines. — Arts. 83-84. Legendrian as the mth derivative of the mth power of 
2?—1.—Arr. 85. Equations derivable from Legendre’s Equation. — Arr. 86. 
Legendrian as a Partial Derivative. — Arr. 87. Legendrian as a Definite Integral. 
Arts. 88-90. Development in Zonal Harmonic Series. Integral of the product of 
two Legendrians of different degrees. Integral of the square of a Legendrian. 
Formulas for the coefficients of the series. — Arts. 91-92. Integral of the product 
of two Legendrians obtained by the aid of Legendre’s Equation; by the aid of 
Green’s Theorem. Additional formulas for integration. Examples. — Arts. 93- 
94. Problems in Potential where the value of the Potential Function is given on a 
spherical surface and has circular symmetry about a diameter. Examples. — 
Art. 95. Development of a power of x in Zonal Harmonic Series. — Arr. 96. 
Useful formulas. — Arr. 97. Development of sinné and cosné in Zonal Harmonic 
Series. Examples. Graphical representation of the first seven Surface Zonal 
Harmonics. Construction of successive approximations to Zonal Harmonic Series. 
Arts. 98-99. Method of dealing with problems in Potential when the density is 
given. Examples. — Arr. 100. Surface Zonal Harmonics of the second kind. 
Examples: Conal Harmonics. 


CHAPTER VI. 


Sevrnvancowth, VEDAS SIT POS SB COT NE cet ae ce cee Pc nr 195-218 


Arts. 101-102. Particular Solutions of Laplace’s Equation obtained. Associated 
Functions. Tesseral Harmonics. Surface Spherical Harmonics. Solid Spherical 
Harmonics. Table of Associated Functions. Examples. — Arrs. 103-108. De- 
velopment in Spherical Harmonic Series. The integral of the product of two 


vill TABLE OF CONTENTS. 


PAGES 
Surface Spherical Harmonics of different degrees taken over the surface of the 


unit sphere is zero, Examples. The integral of the product of two Associated 
Functions of the same order. Formulas for the coefficients of the series. Ilustra- 
tive example. Examples. — Arts. 109-110. Any homogeneous rational integral 
Algebraic function of z, y, and z which satisfies Laplace’s Equation is a Solid 
Spherical Harmonic. Examples. — Arr. 111. A transformation of axes to a new 
set having the same origin will change a Surface Spherical Harmonic into another 
of the same degree. — Arts. 112-114. Laplacians. Integral of the product of a 
Surface Spherical Harmonic by a Laplacian of the same degree. Development in 
Spherical Harmonic Series by the aid of Laplacians. Table of Laplacians. Ex- 
ample. — Arr. 115. Solution of problems in Potential by direct integration. 
Examples. — Arrs. 116-118. Differentiation along an axis. Axes of a Spherical 
Harmonic. — Arr. 119. Roots of a Zonal Harmonic. Roots of a Tesseral Har- 
monic. Nomenclature justified. 


CHAPTER VII. 


CYLINDRICAL) ELARMONICS (BESSEIU7S 9 BUN CTLONS) resceescecere ener sere chece sees ereees eateneae nema 219-237 


Arr. 120. Recapitulation. Cylindrical Harmonics (Bessel’s Functions) of the 
zeroth order; of the nth order; of the second kind. General solution of Bessel’s 
Equation. — Arr. 121. Bessel’s Functions as definite integrals, Examples. — 
Arr. 122. Properties of Bessel’s Functions. Semi-convergent series for a Bessel’s 
Function. Examples. — Arr. 125. Problem: Stationary temperatures in a 
cylinder (a) when the temperature of the convex surface is zero; (b) when the 
convex surface is adiathermanous; (c) when the convex surface is exposed to air 
at the temperature zero.— Arr. 124. Roots of Bessel’s functions. — Arr. 125, 
The integral of r times the product of two Cylindrical Harmonics of the zeroth 
order. Example. — Arr. 126. Development in Cylindrical Harmonic Series. 
Formulas for the coefficients. Examples. —Arr. 127. Problem: Stationary 
temperatures in a cylindrical shell. Bessel’s Functions of the second kind 
employed. Example: Vibration of a ring membrane.— Arr. 128. Problem: 
Stationary temperatures in a cylinder when the temperature of the convex surface 
varies with the distance from the base. Bessel’s Functions of a complex variable. 
Examples. — Arr. 129. Problem: Stationary temperatures in a cylinder when 
the temperatures of the base are unsymmetrical. Bessel’s Functions of the nth 
order employed. Miscellaneous examples.  JBessel’s Functions of fractional 
order, 


CHAPTER VIII. 


Lapiace’s Equation 1N CurvVILINEAR CoOrpInaTEs. ExripsomaL Harmonics.....238-266 


Arts. 130-131. Orthogonal Curvilinear Coordinates in general. Laplace’s Equa- 
tion expressed in terms of orthogonal curvilinear codrdinates by the aid of Green’s 
theorem. — Arts. 152-135. Spheroidal Coordinates. Laplace’s Equation in 
spheroidal codrdinates, in normal spheroidal coérdinates. Examples. Condition 
that a set of curvilinear codrdinates should be normal. Thermometric Parameters. 
Particular solutions of Laplace’s Equation in spheroidal coérdinates. Spheroidal 
Harmonics. Examples. The Potential Function due to the attraction of an 
oblate spheroid. Solution for an external point. Examples. — Arts, 136-141. 


TABLE OF CONTENTS. 1x 


PAGES 
Ellipsoidal Coordinates. Laplace’s Equation in ellipsoidal codrdinates. Normal 


ellipsoidal codrdinates expressed as Elliptic Integrals. Particular solutions of 
Laplace’s Equation. Lamé’s Equation. Ellipsoidal Harmonics (Lamé’s Func- 
tions). Tables of Ellipsoidal Harmonics of the degrees 1, 2, and 3. Lamé’s 
Functions of the second kind. Examples. Development in Ellipsoidal Harmonic 
series, Value of the Potential Function at any point in space when its value is 
given at all points on the surface of an ellipsoid.— Arr. 142. Conical Codrdinates. 
The product of two Ellipsoidal Harmonics a Spherical Harmonic. — Arr. 143. 
Toroidal Codrdinates. Laplace’s Equation in toroidal coérdinates. Particular 
solutions. Toroidal Harmonics. Potential Function for an anchor ring. 


CECA PALE LNG 


ETS WOR UC AT UMM AR Newer setae seta eee, aoe pastes ere eer re ceeerieresoees Mare aeons ce ey eee escent 267-275 
APPENDIX. 

EIN AB TiS meme ene Bato ee nee Sec hea ag. ee sere wsiccten hacen Weng neeece eae ten taty os he eee eee Ret ohne eter cae 277-287 
Gu I, Rie) oon sbheioies, AMET NH) an coco 278 
qnrpers JUL  Syiseieverss WAcraRAl Isler T OPIN s — YeNPeq UN OVENS G05. cea a sere eteeneecceee eee cece eee eee 280 
LATS Te UP me EL yen ON Ca HVT CULOMS See cseeeteer oe ee eee. See ee, cee ee cs emer ne ey 282 
ZAG Vem OOES OL Hs eSSel Se HUI CLI OTIS see reer stee eerste cece ons earen coc eeeerse careers see eceneeeeeees 286 
LAT EV AMET OO (SHO fe GSSC LB EIU CULOMS crecncere: erete see ercessnue rae ceceecere ee te oc enereneeeeneaceeern ree 286 


TT SAUES 1 OVAL AES CSSEL SPM UT) COLOM Se ae ccsec center sacs cetera ceca e eet wn occ Se pen, seca eenere tepeetooriae 287 


a J : - . . 


CHA PTE Rael: 
INTRODUCTION, 


1. In many important problems in mathematical physics we are obliged 
to deal with partial differential equations of a comparatively simple form. 
For example, in the Analytical Theory of Heat we have for the change of 
temperature of any solid due to the flow of heat within the solid, the equation 
Du = @D2u + D2u + D2u),* [1] 
where w represents the temperature at any point of the solid and ¢ the time. 
In the simplest case, that of a slab of infinite extent with parallel plane 
faces, where the temperature can be regarded as a function of one codrdinate, 
[1] reduces to 
Dia Deu, [11 | 
a form of considerable importance in the consideration of the problem of the 
cooling of the earth’s crust. 
In the problem of the permanent state of temperatures in a thin rectangular 
plate, the equation [1] becomes 


Dju+ Diu = 9. [111] 
In polar or spherical codrdinates [1] is less simple, it is 
a? 4 1 : il 
ne a | 2c Du) + ah Dy (sin 6 Dg) + ante D; w |. [iv] 


In the case where the solid in question is a sphere and the temperature 
at any point depends merely on the distance of the point from the centre 


[iv] reduces to D, (ru) = @ D2(ru) . [v] 
In cylindrical coérdinates [1] becomes 
il if 
Du = [D264 -- D,,u-+- aL Dju+ D?u). [vz] 


In considering the flow of heat in a cylinder when the temperature at 
any point depends merely on the distance r of the point from the axis 


[vr] becomes iD), = a*(D? u + 1 iD), u) . [v1] 
, 


* For the sake of brevity we shall often use the symbol V2 for the operation D,? + D,? + D2: 
and with this notation equation [1] would be written Dpu = a? V2 u. 
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In Acoustics in several problems we have the equation 
Diy = 8 Dey; [vir] 
for instance, in considering the transverse or the longitudinal vibrations of a 
stretched elastic string, or the transmission of plane sound waves through 


the air. 
If in considering the transverse vibrations of a stretched string we take 


account of the resistance of the air [v1] is replaced by 
Diy + 2kDy = a Dy. [1x ] 
In dealing with the vibrations of a stretched elastic membrane, we have the 
equation 


D2z = &(D2z + Dj2), (aaa 
or in cylindrical codrdinates 
D2 = (D2 + : Dre es D352). [xz] 
In the theory of Potential we constantly meet Laplace’s Equation 
DEV AD Vee ea [x11] 
or UN aN) 


which in spherical coordinates becomes 


1 
=| 7D? ("V) + 3 Do(sin6DeV) + = — D? 37 | =0, [xr] 
and in cylindrical codrdinates 


1 1 
LNG eB ON a a DiV + DIV = 0. [xiv] 


In curvilinear coordinates it 1s 


h h 
inst | Dp (Gore TP nV + Do (Gi, Pn?) + De (Fi;Pal) |= 05 her 
where Si (@Y,%) = pry So(®Y%) = pas Ss (©,Y,%) = ps 


represent a set of surfaces which cut one another at right angles, no matter 
what values are given to p;, p2, and ps; and where 


hy’ = (Dz pi)” + (Dypi)? + (Dz)? 
ha? = (Dzp2)” + (Dy ps)? + (Dz ps)? 
hs’ = (D,ps)? + (Dyps)? + (Dz ps)’, 
and, of course, must be expressed in terms of P1, p2, and ps. 


If it happens that V%,=0, V%.=0, and V%,=0, then Laplace’s 
Equation [xv] assumes the very simple form 


hYD2V + he D2V + heD2V = 0. [xvi] 
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2. A differential equation is an equation containing derivatives or differen- 
tials with or without the primitive variables from which they are derived. 

The general solution of a differential equation is the equation expressing the 
most general relation between the primitive variables which is consistent with 
the given differential equation and which does not involve differentials or 
derivatives. A general solution will always contain arbitrary (i. é., undeter- 
mined) constants or arbitrary functions. 

A particular solution of a differential equation is a relation between the 
primitive variables which is consistent with the given differential equation, 
but which is less general than the general solution, although included in it. 

Theoretically, every particular solution can be obtained from the general 
solution by substituting in the general solution particular values for the arbi- 
trary constants or particular functions for the arbitrary functions; but in 
practice it is often easy to obtain particular solutions directly from the differ- 
ential equation when it would be difficult or impossible to obtain the general 
solution. 


3. If a problem requiring for its solution the solving of a differential equa- 
tion is determinate, there must always be given in addition to the differential 
equation enough outside conditions for the determination of all the arbitrary 
constants or arbitrary functions that enter into the general solution of the 
equation; and in dealing with such a problem, if the differential equation can 
be readily solved the natural method of procedure is to obtain its general 
solution, and then to determine the constants or functions by the aid of the 
given conditions. 

Tt often happens, however, that the general solution of the differential equa- 
tion in question cannot be obtained, and then, since the problem if determinate 
will be solved if by any means a solution of the equation can be found which 
will also satisfy the given outside conditions, it is worth while to try to get 
particular solutions and so to combine them as to form a result which shall 
satisfy the given conditions without ceasing to satisfy the differential equation. 


4. A differential equation is linear when it would be of the first degree if 
the dependent variable and all its derivatives were regarded as algebraic 
unknown quantities. If it is linear and contains no term which does not 
involve the dependent variable or one of its derivatives. it is said to be linear 


and homogeneous. 
All the differential equations collected in Art. 1 are linear and homogeneous. 


5. If a value of the dependent variable has been found which satisfies a 
given homogeneous, linear, differential equation, the product formed by multiply- 
ing this value by any constant will also be a value of the dependent variable 


whieh will satisfy the equation. 
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For if all the terms of the given equation are transposed to the first mem- 
ber, the substitution of the first-named value must reduce that member to 
zero; substituting the second value is equivalent to multiplying each term of 
the result of the first substitution by the same constant factor, which there- 
fore may be taken out as a factor of the whole first member. The remaining 
factor being zero, the product is zero and the equation is satisfied. 

If several values of the dependent variable have been found each of which 
satisfies the given differential equation, their sum will satisfy the equation ; for 
if the sum of the values in question is substituted in the equation each term 
of the sum will give rise to a set of terms which must be equal to zero, and 
therefore the sum of these sets must be zero. 


6. It is generally possible to get by some simple device particular solutions 
of such differential equations as those we have collected in Art. 1. The 
object of the branch of mathematics with which we are about to deal is to 
find methods of so combining these particular solutions as to satisfy any given 
conditions which are consistent with the nature of the problem in question. 

This often requires us to be able to develop any given function of the varia- 
bles which enter into the expression of these conditions in terms of normal 
forms suited to the problem with which we happen to be dealing, and sug- 
gested by the form of particular solution that we are able to obtain for the 
differential equation. 

These normal forms are frequently sines and cosines, but they are often 
much more complicated functions known as Legendre’s Coefficients, or Zonal 
Harmonics ; Laplace’s Coefficients, or Spherical Harmonics ; Bessel?s Functions, 
or Cylindrical Harmonics ; Lamé’s Functions, or Ellipsoidal Harmonics, &c. 


7. As an illustration, let us take Fourier’s problem of the permanent state 
of temperatures in a thin rectangular plate of breadth 7 and of infinite length 
whose faces are impervious to heat. We shall suppose that the two long 
edges of the plate are kept at the constant temperature zero, that one of the 
short edges, which we shall call the base of the plate, is kept at the tempera- 
ture unity, and that the temperatures of points in the plate decrease indefi- 
nitely as we recede from the base; we shall attempt to find the temperature 
at any point of the plate. 

Let us take the base as the axis of X and one end of the base as the origin. 


Then to solve the problem we are to find the temperature u of any point from 
the equation 


Die Dinu) [ur] Art. 1 

subject to the conditions w=0Q when x«x—0 (1) 
u=0 4 i) = (2) 

=O) “ = (3) 


al “ pan UF (4) 
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We shall begin by getting a particular solution of [111], and we shall use 
a device which always succeeds when the equation is linear and homogeneous 
and has constant coefficients. 

Assume * w= e+, where a and are constants, substitute in [ur] and 
divide by e*”*8*, and we have a?+ £?=0. If, then, this condition is satis- 
fied wu = e*¥+ 8 is a solution. 

Hence w= e%*** f¢ is a solution of [11], no matter what value may be 
given to a. 

This form is objectionable, since it involves an imaginary. We can, how- 
ever, readily improve it. 

Take w= eve, a solution of [m1], and w= e%”e—*, another solution 
of [11]; add these values of w and divide the sum by 2 and we have 
ev cosaxz. (v. Int. Cal. Art. 35, [1].) Therefore by Art. 5 


iC COS AG (5) 


is a solution of [11]. Take w= e%e™ and u= e%e—™, subtract the 
second value of w from the first and divide by 2¢ and we have e*” sin aa. 
(v. Int. Cal. Art. 35, [2]). Therefore by Art. 5 


u = e sin ax (6) 
is a solution of [111]. 
Let us now see if out of these particular solutions we can build up a solu- 
tion which will satisfy the conditions (1), (2), (3), and (4). 


Consider uw = e*Y sin ax. (6) 


It is zero when x = 0 for all values of a. It is zerowhen x=—~7 if a isa 
whole number. It is zero when y= om if a is negative. If, then, we write 
wu equal to a sum of terms of the form de—™ sin ma, where m is a positive 
integer, we shall have a solution of [111] which satisfies conditions (1), (2) 
and (3). Let this solution be 


u = A,e-" sin x + A,e—™” sin 2a + A,e—™ sin 8a -+ Aye” sin da-+--: (7) 
A,, A,, As, Ay, &c., being undetermined constants. 
When y = 0 (7) reduces to 
u = A, sinw + A, sin 2a + A; sin 38x + Aysin da +-->. (8) 


If now it is possible to develop unity into a series of the form (8), our 
problem is solved; we have only to substitute the coefficients of that series for 


eA, AS &e. in (7). 


* This assumption must be regarded as purely tentative. It must be tested by substi- 
tuting in the equation, and is justified if it leads to a solution. 
+ We shall regularly use the symbol i for J —1, 
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It will be proved later that 
1 ib ie 
if ae sina + > sin3e + sind’¢+-7 sintx+°:> -) 
7 3 5 7 


for all values of x between 0 and 7; hence our required solution is 


iv 1 : 
L= 2 |e sin x teem sin 3a + Be sin ba + ze sin 7a+::: ] (9) 
Tv 


for this satisfies the differential equation and all the given conditions. 

If the given temperature of the base of the plate instead of being unity 
is a function of 2, we can solve the problem as before if we can express the 
given function of « as a sum of terms of the form A sin ma, where m isa 
whole number. 

The problem of finding the value of the potential function at any point of 
a long, thin, rectangular conducting sheet, of breadth 7, through which an 
electric current is flowing, when the two long edges are kept at potential zero, 
and one short edge at potential unity, is mathematically identical with the 
problem we have just solved. 

EXAMPLE. 


Taking the temperature of the base of the plate described above as 100° 
centigrade, and that of the sides of the plate as 0°, compute the temperatures 


of the points 
Tv T T 
(a) Ge 1); (0) (5 2); (¢) (5 3), 
correct to the nearest degree. Ans. (a) 26°; (b) 15°; (ce) 6°. 


8. As another illustration, we shall take the problem of the transverse 
vibrations of a stretched string fastened at the ends, initially distorted into 
some given curve and then allowed to swing. 

Let the length of the string be 7. Take the position of equilibrium of the 
string as the axis of X, and one of the ends as the origin, and suppose the 
string initially distorted into a curve whose equation y = f(x) is given. 

We have then to find an expression for y which will be a solution of the 
equation 


Dy Day (viir] Art. 1, 
while satisfying the conditions 

y=0 when «=0 (1) 

y=0 a a (2) 

y= fa) * pay (3) 

D,y =0 « t= 0, (4) 


the last condition meaning merely that the string starts from rest. 
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As in the last problem let* y= e+ and substitute in [vir]. Divide 
by e+ and we have B?=a?a? as the condition that our assumed value of 
y Shall satisfy the equation. eae 

ye 6) 
is, then, a solution of (v111) whatever the value of a. 

It is more convenient to have a trigonometric than an exponential form to 
deal with, and we can readily obtain one by using an imaginary value for a in (5). 
Replace a by ai and (5) becomes y = e®**, a solution of [vir]. Replace 
a by — ai and (5) becomes y = e~@*, another solution of [vir]. Add 
these values of y and divide by 2 and we have cos a(x + at). Subtract the 
second value of y from the first and divide by 27 and we have sin a(a + at). 


y = cos a(x + at) 

Y = COS a(x — at) 

y = sin a(x -+ at) 

y =8iIn a(x — at) 
are, then, solutions of [v1]. Writing y successively equal to half the sum 
of the first pair of values, half their difference, half the sum of the last 
pair of values, and half their difference, we get the very convenient particular 
solutions of [v11r]. 

Yy = COS ax COS aat 

y = sin az sin aat 

y == sin ax cos aat 


y = COS ax sin aat. 
If we take the third form 
y = sin ax cos aat 


it will satisfy conditions (1) and (4), no matter what value may be given to 
MIT 


7 where m is an integer. 


a, and it will satisfy (2) if a= 
If then we take 

— cos — + A, sin me cos oma + A, sin om cos om siaem(O) 

where A,, A,, A; **:*are undetermined constants, we shall have a solution of 

{v111] which satisfies (1), (2), and (4). When ¢=0 it reduces to 


y = A, sin 


If now it is possible to develop f(x) into a series of the form (7), we can 
solve our problem completely. We have only to take the coefficients of this 
series as values of A,, Aj, Az... in (6), and we shall have a solution of 
[v111] which satisfies all our given conditions. 


* See note on page 5. 
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In each of the preceding problems the normal function, in terms of which a 
given function has to be expressed, is the sine of a simple multiple of the 
variable. It would be easy to modify the problem so that the normal form 
should be a cosine. 

We shall now take a couple of problems which are much more complicated 
and where the normal function is an unfamiliar one. 


9. Let it be required to find the potential function due to a circular wire 
ring of small cross section and of given radius ¢, supposing the matter of the 
ring to attract according to the law of nature. 

We can readily find, by direct integration, the value of the potential function 
at any point of the axis of the ring. We get for it 

(ee (1) 
where M is the mass of the ring, and « the distance of the point from the 
centre of the ring. 

Let us use spherical coérdinates, taking the centre of the ring as origin and 
the axis of the ring as the polar axis. 

To obtain the value of the potential function at any point in space, we must 
satisfy the equation 


ih 1 
ia BX: (7 V) + Bin 0 Do(sin 6D, V) + sin? 6 Ds? = 0, [x17] Art. 1 
subject to the condition 
M 
= (+r when §6=0. (1) 


From the symmetry of the ring, it is clear that the value of the potential 

function must be independent of ¢, so that [x11] will reduce to 
ul : 
DAY) T Spo Vo(sin 9 DoW) == ()" (2) 

We must now try to get particular solutions of (2), and as the coefficients 
are not constant, we are driven to a new device. 

Let* V=7r” P, where P is a function of 6 only, and m is a positive integer, 
and substitute in (2), which becomes 


m(m + 1)rm P+ cat Dy (sin 6. Dy P) =0. 


* See note on page 5. 
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Divide by 7” and use the notation of ordinary derivatives since P depends 
upon @ only, and we have the equation 
. GUE 
d ( sin 6 aT 
LAC NCES ree 0m a” (3) 
from which to obtain P. 
Equation (3) can be simplified by changing the independent variable. Let 
x = cos 6 and (3) becomes 


d ar 
== Ke aie?) =| mn On -- 1) 0. (4) 


Assume * now that P can be expressed as a sum or as a series of terms 
involving whole powers of x multiplied by constant coefficients. 
Let P= a,x" and substitute this value of P in (4). We get 


2 [n(n —1)a,2"—? — n(n +1)a,2" + m(m + 1)a,2"] =0, (5) 
where the symbol > indicates that we are to form all the terms we can by 
taking successive whole numbers for n. 


As (5) must be true no matter what the value of a, the coefficient of any 
given power of «, as for instance «*, must vanish. Hence 


(A+ 2) (k+1)aq.4.,—k(k +1)a,+ m(m+1)a,=0 (6) 
m (m +- 1) —k(k-+1) 
and pg = = — &FDEFD Oy, « (7) 


If now any set of coefficients satisfying the relation (7) be taken, P= 3 a,2* 
will be a solution of (4). 

If k=M, O,.=9, %,=90, &e. 
Since it will answer our purpose if we pick out the simplest set of coefficients 
that will obey the condition (7), we can take a set including a,,. 

Let us rewrite (7) in the form 


2 ae Diese ? 8) 
ae Cea ea) ee 
We get from (8), beginning with k= m — 2, 
m (m — 1) 
Gm —2= — 3 Bm = 1) 
m (m —1)(m — 2) (m — 3) 
Om—4 = “94 (2m —1)(2m— 3) ™ 
m(m — 1) (m — 2) (m — 3) (m — 4) (m — 5) AG Sr 


m—6= — $4.6. (2m — 1) @im — 3) (2m — 5) 


* See note on page 5. 
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If m is even we see that the set will end with a), if m is odd, with a. 
m(m — 1) aes m(m — 1)(m — 2)(m — 3) wnt | 
P=a,| 75, —1 +22 Gm—Nen—s) ° 
where a,, is entirely arbitrary, is, then, a solution of (4). It is found con- 
venient to take a,, equal to 
(2m — 1) Zi — 3) = * 
m! 

and it can be shown that with this value of a, P=1 when «=1. 

P is a function of # and contains no higher powers of x than #™, It is 
usual to write it as P,, (@). 

We proceed to compute a few values of P,, (x) from the formula 


(2m —1) Q@m—3)---1 >| am m(m —1) pote 
Ln (a) jae m} ! ae: (2m = 2.(2m — 1)” : 
m (m — 1) (m — 2) (m — 8) =e Pe 
~2.4.2m — 1) 2m — 3) x |. (9) 
We have: 
Pi(«) =1 or P,(cos 0) = 1 
P(x) = 2 it P,(cos 6) = cosé 
P(x) = $ (38x? — 1) uf P,(cos 6) = 3(3 cos?@ — 1) 
Pio) = 4 (602° — 3a)“ P;(cos 6) = $(5 cos?6 — 3 cos 6) 10 
P,(x) = 4 (350 — 302? + 8) or 0) 


P,(cos 6) = $(85 cos*é — 30 cos?6 + 3) 
P;(x) =} (682° — 70x? + 15x) or 
P;(cos @) = 3 (63 cos’@ — 70 cos?é@ + 15 cos 6). 


We have obtained P=P,,(x) as a particular solution of (4) and 
P= P,,(cos 6) as a particular solution of (3). P,,(«) or P,(cos 0) is a 
new function, known as a Legendre’s Coefficient, or as a Surface Zonal Har- 
monic, and occurs as a normal form in many important problems. 

V=rP,, (cos 8) is a particular solution of (2) and r™P,, (cos 6) is some- 
times called a Solid Zonal Harmonie. 

We can now proceed to the solution of our original problem. 


V= Ayr Py (cos 6) + A,r P, (cos 6) + A,r? P, (cos 0) + Asr? P, (cos 6) ++ +- (11) 


where A), 4,, 4,, &c., are entirely arbitrary, is a solution of (2) (v. Art. 5). 
When 6 = 0 (11) reduces to 


= Ay + Ayr + Agr? + Agr? fos, 
since, as we have said, P,, (x) =1 when « =1, or P,, (cos 6) =1 when 06=0. 
By our condition (1) u 


when 6 = 0. ee 
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By the Binomial Theorem 


M = [t- hs i EB an 
(2 -- yt © 5 an 24 2460 | 


provided r<c. Hence 


Vice 1.3.5 

v= 7 | Po (cos @) — 5 Ps (cos +55 iG ap (cos #)— 5 ee ex @)-+-+- |2) 
is our required solution if 7 < ¢; for it is a solution of equation (2) and satis- 
fies condition (1). 


EXAMPLE. 
Taking the mass of the ring as one pound and the radius of the ring as one 


foot, compute to two decimal places the value of the potential function due to 
the ring at the points 


@ (=2,6=0; @C=6,0=0; — (f)(r=6,0=3); 


T T T 
(0) ("=.2,0=1); (6) (=.6,0=5); @) (=6,0=5); 
(c) G =2,6= ak Ans. (a) .98; (6) .99; (c) 1.01; (d) .86; 
- (ROOF 10055 (Gg) 110: 
The unit used is the potential due to a pound of mass concentrated at a point 
and attracting a second pound of mass concentrated at a point, the two points 
being a foot apart. 


10. A slightly different problem calling for development in terms of Zonal 
Harmonics is the following: 

Required the permanent temperatures within a solid sphere of radius 1, 
one half of the surface being kept at the constant temperature zero, and the 
other half at the constant temperature unity. 

Let us take the diameter perpendicular to the plane separating the unequally 
heated surfaces as our axis and let us use spherical codrdinates. As in the 
last problem, we must et the equation 


r.D2(ru) + 
which as before reduces to 
D?2(ru) ae eee 9 Po(sin ODegu) = 90 (1) 


en a Dz (sin 6 Dew) ST eee 2p Ps w= [x11] Art. 1 


from the consideration that the eine must be independent of ¢. 
Our equation of condition is 


T T 
“ =1 from 6=0 to 6=5 and w=0 from F500, 9 = T) (2) 


when r—1. 
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As we have seen u==7"P,,(cos 6) is a particular solution of (1), m being 
any positive whole number, and 


u = Agr P, (cos 8) + Ay rP; (cos 6) + A,r°P, (cos 6) + Asr*P; (cos 6) +: -: (3) 


where 4A,, 4;, 4s, 43-++ are undetermined constants, is a solution of (1). 
When 7 = 1 (8) reduces to 


w = AP, (cos 0) + A; P; (cos 6) + A,P; (cos 0) + As Ps (cos i a (4) 


If then we can develop our function of 6 which enters into equation (2) in 
a series of the form (4), we have only to take the coefficients of that series 
as the values of Ay, 41, dy, &c., in (3) and we shall have our required solution. 


11. Asalast example we shall take the problem of the vibration of a stretched 
circular membrane fastened at the circumference, that is, of an ordinary drum- 
head. We shall suppose the membrane initially distorted into any given form 
which has circular symmetry * about an axis through the centre perpendicular 
to the plane of the boundary, and then allowed to vibrate. 

Here we have to solve 


1 1 
Meese (D3 +2D.2+5 Djz) [xr] Art. 1 
subject to the conditions 


z= f(r) when t=0 (1) 
D2=V “ ¢=0 (2) 
z2=0 Cp as (3) 


From the symmetry of the supposed initial distortion 2 must be independ- 
ent of p, therefore [x1] reduces to 


ot 
Dea (Die “T. D,#) & 


and this is the equation for which we wish to find a particular solution. 

We shall employ a device not unlike that used in Art. 9. 

Assume | z = &.T where F is a function of r alone and Z is a function of 
talone. Substitute this value of z in (4) and we get 


1 
RD{T= eT (Den += D,R) 


ae CT d@ Rk 


a, Gl2gT 1 /d?Rk eta 
( iy (5) 


The second member of (5) does not involve ¢, therefore its equal the first 
member must be independent of ¢. The first member of (5) does not involve 


dr? r dr 


* A function of the codrdinates of a point has circular symmetry about an axis when its 
value is not affected by rotating the point through any angle about the axis. A surface has 
circular symmetry about an axis when it is a surface of revolution about the axis. 

t See note on page 5, 
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r, and consequently since it contains neither ¢ nor 7, it must be constant. Let 
it equal — mw, where w of course is an undetermined constant. 
Then (5) breaks up into the two differential equations 


ae IM 


dee tae® (6) 
Ch 2 1dk ; 
Ge Vr dp CHE =0. (7) 


(6) can be solved by familiar methods, and we get 7’ = cos uct and 7 = sin pct 
as simple particular solutions (v. Int. Cal. p. 319, § 21). 
To solve (7) is not so easy. We shall first simplify it by a change of inde- 


pendent variable. Let r= = (7) becomes 


ate 1dk 
“dx? err dx 


Assume, as in Art. 9, that R can be expressed in terms of whole powers of 
x Let R= a,x” and substitute in (8). We get 
> [n(n — l)a,a"-? + na,a"—? + a,u"|] = 0, 


an equation which must be true no matter what the value of x The coeffi- 
cient of any given power of x, as x«*—*, must, then, vanish, and 


k(k —1)a, + ka, + a,» =0 
or iG, 10,» — 0 
whence we obtain Cy Os, (9) 


+R=0. (8) 


as the only relation that need be satisfied by the coefficients in order that 
R= >a,x* shall be a solution of (8). 


If k=0, %&.=0, G4~=0, &e. 


We can then begin with =O as our lowest subscript. 


From (9) a, = — ae 
Ao 
Then ds = — 52 
ho 
Cn 92 42 
a 
ae = FES ae 
® 2 
Hence R=a [l= 3 +p — prqzgi a ] 


where a) may be taken at pleasure, is a solution of (8), provided the series is 
convergent. 


14 INTRODUCTION. pArt. 11. 


Take a>=1, and then R=dJ)(x) where 
2 4 6 aw 


x x x 
J(@)=1- atop mee tT Poe ey 


is a solution of (8). 

J, (x) is easily shown to be convergent for all values real or imaginary of 2, 
since the series made up of the moduli of the terms of J)(x) (v. Int. Cal. 
Art. 30) 


pe) yt po 
i+ 2 ae 92 42 =e 52 42.62 ae, 


where 7 is the modulus of x, is convergent for all values of 7, For the ratio 
2 


of the n + 1st term of this series to the mth term is rn and approaches 
2 


zero as its limit as ” is indefinitely increased, no matter what the value of 7. 
Therefore J)(x) is absolutely convergent. 

Jy(«) is a new and important form. It is called a Bessel’s Function of the 
zero th order, or a Cylindrical Harmonic. 

Equation (8) was obtained from (7) by the substitution of «=wr, therefore 


(wr? (wr) (ur? 
mp + 9x43 92426) 


R= Jo (wr) =1— 


is a solution of (7), no matter what the value of mw, and z= J (ur) cos pct 
or # = J) (ur) sin pect is a solution of (4). 

2 =dJy(r) cos ct satisfies condition (2) whatever the value of w. Yn 
order that it should also satisfy condition (3) # must be so taken that 


To (Wu) = 0 ; (11) 
that is, # must be a root of (11) regarded as an equation in p. 

It can be shown that J)(x)=0 has an infinite number of real positive 
roots, any one of which can be obtained to any required degree of approxima- 
tion without serious difficulty. Let a, x, %3,°** be these roots. Then if 


ess Sn a eeeas > SS Ge 
a Ki, oh H2, a Hs 5 ’ 


# = Ay Jy (M17) COS fy ct + AgJo (Me) COS My ct + AsJo (Ms7) COS pygct +++°. (12) 


where 4;, A,, A,, &c., are any constants, is a solution of (4) which satisfies 
conditions (2) and (3). 
When ¢=0 (12) reduces to 


& = A, Jo (M17) + Az Jo (M2) ae AgJo (Ms?) =e eis (13) 


If then f(r) can be expressed as a series of the form just given, the solution 
of our problem can be obtained by substituting the coefficients of that series 
for A,, Ae, As, &e., in (12). 
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EXAMPLE. 


The temperature of a long cylinder is at first unity throughout. The convex 
surface is then kept at the constant temperature zero. Show that the tem- 
perature of any point in the cylinder at the expiration of the time ¢ is 


w= Aen HP Top) + Agee HS Ty (Muy) + Age @H2 Ty (tyr) boo 
where py, M2, &c., are the roots of Jo(uc) = 0, and where 


1 = A, Jo (Mir) + AgJo (Mer) + AgJo(sr) +--+, 
e being the radius of the cylinder. 


12. ach of the five problems which we have taken up forces upon us the 
consideration of the development of a given function in terms of some normal 
form, and in two of them the normal form suggested is an unfamiliar function. 
It is clear, then, that a complete treatment of our subject will require the inves- 
tigation of the properties and relations of certain new and important functions, 
as well as the consideration of methods of developing in terms of them. 


13. In each of the problems just taken up we have to deal with a homo- 
geneous linear partial differential equation involving two independent vari- 
ables, and we are content if we can obtain particular solutions. In each case 
the assumption made in the last problem, that there exists a solution of the 
equation in which the dependent variable is the product of two factors each of 
which involves but one of the independent variables, will reduce the question 
to solving two ordinary differential equations which can be treated separately. 

If these equations are familiar ones their solutions can be written down at 
once; if unfamiliar, the device used in problems 3 and 5 is often serviceable, 
namely, that of assuming that the dependent variable can be expressed as a 
sum or series of terms involving whole powers of the independent variable, 
and then determining the coefficients. 

Let us consider again the equations used in the first, second and third 


problems. 

(a) D2Zu + D2u=0 (1) 
Assume wu = X.Y where X involves x but not y, and Y involves y but not «. 
Substitute in (1), YD2X +XD?7Y = 0, 


or, since we are now dealing with functions of a single variable, 


i GRACO Al ay 0 
ety ay OF 
il GRY il GPA 


or Wades aX dete () 
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Since the first member of (2) does not contain a, and the second member 
does not contain vy, and the two members must be identically equal, neither of 
them can contain either « or y, and each must be equal to a constant, say a* 


Then ae —aY=0 (3) 
and So +a =0; ) 
and if (3) and (4) can be solved, we can solve (1). They have for their com- 
plete solutions VY = Aotv + Bey 

and X=Csinaxr+Deosax. (v. Int. Cal. p. 319, § 21.) 
Hence Y=e% and Y=e~* are particular solutions of (3), = sin ax 


and X = cos aa are particular solutions of (1), and consequently 
u=eVSinaxr, w=e*cosaxz, w= é—% sin ax, and u =e cos ax 
are particular solutions of (1). These agree with the results of Art. 7. 
(0) Dany = a) ay (1) 


Assume y = 7.X where T is a function of ¢ only and X a function of a 
only; substitute in (1) and divide by a?7X. We get 


LT oe Xa 


eT de — X da} ©) 
: Led Xoe : 
hence as in the last case ~-~7a is a constant; call it — a’, and (2) breaks 
up into DG =o 
Grae fe (3) 
ied t 
WE +a?T=0. (4) 


The complete solutions of (3) and (4) are 
X= Asin ax + B cos ax 
and T = C sin aat + D cos aat, (v. Int. Cal. p. 319, § 21). 
y¥y=sin axcosaat, y=sinarsinaat, y=cosaxcosaat, y=cos ax sin aat 


are particular solutions of (1), and agree with the results of Art. 8. 
a 
(c) UGA CAEN Sie rey 


sin 6 
Assume V= &.@ where & involves r alone, and ® involves 6 alone; sub- 
stitute in (1), divide by #.0, and transpose; we get 


Do (sind DpV) =0. Qa) 


i dr > © G sin) ae) en (2) 
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Since by the reasoning used in (a) and (/) each member of (2) must be a con- 
stant, say a*, we have 


(rR) 
ar Gh (3) 
_ ,¢@ 
see 1 d (sin 6 7a) | 
Sue = 0 oe Gk ee (4) 
(3) can be expanded into 
Gly dk 
Terre ol al ogc Oe ei) (5) 


(5) can be solved (v. Int. Cal. p. 821, § 23), and has for its complete solution 


R= Arm — Br” ; 
where Ce ——— Ne and n=—}t—Va'+H. 
Hence n =— m—1, and a? may be written m(m-+1), m being wholly 


arbitrary; and 
R= Ar _ Br-™-1, 


— ym a > — —___ 
=r, and. Lene 


are, then, particular solutions of 
,CR dR 

ss + 27 ee mim -1)k=0. (6) 

With the new value of a* (4) becomes 


d® 
1 a( sind all 
aiaaty Cael: + m(m+1)o=0. (7) 


sind 
which has been treated in Art. 9 for the case where m is a positive integer, 
and the particular solution © = P,, (cos 6) has been obtained. 


Hence Vea 7 (COs) 


1 
and v= pmai P.,, (GOs 6) ; 


m being a positive integer, are particular solutions of (1). The first of these 
was obtained in Art. 9, but the second is new and exceedingly important. 


14. The method of obtaining a particular solution of an ordinary linear 
differential equation, which we have used in Articles 9 and 11, is of very 
extensive application, and often leads to the general solution of the equation 


in question. 
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As avery simple example, let us take the equation Art. 13 (a) (4), which 
we shall write 


Te +a?z=0. (1) 


Assume that there is a solution which can be expressed in terms of powers 
of x; that is, let = a,x", where the coefficients are to be determined. 
Substitute this value for z in (1) and we get 


S [n(n — 1)a,a"-? + a2a,2"] = 0. 


Since this equation must be true from its form, without reference to the value 
of «, that is, since it must be an identical equation, the coefficient of each 
power of « must equal zero, and we have 


(n + 1)(n + 2)an49 + aa, =0; 
Seay 


whence Oh, == 


n N+2 


is the only relation that need hold between the coefficients in order that 
z= Sa,a" should be a solution of (1). 

lin+2=0 or »+1=0, a, will be zero and a,=., a,_4, &«., will be 
zero. In the first case the series will begin with a), in the second with a,. 


a? 


~ @tDa+2) 


On +2 


If we begin with a) we have 


a? a* a® 
Ce an | M9 5 Ae Beer, Ce oe Os &e., ee 
2 nd 4 od 6 6 
arn arn ax 
ue os Ceciesnan ip anne? )) (2) 
or 2 = dM COS ax (3) 


is a particular solution of (1). 
If we begin with a; we have 


a? a* a® 
a; — sim i eal A 4=— a> Oeste. 
2 8 45 6.7 
ee . ax ax a x 
and 2 =a, (2 — j =F (4) 
3! 5! 7! 
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is a solution of (1); a, can be taken at pleasure. Let a,=a ; (4) becomes 


axe aah — ag tg7 


3! 0 me, a) 


2 = ax — 


or 2 = sin ax 
which, then, is a particular solution of (1). 

z= Asin ax + B cos ax (5) 
is, then, a solution of (1), and since it contains two arbitrary constants it is 


the general solution. 


15. As another example we will take the equation 
ae% dz 
a Ty + 2k FT — m(m + 1)e = 0, (1) 
which is in effect equation (6), Art. 13 (c), and let m be a positive integer. 
Assume = a,x" and substitute in (1). We get 
x [n(n + 1) — mim + 1))] a,x? = 0. 
This is an identical equation, therefore 
[n(n +1) —m(m +1)]a, =0. 
Hence a, = 0 for all values of m except those which make 
n(n + 1)— m(m + 1) = 0, 
that is, for all values of n except » =m and n=—m—1. Then 
B= Algg Ae 1 Rye (2) 
is the general solution of (1) and 
z2=a™ and 2=-nti 


are particular solutions. If m is not a positive integer this method will not 
lead to a result, and we are driven back to that employed in Art. 13 (¢). 


16. Let us now take the equation 


2 [a9 S| 4mm +te= (1) 


which is in effect equation (4), Art. 9, and is known as Legendre’s Hquatvon. 
(1) may be written 


(1 — 2) 5 22 4 mim +1) =O. (2) 
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Assume z= Sa,x” and substitute in (2). We get 
S {n(n — 1a, a—? + [mm + 1) — n(n + 1)Ja,x2"} =0. 
Hence (n +1) (m+ 2)an 42+ [m(m +1)—a(i”r+1)]a,=09, 


(w+1)@+ 2) 
Of GL Tae m(m + 1) — n(n + 1) “n+2° (3) 


If a,=0, then a,_,=9, a,_,=0, &.; but a, =0 if n=—2 or n=—1. 
For the first case we have the sequence of coefficients 


m(m + 1) 
ci 


a, = — 
ae m(m — 2) ee 1) (m + 3) a 
Peed m(m — 2)(m — 4) Ge 1) (m + 8) (m + 5) Pag 


Let us take a), which is arbitrary, as 1. Then 2=~p,, («) where 


Pa(Z) = (4) 


E 7 ws 18) le m(m — 2) (m + 1) (m + 3) ee Ae | 
! 4} 
is a solution of Legendre’s Equation if p,,(x) is a finite sum or a convergent 
series. 
For the second case we have the sequence of coefficients 


(m — 1) (m + 2) 
= — 31 ay 


a; = 


ag GE) Ge aye + 2)(m + 4) 
5 ! NY 


a, = 


_ (m—1)(m— 3) (m— 5) (m+ 2)(m + 4) (m + 6) 
7. i aaa TC. 


Let us take a,, which is arbitrary, as 1. Then 2 =4q,,(~) where 


re (m—1)(m+2 3, (m—1)(m—3) (m+ 2) (m 
ine =[2—-C, pO OO OTS 105 


is a solution of Legendre’s Equation if g,,(x) is a finite sum or a convergent 
series. 
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If m is a positive even whole number, p,,(x) will terminate with the term 
containing a”, and is easily seen to be identical with 


salle) 


(-1)? etic teen = © [v. Art. 9 (9)] 


For all other values of m, p,,() is a series. 
The ratio of the (x +1)st term of p,,(«) to the nth, when m is not a posi- 
tive even integer, is 


Qn —2—m)Qn—-1 SED) ue 
(2% —1) (2n) 
Its limiting value, as » is increased, is 2, and the series is therefore con- 
vergent if —1<«#<1. It is divergent for all other values of z. 


If m is a positive odd whole number q,,(x) will terminate with the term 
containing x”, and is easily seen to be identical with 


(ez) 


= 1) 7 = a Pn (@)- 


For all other values of m, 7,,(x) is a series, and can be shown to be con- 
vergent if —1< x < 1, and divergent for all other values of =. 


z= Ap, (2) + Ba, (#) (6) 


is the general solution of Legendre’s Equation if —1<a<1, no matter 
what the value of m. From Art. 13 (c) it follows that 


= 7" Pp (COS 8) 


’ alt 
V=~ 41 Pm (0088) 


(7) 
V=1" dm (COs 6) 
V= cmt Lm (cos 6) 
are particular solutions of 
DR CNA an ae D,(sin6d DyeV) = 0, 


no matter what the value of m, provided cos @ is neither one nor minus one. 

In the work we shall have to do with Laplace’s and Legendre’s Equations, 
it is generally possible to restrict m to being a positive integer, and hereafter 
we shall usually confine our attention to that case. 
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With this understanding let us return to (3), which may be rewritten 


(m — n) (m +n-+1) 


eo ae (n ae 1) (n a5 2) An « 
If On +2 0, then Cea 0, an+6 = 0, &e.3 
but he eg 0 1 en) OTe i ns 


If in (3) we begin with n = m — 2, we get the sequence of coefficients already 
obtained in Art. 9, and we have « = P,, (x), where 


eee (2m —1)@m—'3) 0c =f eee m(m — 1) a 
Pn @) = ml oS Fm) 


m(m —1) (m — 2) (m — ote, 
2.4.(2m — 1) (2m — 3) 


_ mm — 1) (m — 2) (m — 3) (m — 4) (m — 5) vee 
2.4.6.(2 m — 1) (2m — 3) (2m — 5d) pene] (8) 


as a particular solution of Legendre’s Equation. 
If, however, we begin with n = — m — 3, we have 


(m +1) (m + 2) 


a 


ene) ~ 2(2m + 8) — —m—1 
ye (m + 1) (m + 2) (m + 3) (m + 4) 
an = Saas 2.4.(2m + 3) (2m + 5) (Wp fe i) 
; __ (m + 1) (m + 2) (m + 3) (m + 4) (m + 5)(m + 6) 
m7 2.4.6.(2m + 3)(Qm + 5)Qm+7)  -m- &e, 


m! 


1.3.5.--- @m +1)’ 


a, 


m—1 may be taken at pleasure, and is usually taken as 


and z= Q,,(x) where 


sooo at eee (m-+1)(m+2) 1 
Qm (x) = (2m +1) (2m —T) - ps Teste 2.(2m + 3) ae 


(m + 1) (m + 2) (m + 3) (m + 4) 1 
| @) 


ies 2.4.(2m + 3) (2m + 5) Fea Pa 


is a second particular solution of Legendre’s Equation, provided the series is 
convergent. ,,(x) is called a Surface Zonal Harmonic of the second kind. 
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—_t 


It is easily seen to be convergent if ¢<—1 or x>1, and divergent if 
oleae <1. 
Hence if m is a positive integer, 


2A) - BO, @) (10) 


is the general solution of Legendre’s Equation if « <—1 or x >1. 
We have seen that for —1<2x<1 


; Tl (a= 1) 
abkG is 
pees I (m +1) 


Ft) = (1) 2 iss 
si ea za) 
if m is an odd integer. 


If now we define Q,, (x) as follows when —1< a2 <1 


op LFS) ] rc 


a teen nae 


mfr(@+1)] a 


WO= CY Tp oO 


Pr) = (—1) 2 Pm (@) (11) 


if m is an even integer, and 


5 Im (&) (12) 


if m is an odd integer, and 


if mis an even integer, then (10) will be the general solution of Legendre’s 
Equation if m is a positive integer when —1< a < 1, as well as when x<—1 
Omg 1. 


17. Let us last consider the equation 


dz 1 dz 
Ala 


x ax 


+(1-S)s=0 (1) 


which is known as Bessel’s Equation, and which reduces to (8) Art. 11, 
that is, to 


when m = 0;* (1) can be simplified by a change of the dependent variable. 


_ * This equation was first studied by Fourier in considering the cooling of a cylinder. We 
shall designate it as ‘‘ Fourier’s Equation.” 
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Let z= 2x"v and we get 


dv  2m-+1 dv 
det mae dea a (2) 
to determine v. 
Assume v = Sa, 2", and substitute in (2). We get 


& [n(2 m + n)a,x*—? + a, 2" | = 0; 
whence A, 3 = — n(2 m + 0), 


If we begin with »=0, then a,_,=0, a,_,=0, &¢c., and we have the 


set of values 
a7) 7) 


“a= — 5m 2) — — Fm + 1) 


Ao 


Xo 
14 = 2 AQm + 2D(Qm + 4) 22m + Lm + 2) 


Ao 07) 


=~ 24.6(2m + 2Qm + 4Qm + 6) 2.3! 1)(m + 2)(m + 3) ; 


x? a 


whence z= ayx™ [3 ~ 230m + 1) ar 24.21 (m + 1)(m + 2) 


7? 


— 23m + Lim + 2(m+ 3)" | (3) 


: : aera 
is a solution of Bessel’s Equation. a, is usually taken as mam! if m is a pos- 
itive integer, or as IP (m + 1) if m is unrestricted in value, and the second 


member of (3) is represented by /J,, (x) and is called a Bessel’s Function of the 
mth order, or a Cylindrical Harmonic of the mth order. 
If m=0, J,,(@) becomes J,(x) and is the value of z obtained in Art. 11 
as the solution of equation (8) of that article. 
Jf in equation (1) we substitute a—~™v in place of xv for z, we get in place 
of (2) the equation 
du 1—2m dv 
dit 2 det”=9% 
and in place of (3) 
oo a 


FN l= re eS aE 


6 


— B31 — me@—me—m) a] (4) 
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1 
Beeld =e) 
function of —m and « that J,,(x) is of + m and « and may be written 
J_ (2). 

Therefore z= Ad, (%) + BI_m(&) (5) 


If a is taken equal to the second member of (4) is the same 


is the general solution of (1) unless J,,(x) and J_,,(x) should prove not to be 
independent. 
It is easily seen that when m=O, J_,,(@) and J,,(x) become identical 
and (5) reduces to 
z= (A+ B)Jy(2) 


and contains but a single arbitrary constant and is not the general solution of 
Fourier’s Equation (8) Art. (11). 

It can be shown that J_,,(~) = (—1)"J,,(x) whenever m is an integer, 
and consequently that the solution (5) is general only when m if real is frac- 
tional or incommensurable. 

The general solution for the important case where m = 0 is, however, easily 
obtained. Let F(m,x) be the value which the second member of (3) assumes 
when a)=1; then the value which the second member of (4) assumes 
when a) = 1 will be F(— m,«), and it has been shown that z= F(m,x) and 
z = F(—m,z) are solutions of Bessel’s Equation; z= F(m,x) — F(— m,zx) 
is, then, a solution, as is also 

_ F(m,x) —F(—™, x) 


ee er © 
ee he 
but the limiting value which se wt cer) approaches as m approaches 


zero is [D,, F'(m, x) |p. and consequently 


z= [D,,F (m, £)|mnoo (7) 
is a solution of the equation 

Gan al aez 

det zig t*=% ) 


and the general solution of (8) is 
2= Ad (a) + B[D,, F (mM, ©) nao + 


4 


aA He x 
LN Ne E — Bim 1) t 221m tym 4 2) 


— 23m Dim + Dm +3) t | 
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He at 
DaF(m2) =" oe 2 [1— a Ht REDE ~ "| 


a ee 
+2 Dry [1 = 27(m + 1) oF 24.2'(m + 1)(m + 2) Ton ] 
‘The general term af the last parenthesis can be written 


22% kim +- nee 2) (a /e) 


and its partial derivative with respect to m is 


(— 1)" 


1) ee 1 
a) pe Iie Pn (m + 1)(m + 2) ++ (m + k) ; 
vA 
log GEE te aoe = — [log (m+ 1) + log (m +2) +-:- 
+ log (m + k)]. 
"Take the D,, of both members and we have 
if 
al iL 1 i 
wet (m + 1)(m +2) --: (m+ &) i= Ae ellen ae onl ‘ 


a* 28 


Pr [4 a 2m 1) a 24.21(m + 1)(m + 2) 28.31(m + 1)(m + 2)(m + 3) 


Att pees HN J ee chee 

to |=Rocbip Fal @ED@ ED E tare 
x8 al 1 i 1 

T 2831 Gat Dom + 2m $8) ee Gree rela 


and we have 


fl at 


a? pW “li 
[PrP (7,2) Im 0= Fo(@) log a + HCI 1 a pet 3) +20 pe (G+5+ :) 


eg ahi VE Sa 
—wap G+a+g tat 
and 2 = Ad) (x) +.B KG, (9) 


= a at fd Heyl gh 
where K,(@) = J)(«) log « + Se may G a 2) ie mG G ote 5 te =) 
x? al! il 1 1 
~wap (i+5tgta)t-- (10) 


is the general solution of Fourier’s Equation (8). 
K(x) is known as a Bessel’s Function of the Second Kind. 
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18. It is worth while to confirm the results of the last few articles by 
getting the general solutions of the equations in question by a different and 
familar method. 

The general solution of any ordinary linear differential equation of the 
second order can be obtained when a particular solution of the equation has 
been found [v. Int. Cal. p. 321, § 24 (a) ]. 

The most general form of a homogeneous ordinary linear differential equa- 
tion of the second order is 


d*y dy : 
age tP ae + Gy =0 (1) 
where P and @ are functions of x. Suppose that 
y= (2) 
is a particular solution of (1). Substitute y= vz in (1) and we get 
Be , 7, dv dz 
vat 27 + Pe) 0. (3) 
dz 
ee Se pall 
Call i Ae (3) becomes 
dz! dv 
vag t (2a + Pe) =, (4) 


a differential equation of the first order in which the variables can be sepa- 
rated. Multiply by dx and divide by vz! and (4) reduces to 


Lz! d 
> +2—4 Pdr =0. 


zl! 
Integrate and we have 


log 2! + log o* + {Pax = C 


or gly? == eC [Pde —= Be—fPas , 
dz eS Pax 
i= — = ; ’ 
dx v 
—fPdx 
z= AtB da ; 
or, Pdx 
ae y=v(4 + Bf ax) @) 


is the general solution of (1), the only arbitrary constants in the second mem- 
ber of (5) being those explicitly written, namely, A and B. ; 
(a) Apply this formula to (1) Art. 14, 


2. 
oi tate =05 A) 
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given: z= cos az, as a particular solution. Substituting in (5) we have 
since P = 0 a 
2 = COS ax (4+ 2/2) 
cos? ax. 


B 
= cos ax (4 -+- =, tan an) 


= Acosax + B, sin ax, (2) 
as the general solution of (1), and this agrees perfectly with (5) Art. 14. 
(6) Take equation (1) Art. 15. 


d*z dz - 
a at 2a 7 — m(m + 1)e = 0 5 (1) 
given: 2 =a", as a particular solution. 


2 —fPa 1 
Here P=_, { Pdr =2loge=log 2’, and e =— 


ze Hence by (5) 
dx B i 
z= xm(4 + Baars) ey (4+=3,=7 a) 


B 
that is 2 = An” + (2) 
is the general solution of (1), and agrees with (2) Art. 15. 
(c) Take Legendre’s Equation, (2) Art. 16. 


, oe dz 
(1 — 2”) Ga 2 Gt m(m + 1)z = 0; (1) 
given: 2=P,,(#), as a particular solution. 
=) ih 
Here P=7—5, J Pax = log (1—2?), and e—J/Pé= = iol 
da 
Hence by (5) z= P,,(#) (4 +B if i= wy) (2) 


is the general solution of (1) and must agree with (10) Art. 16, if m is an 
integer, and therefore 


dx 
Onl) = OP m0) SCTE OV} C 


where C is as yet undetermined, and no constant term is to be understood with 
the integral in the second member. 


(dq) Take Bessel’s Equation, (1) Art. 17. 


Ce ag m 
dt ae + (1— 7a) # = 03 @ 


given: ~=J,,(x), as a particular solution. 
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Sl] 


Here i 1 
x 


Hence by (5) 
2 = J), (a) (eae a (2) 


is the general solution of Bessel’s Equation. 
If m = 0 (2) becomes 


ff Pax = log x, and e—J Par — 


= J, (a) (4 =P alae ay) (8) 
and must agree with (9) Art. 17. Therefore 
K(x) = C JO \ ear (4) 


where C is at present undetermined, and no constant term is to be taken 
with the integral. 

The first considerable subject suggested by the problems which we have 
taken up in this introductory chapter is that of development in Trigonometric 
Series (v. Arts. 7 and 8). 


CHARA Hales 


DEVELOPMENT IN TRIGONOMETRIC SERIES. 


19. We have seen in Chapter I. that it is sometimes important to be able 
to express a given function of a variable x, in terms of the sines or of the 
cosines of multiples of z The problem in its general form was first solved 
by Fourier in his “ Analytic Theory of Heat” (1822), and its solution plays a 
very important part in most branches of modern Physics. Series involving 
only sines and cosines of whole multiples of «, that is series of the form 

by + b, cos « + b,cos 2a + +++ + a, sin x + a, sin 2x-++-°> 
are generally known as Fourier’s series. 

Let us endeavor to develop a given function of « in terms of sin x, sin 2a, 
sin 32, &c., in such a way that the function and the series shall be equal for 
all values of # between 2 = 0 and x=7T. 

To ‘fix our ideas let us suppose that we have a curve, 
¥y =A (x) ’ 
given, and that we wish to form the equation, 
y = a,sin x + a, sin 2x + a; sin 3x4 +-°>, 
of acurve which shall coincide with so much of the given curve as lies between 
the points corresponding to x =0 and «=T. 

It is clear that in the equation 

y= 07 sine (1) 
a, may be determined so that the curve represented shall pass through any 
given point. For if we substitute in (1) the coérdinates of the point in ques- 
tion we shall have an equation of the first degree in which a, is the only 
unknown quantity and which will therefore give us one and only one value 
OTRO 

In like manner the curve 
y = a sing + a, sin 2x 
may be made to pass through any two arbitrarily chosen points whose abscissas 
lie between 0 and 7 provided that the abscissas are not equal; and 
y = 4 sin x + a,sin 2x + a; sin 8x + +«:+ a, sin nx 

may be made to pass through any arbitrarily chosen points whose abscissas 
he between 0 and 7 provided as before that their abscissas are all different. 

If, then, the given function f(x) is of such a character that for each value of 
between x =0 and x=7 it has one and only one value, and if between 
x=Q(0 and «7 it is finite and continuous, or if discontinuous has only 
finite discontinuities (v. Int. Cal. Art. 83, p. 78), the coefficients in 


y = % Sin x + a sin 2H 4+ agsin 82 +++++ a, sin nex (2) 
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can be determined so that the curve represented by (2) will pass through any 
n n arbitrarily chosen points of the curve 


y= f(@) (3) 
whose abscissas lie between 0 and 7 and are all different, and these coefficients 
will have but one set of values. 


For the sake of simplicity suppose that the » points are so shies that their 
projections on the axis of X are equidistant. 


1 
Call a Aw; then the coérdinates of the m points will be [Az, (Az) ], 
[2Aa, f(2Ax)], [BAx, f(BAx)], +++ [nAx, f(nAx)]. Substitute them in (2) and 
we have 
S(Ax) = asin Av-+ a,sin 2Ax + agsin 83Ax--+++-++ a, sin nAx 
f(2Ax) =a, sin 2Axv-+ a,sindAx + assin 6Ax ++++-+ a, sin 2nAx 


4 
OC ioe irr sin eee + a, sin 6Aa + as sin 9Axv -+--+++a, sin 8nAx 2 
finka) = =i, sin me + a, sin One -+- a, sin aA +-+-+ta, sin mAx, 
nm equations of the first degree to determine the n coefficients a1, a2, 3, °° * Gy. 


Not only can equations (4) be solved in theory, but they can be actually 
solved in any given case by a very simple and ingenious method due to 
Lagrange. ; 

Let us take as an example the simple problem to determine the coefficients 
Q1) G2, 43, M4, aNd az, so that 


~ y = a Sin x +} a, sin 2x + ag sin 3x - a, sin 4a + a, sin 5x (5) 


shall pass through the five points of the line 


: T ° 
which have the abscissas G» -@» G7 -G@? Me = =| here being Az. 


“We must now solve the equations 


ot: | oe . oO 
x — a, sin G + a, sin = + as sin e + a, sin Tr + a; sin Te 
2 4 ; e ; oe _ 107 
a = a, sin-— ws + a, sin - + as sin — - a, sin + a; sin — 67 
3 3 ee a OT: 9ar 127 _ dr + (6 
=u lt + a, sin © + a; sin is + a, sin —- G ay a, sin —¢— 6) 
4 a au 207 
aT = ay gin a + a, sin = ie + a; see Eee: a, sin —— ar as Sin —e— 
51 ie tx ae 257 
om x2 7, 810 a 6 -+- a, sin = 6 + a, sin— 7 + a, sin-7 + a; sin rae 
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oor ecw ‘ 
Multiply the first equation by 2 sin & , the second by 2 oe 6? the third 
4 ne 
by 2 sin a , the fourth by 2 sin 7 , the fifth by 2 sin — and add the 


equations. 
The coefficient of a, is 
oa. 24 21 4a ee OT 5 ap tener 
2 sin ¢ $10 ae + 2 sin G sn ee + 2 sin 7% Ste tae eG: sin 
a 50 107 
+ 2 sin e sin moat 
Pehle oe 20 7 30r ek 
but 2 sin & sin | = Cos & — cos —% , &e. 
Hence the coefficient of a, becomes 
eh 
cos 7 + cos = a + ee a + cos as +cos = 
7 
31 67 Qtr 129% 157 a 
COs —G- — COS | — COS —R — COs —E~ — COs —B- 


and this may be reduced by the aid of an important Trigonometric formula 
which we proceed to establish. 


20. Lemma. 


1 1SaCrt Dy 
cos 8 + 00s 28-+.008 38 ++ +++ cos n8=— 5 + 5 ——p (1) 
sib 4 
2 


For let S= cos 6 + cos 20 + cos 36+ --+-+ cos n@ and multiply by 2 cos 0. 
2S cos 6 = 2 cos? 6 + 2 cos 6 cos 26 + 2 cos 6 cos 36 + --- + 2 cos 6 cos nb 
=1- cos 6 + cos 20 + ----+ cos(n —1)0 
+ cos 26 + cos 36 + cos 46 +- +--+ cos (n+ 1)0 
=2S-+1-+ cos (n+1) 6 — cos 6 — cos n6. Hence 


cos n8 — cos (n+ 1)80 


1 
ames 2(1 — cos 6) 


: 0 
sin (2n + 1)5 
or go) eee 
Die 6 


: Q.E.D. 
sin 5 
2 
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21. Applying (1) Art. 20 to (7) Art. 19 the coefficient of a, reduces to 


2 sin Z 2 sin or 
te 12 
117 1 337° 30r 
but Dy eed BE oy ek ree pa 
377 
sin (« —-+ sin (x ) 
therefore eee 12): — ae an). sms 1 a 1 =0 
9 Tw : Dee. aa 
sin [2 2 sin — 


and a, vanishes. 

In like manner it may be shown that the coefficients of ag, a, and as 
vanish. 

The coefficient of a, is 


2 sin? = T+ 2 sin? + Osi nee 7 +2 sinta™ + 2 sin? 
si dg fo eee OO 
wn a ml rt pli se shee, sales 
6 6 6 Gi 6 
117 
1 sin —3— _ sin (27-5) a) 
2sin = 2sin= 
6 6 
The first member of the final equation is 
an BT sin FE 9 A in AF 4 9 OF ain BE 
ae in 2 p22 in 7 42 g +25 sin +2] sin=. Hence 
2 her. k 
Ld Sls a sin = 5 @ + 73) =2 approximately. 
k=1 


20 
If we multiply the first equation of (6) Art. 19 by 2 sin —- 6? the second by 


2 sin = , the third by 2 sin = , the fourth by 2 sin a , the fifth 
by 2 sin —— a0 6? add and reduce as before we shall find 
k=5 
2 kor 2khar Tee ee ne 
=F a Sl ao ar Ge as 0.9 ; 
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and in like manner we get 


6 6 6 
k= 1 
k=5 
Z kor Aka Ty mea 
apa we V ee a 
k=1 
ey Bk 
7 T 
=— — —— — (2 — 2) = “ 
as 6 - g sin 6 ( v3) = 0.1 
=1 


Therefore 
y = 2 sin x — 0.9 sin 2a + 0.5 sin 3x — 0.3 sin 4a + 0.1 sin 5z (1) 


: ' T 27 OT 
cuts the curve y= at the five points whose abscissas are @> @ > —@ > 


= and ar . 

22. The equations (4) Art. 19 can be solved by exactly the same device. 
To find any coefficient a, multiply the first equation by 2 sin mA, the 
second by 2 sin 2mAx, the third by 2 sin 3mAa, &c. and add. 


The coefficient of any other a as a, in the resulting equation will be 
2 sin kAx sin mAx + 2 sin 2kAx sin 2mAx + 2 sin 3kAzx sin 8mAx ++ +> 
+ 2 sin nkAwx sin nmAa 


= cos(m—k)Ax-+ cos 2(m—k)Ax-+ cos3(m—k)Ax-+-: ‘+ cos n(m—k) Ax 


—cos(m-+ k)Ax—cos 2(m +k) Ax — cos 3(m-+-k)Ax —+++—cos n(m-+ k) Ax 

4 1 : 

sin a (m — k) Ax sin wh s i (m + k)Ax 

a ee ee by (1) Art. 20. 
ei P) 
2 sin (met) a 2 sin yas = 

2 al 1 
tt ent+i-5 and (n-+1)Ar=7r. 


Hence the coefficient of a, may be written 


sin[ mr - CE] sin [me tye -CED™) 


jy Soulless Da tp 


“ 


na: teal ihe ae : 
but this is equal to 5.5% 5 + 5 according as m—k is odd or even 


and so is zero in either case. 
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The coefficient of a,, will be 


2 sin? mA + 2 sin? 2mAx + 2 sin? 3mAx +-+-+2 sin? nmAx 


= i Deh gl Oe i a a eee eas | 
—cos 2mAx — cos 4mAax — cos 6mAx — - ++ — cos 2nmAx 
Me 1 sin (Qn +1)mdAx 
=n-+ 3 eae Apo by (1) Art. 20. 
But (22 + 1)mAx = 2m(n +1) Ax — mAr = 2mr — maz, 
Ore ePore sin (2n-+1)mAzx _ sin (2mm —mAz) __ Saal! 
Z sin mAre “(2 sin mAx. ~~ * 2” 


and the coefficient of a,, is n-+1. 
The first member of our final equation will be 


k=n 


2 > S(kAx) sin kmAx. 
joy 
Hence 

= 
2 d : 
Oa sari > S(KAa) sin kmAz: , (1) 

(ak 

and the curve 

¥y == a, Sin x + a, sin 2x + ----+ a, sin nz, (2) 


where the coefficients are given by (1) will pass through the m points of the 
curve y= jf(«) whose abscissas are Aw, 2Ax, 3Ax,- ++ nAw. Ax being apaaey 


It should be noted that since the m equations (4) Art. 19 are all of the first 
degree there will exist only one set of values for the m quantities a, ds, as, 
- a, that can satisfy these equations. Consequently the solution which we 


have obtained is the only solution possible. 


23. The result just obtained obviously holds good no matter how great a 
value of n may be taken. 
If now we suppose n indefinitely increased the two curves (2) Art. 22 and 


y = f(x) will come nearer and nearer to coinciding throughout the whole of 


their portions between 2=0 and a=7, and consequently the limiting 


form that equation (2) Art. 22 approaches as » is indefinitely increased will 
represent a curve absolutely coinciding between the values of & in question 


with y= f(x). 
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Let us see what limiting value a,, approaches as is indefinitely increased. 
Toit 
>5, S(kAx) sin kmdx (1) Art. 22 


k=1 


a 


ee ee S| 


k=n 
= a >> S(kAx) sin kmAx 


k=1 
a a =|. f(Ax) sin mAx.Aa-- (2x) sin 2mAx. Ax +++ JF (nAx) sin nmicr.d | 


(Aa) sinmAg. Aa+ f(2Aa) sin 2mAx.Ax-- 
=s|: sic Ax) sinm(m— Az). na 


since Az == ——— 
n 7 1 

As n is increased indefinitely Az approaches zero as a limit. Hence the 
limiting value of a,, as m increases indefinitely is 


2 limit Pf(Az)sinmAx.Ax + f(2Ax) sin2mAz.Ax + °° ] es 
7 Aw = AL ee 5 sin m(7 — Ax). Ax 


== f f(x) sin ma.dz. — [v. Int. Cal. Arts. 80, 81.] 
0 


Hence f(x) =a, sin x + ay sin 2x + a; sin 8a + +*-, (2) 


where any coefficient a,, is given by the formula 


a = f7@) sin mx.dx , (3) 


is a true development of f(a) for all values of a between x=0 and w=7 
provided that the series (2) is convergent, for it is in that case only that we can 
assume that the limiting value of the second member of (2) Art. 22 can be ob- 
tained by adding the limiting values of the several terms. 

When «=0 and when x=7 every term in the second member of (2) 
is zero, and the second member is zero and will not be equal to f(x) unless f(x) 
is itself zerowhen 2=0 and x=; but even when f(x) is not zero for 
z=0 and «=m the development given above holds good for any value 


of « between zero and 7 no matter how near it may be taken to either of these 
values. 


24. Instead of actually performing the elimination in equations (4) Art. 
19 and getting a formula for a,, in terms of m, and then letting » increase 
indefinitely, we might have saved labor by the following method. 


* We shall use the sign = for approaches. Ax = 0 is read Ax approaches zero. 
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Return to equations (4) Art. 19 and multiply the first by Az sin mAa, 
the second by Aa sin 2mAz, and so on, that is multiply each equation by Ax 
times the coefficient of a,, in that equation, and then add the equations. 

We get as the coefficient of a, 


sin kAx sin mAx. Ax + sin 2kAx sin 2mAzx. Ax-+--+-+ sin nkAa sin nmAz. Az. 


Let us find its limiting value as is indefinitely increased. It may be 
written, since (n-++1)Av=7, 


limit [sin kAwsinmAz. Ax+sin2kAxsin2mAqg. Ax+::: | 
Ax = 0 + sin h(a — Ax) sin m(7 — Ax). Ax 


v 
= afi sin kx sin max.dz ; 
0 


but f sin kx sin mx.dx = 4 if [cos (m — k)ax — cos (m + k)a}dx 
: = 0 if m and k are not equal. 
The coefficient of a,, is 
Az (sin? mAx + sin? 2mAx +- sin? 3mAx -+ -- + + sin? nmAz). 
Its limiting value 
limit 


Ke 6 sin? mAx.Ax -+ sin? JImAx.Ax +--+ > -+- sin? m(7r — azz | 


wT 
: 7 
= sin? ma.dx = —. 
2 
0 


The first member is 
(Ax) sin mAx.Ax + f(2Ax) sin 2mAz.Ax + +++ + f(nAx) sin mndx.Ax 


and its limiting value is 
ff sin mx.dax . 
0 


Hence the limiting form approached by the final equation as » is increased is 


ff sin mx.da =5 Ge. 
0 


Whence Hon z f F(x) sin ma.dx as before. 
Tn 
0 


his method is practically the same as multiplying the equation 
f(z) = a, sin « + a, sin 2x + ag sin 37 -4---°° (4) 


by sin ma. da and integrating both members from zero to 7. 
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It is exceedingly important to realize that the short method of determining 
any coefficient «,, of the series (1) which has just been described in the itali- 
cized paragraph, is essentially the same as that of obtaining a,, by actual 
elimination from the equations (4) Art. 19, and then supposing » to increase 
indefinitely, thus making the curves (3) Art. 19 and (2) Art. 19 absolutely 
coincide between the values of « which are taken as the limits of the 
definite integration. 


25. We see, then, that any function of which is single-valued, finite, and 
continuous between 2 =0 and a7, or if discontinuous has only finite 
discontinuities each of which is preceded and succeeded by continuous por- 
tions, can probably be developed into a series of the form 


f(e) = a sin x +. a, sin 24 + a, sin 8a ++: (1) 
| oe. ’ ou. : 
where on if f(@) sin ma.dae = — ff f(a) sin ma.da ; (2) 
Y 0 


and the series and the function will be identical for all values of » between 
2=0 and «=7, not including the values «=0 and x=7 unless 
the given function is equal to zero for those values. 

An elaborate investigation of the question of the convergence of the series 
(1), for which we have not space, entirely confirms the result formulated 
above * and shows in addition that at a point of finite discontinuity the series 
has a value equal to half the sum of the two values which the function 
approaches as we approach the point in question from opposite sides. 

The investigation which we have made in the preceding: sections establishes 
the fact that the curve represented by y= /f(«) need not follow the same 
mathematical law throughout its length, but may be made up of portions of 
entirely different curves. For example, a broken line or a locus consisting of 
finite parts of several different and disconnected straight lines can be 
represented perfectly well by y =a sine series. 


26. Let us obtain a few sine developments. 


(a) Let S(e) =a. (1) 
We have = a, Sin & + a, sin 27 + a; sin 8a +++ (2) 
where —— al x sin max te 

ies . (3) 
0 i 


* Provided the function has not an infinite number of maxima and jninima in the neigh 
borhood of a point. vy. Arts. 37-38. ae 
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: Le 
if © sin ma.dx = — (sin mx — mx cos ma), 


m? 
f sin ide Be 
m 
0 
A ve: sin x a sin 2x2 . sin 3x ry sin 4a mate 
(6) Let S(«) =1. (1) 
—— 2 rs = . 
Ln = = J sin mx.da ; (2) 
0 
f sin mx.dx = — sce: 
m 


an al il 
s ad“ == ee a = — (— 
{3 me. 2 igen (th cos mm) = — [1 — (—1)”] 
= 0 if m is even 


= = if m is odd. 
m 
4 /sinz , sin3z , sinda , sin Tx 
Hence Mi haa 3 + F are +=): (3) 


[t is to be noticed that (3) gives at once a sine development for any constant 
Grae lt 18, 


(4) 


4de /sinz , sin3a , sindz ) 
c= — ee 


a\ 1 Bees Conte) S 


If we substitute « = 5 in (4) (a) or (3) (6) we get a familiar result, namely 


vt ak Oe are ee 
Dan cab areas © @) 
a formula usually derived by substituting «—=1 in the power series for 
tan-'x. (v. Dif. Cal. Art. 135.) 
(4) (a) does not hold good when x =77, and (3) (6) fails when 2=0 and 
when «=, for in all these cases the series reduces to zero. 


(c) Let f(z) =a from «= 0 to 2=5 
and f(«)=7 — a from a= to L=T- 
That is, let y = f(x) represent the broken 
line in the figure. 

As the mathematical expression for 
f(z) is different in the two halves of the 
curve we must break up 


(6) 
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f f(x) sin ma.dx into f J(#) sin ma.da + ff J(&) sin ma.de. 


3 
We have, then, 
Dip. 2 ; , 
C= = fa sin ma.dx + — | (7 —x)sin ma.dx @ 
ea TJ 
2 
4, 7 
=~ 2, sin mo 
But sin m™ os =1 if m=1 or 4k+1 
== () Wi SS “« Ak+2 
=—-1%¢ m=3 “ 4k+8 
= ia 6 4k. 


Hence if y= (f(x) represents our broken line , 


A/sne singa , sndr  sinTx 
So) == {29 a | 32 ae 52 ia 72 a (2) 
When «= = S(@) = : and we have 
a il 1 1 1 
splat a tat o 


(d) As acase where the function has a finite discontinuity, let 


S@) = 1 “from ("a= 0 ten a= Zand 


2D, 
S(x) =0 3 x= 5 (73 a 
y = f(x) will in this case represent the locus in the figure. 
As before 


if J(x) sinma.dx = ff F(a) sin ma.dax 


4 


zh ji f(z) sin ma.dx . 


2 


. 7 
9 
C= 2 fon max.dx +- — 0. sin mada. (1) 
0 Ls 
2 


Cuar. LL] 


EXAMPLES. 4i 
a 
a2 21 T 
on = = sin RS (1 — COs ™ 7). 
But cos m5 = 0 if m=1 or 4k+1 
=—1 q4 m= 2? “ 4k +. 9 

0 Oo apy = 3 “ 44+3 

1 “~ mA & 4k. 
Hence 


_ 2 sing , 2sin2x , sin3a , sindx , 2sin6xe , sintz 
eae oy Vay On eee ar a preter ee 
a 
2 


the second member of (2) reduces to 7 for 


=(F-5t5-et )=5 OO: 
and we see that the series represents the function completely for all values of 
x between x«=0 and «=a except for «= 2 and there it has a 
value which is the mean of the values approached by the function as a 
approaches : from opposite sides. 

EXAMPLES. 


Obtain the following developments : — 


2 

(1) v==[(F- &) sine — © sin 20+ (5 — 5 =.) sin 82 ~ 7 sin 4a 

+(F- oe 

3 
(2) a= = “(G-F sinc — aes ae sin 2x ++ (5 - =) sin 3a 
8 
~ (ermee : sin 4a +-: |. 
2 sin an 927). sin 52 

38) f“a= *[Sr+ Bae , Sin 2a — —37— — Ga sin da + 5 


eo 
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a 


Tv 
if S(x) = «x from x= 0 to nme and f(a) = 0 from t= 5 to. 71. 


. Bs sin 2 Qsin2a . 3sin3x 4sin4a mek the 
(4) sin po = — sin wr rake ua Magi a CaS 


if w is a fraction. 


ye | fea , 2 ; 3 Be Wy, 
(5) = 5 it of) sine +=  — er) sin tec Tt er) in oe 


+A aaepsinde +]. 


2 sinh 7 sin» — Zin 2e +37 sin de — jo sinde---- 
2 5 10 


(6) sinh «= 17 


a 


2 GL 2 : 
(7) cosh x= = E (1 + cosh 7) sin x + 5 (1 — cosh 7r) sin 2x 
3 ‘ 
+ 7p Ct + cosh 7) sin 3x + |: 


27. Let us now try to develop a given function of x in a series of cosines. 

As before suppose that f(x) has a single value for each value of « between 

=0 and x=7, that it does not become infinite between x=—0O and 
x=, and that if discontinuous it has only finite discontinuities. 

Assume 


F(x) = by + 6, cos % + b, cos 2a + b; cos 3x 4+ --> (1) 


To determine any coefficient 4,, multiply (1) by cos ma.dx and integrate 
each term from 0 to 7r. 


if by COS ma.da =.0, 
0 


n 7 
b, 
f% cos kx cos ma.dx = x f (eos (m — k)x + cos (m + k)a da 
0 5 
= 0 if mand k are not equal. 


b s 
Sen cos? ma.da = a (mx + cos mx sin max), 


i b,,, C08? ma.dx = > De if m is not zero, 
0 
2 ¢ 27 
Hence b,, = = if J (x) cos ma.dx = fs if} F(a) cos ma.da , (2) 
0 9 


if m is not zero. 
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To get 4) multiply (1) by dz and integrate from zero to 7. 


f bate =r, 

0 

fe cos ka.dx= 0. 
0 


Hence — - J. fla)de== S(ajda, —@) 


which is just half the value that would be given by formula (2) if zero were 
substituted for m. 
To save a separate formula (1) is usually written 


S(@) = 4b) + b, cos x + b, cos 2a + b; cos 8a ++-+> (4) 
and then the formula : 
2¢ 2¢ 
a es f F(e) cos maz.da = = ft Jia) cos ma.da (2) 
0 0 


will give 4) as well as the other coefficients. 

It is important to see clearly that what we have just done in deter- 
mining the coefficients of (1) is equivalent to taking +1 terms of (4), 
substituting in 


y = 4b, + 5; cos x + 6, cos 2a + ---+ 6, cos nx (5) 
in turn the codrdinates of the 2 + 1 points of the curve 
y =f@) 


whose projections on the axis of Y are equidistant, determining 0), 6,, 6), °°: 6, 
by elimination from the 2 +1 resulting equations, and then taking the limit- 
ing values they approach as m is indefinitely increased. (v. Art. 24.) 

If Ac = i the abscissas of the »-+ 1 points used are 0, Aw, 2Az, 


38Aaz,-:+:nAz, so that we should expect our cosine development to hold for 
xz=0 as well as for values of « between zero and 77. 


28. Let us take one or two examples : 


(2) Let f(@) =e. Oo 


pores | Grae) Foetarnd WL 


= 
I 
8 
° 
& 
Sy 
8 
QR 
S) 
| 
y 
o> 
& 
3 
3 
sae) 
l 
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+o + 


COs ~ ons ses ae ie le +). (2) 


4 

Hence C= (cos a+ 
2 a 

(2) holds good not only for values of x between zero and 7 but for x = 0 


and a2==7 as well, since for these values we have 


wT A 1 il il 
0=F-A(1t+ptatat:) (3) 
and r=t+i(itetatat:) (4) 


which are true by Art. 26 (c)(3). 


(6) Let J(x) = «sin x. (A) 


== (esinade =i 7 =2, 
7 7 

0 
pond 
T 


fe Ep ae peer rath 
1 2 
0 


0 


Om = = fe sin x cos ma.dx = = {te sin (m + 1)x —ax sin (m —1)x]dx 
0 0 


Y 
~ (m Gist) 
2 


i (m —1)(m-+ 1) 


if m is odd 


if m is even. 


Hence 


cosa 2cos2x , 2cos3x% 2cos4ax 


ENN a Ce oe wear yer (2) 
1eY z=F we have 
or ee eee 
132 3 oe @) 
EXAMPLES: 


Obtain the following developments: 


7T 2{fcos2x , cos6a , cos10x , cos 14x 
(1) fey =F-=[ Te mre Ge aetna 


if f(x)=2 from z=0 to r= F and f(«)=17— a from x 


=5 WO) 4 SS FPS 
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@ R345 [SO + 


2[cosx cos3x , cosda cosTx 
4, 


if f(xz)=1 from x =0 to x= and f(x) =0 from n= to c=. 


a cosa cos2x , cos3x cos = 
(@) #=2 aie eo are ek 
otiepee. Tr? 2 
(4) =o “((E- ) eos x— a cos 2a + (rae a) cos 3a 


“Foes (2 ae I 
(5) fe) =5 += (3-1) cos % — 5, 00s 2a — als +1) cos 3¢ 
+ (F — 1) c08 be — F, c08 62 —- +], 
i fiz) =x from z=0 to x= and f(a) =0 from a= toa=m, 


21 al 
(6) e==[5 (cz—1) = Fp +1) 008 @ + aso — 1) 08 Oe 


i 
Sarg oor 1) .cos SN 
A espinin ap [rill 1 il 
(7) bosh gar ae 5 7 008 @ + = cos 2a — 75 cos 3a 


1 
+ 77 cos 4a Soa |. 
(8) sinh a == E (cosh 7 —.1) —3 (cosh 7 + 1) cos 


1 ih 
= c— Denese oT we | 
+ 5 (cosh 1) cos 2a i0 (cosh 7 +1) cos 32 + : 


2usin wor fT 1 COS x cos 2a cos 3x 
(9) SE ed oT Pe we 12 ae we 92 we 32 
cos 4x 
Gel lh 


if w is a fraction. 

29. Although any function can be expressed both as a sine series and as a 
cosine series, and the function and either series will be equal for all values of 
x between zero and 7, there is a decided difference in the two series for other 
values of a. 

Both series are periodic functions of « having the period 277. 
let y equal the series in question and construct the portion of the correspond- 


If then we 
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ing curve which lies between the values #«=— 7 and «x= the whole 
curve will consist of repetitions of this portion. 
Since sin ma = — sin (— ma) the ordinate corresponding to any value of 


x between — 7 and zero in the sine curve will be the negative of the ordinate 
corresponding to the same value of # with the positive sign. In other words 
the curve 
y = a, sin x + a, sin 2x-+ a, sin da-+ °°: (1) 
is symmetrical with respect to the origin. 
Since cos mx = cos(—ma«) the ordinate corresponding to any value of « 
between — 7 and zero in the cosine curve will be the same as the ordinate 
belonging to the corresponding positive value of x. In other words the curve 


y =4b, + 6, cos x + 5, cos 2x + bs cos 38a-+ >>> (2) 
is symmetrical with respect to the axis of Y. 
Ifthen f(x)=—f(— x), that is if f(a) is an odd function the sine series 


corresponding to it will be equal to it for all values of « between — 7 and 7, 
except perhaps for the value «0 for which the series will necessarily be 
Zero. 

If f()=f(—2), that is if /(£) is an even function the cosine series cor- 
responding to it will be equal to it for all values of « between «=—v7 and 
x=, not excepting the value «=—0. 

As an example of the difference between the sine and cosine developments 
of the same function let us take the series for a. 


p : sin2@% , sinda in 4: 
y= 2 sine— 9 +. 3 ere an | (3) 
wr 4 cos3a , cosda , cos Tx 
y=F— =| cose + 32 +3 a 7 +---| (4) 
[v. Art. 26(a) and Art. 28(a)]. (3) represents the curve 
Yael 
x 
37 57 zs 
and (4) the curve 
vg 
Dare 


— O} 8 37 BI 
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Both coincide with y=a2 from x=0 to x=7, (3) coincides with 
y=« from x«=—a7 to «=7, and neither coincides with ya for 
values of x less than — 7 or greater than 7. Moreover (3), in addition to 
the continuous portions of the locus represented in the figure, gives the iso- 
lated points (— 7,0) (7,0) (87,0) &e. 


30. We have seen that if f(x) is an odd function its development in sine 
series holds for all values of « from — 7 to 7, as does the development of 
J(x) in cosine series if f(a) is an even function. 

Thus the developments of Art. 26(a), Art. 26 Exs. (2), (4), (6); Art. 28(6) 
Art. 28 Exs. (3), (7), (9) are valid for all values of « between — 7 and 7. 

Any function of x can be developed into a Trigonometric series to which it 
is equal for all values of « between — 7 and 7. 

Let f(x) be the given function of x. It can be expressed as the sum of an 
even function of « and an odd function of x by the following device. 


fe) FOAIC® 1 fO-IC 


(1) 


identically; but fot A se is not changed by reversing the sign of x and 
is therefore an even function of #; and when we reverse the sign of a, 
L@) —3 =) is affected only to the extent of having its sign reversed and 


is consequently an odd function of a. 
Therefore for all values of « between — 7 and 7 


£(@) aoe = by + 5, cos # + by cos 2x + by cos 3a ++ 


where Oe e f S@) a =e) cos mx.da ; and 
T 
0 
Le) = oy = a, sin « + a, sin 2x7 + a, sin 8a-+--- 
where = © — 2 ele Gee) sin mx.da. 
te 2 


0 
d,, and a,, can be simplified a little. 


i 2 ek x) +i 3) cos max.dx 
7 


= = [fre cos ma.dx + fa x) Cos mada | : 
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but if we replace « by — x, we get 


— 0 
if F(— x) cos mx.dx = — if F(@) cos mx.dx = if F(x) cos max.dx , 
0 0 — iT 


1 us 
and we have bn = =f fo) cos ma.da . 


In the same way we can reduce the value of a,, to 


if us 
i an . 
af £0) sin ma.da 
Hence 
etapkeanat pets (2) 
+ a, sinx-+a,sin 2x + a,sin 8x-+°--- 
ier 1¢ 
where b,, = = i F(x) cos ma.dx = = f (a) cos ma.da. (3) 
1 : 17 
and Tp = { fe) sin max.dx2 = =f £@) sin ma.da . (4) 
and this development holds for all values of « between — 7 and 7. 
The second member of (2) is known as a Fourier’s Series. 
EXAMPLES. 
1. Obtain the following developments, all of which are valid from « = — 7 


to «= 7T:— 


Z2sinharl 1 i il L 
1 fe eel Ss = yee Be a 
(1) e zs 9 9 008 @ +b F cos 2a T0 cos 3x + 77 cos 4x + 


yy saalnge rik Zon ome 4, 
+ = [ sin 2 — 5 sin 2 + 35 8in Be — Fp sin de ++ | 


fie cos 3 cos 5a T 
(2) fe) =4—=| cose + algae oa tet | 


a sin x sin22 , sin 8a sin 4a 


Mickem ay 


where f(x) =0 from x=—-7 to x=0 and f(@) =« from «=0 to x= 7. 
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2 i el 2 1 
38) f#a=- eee E cos « + gz COS 2a 32 008 3a + = cos 5a 
2 
+ & cos 6c +--- | 


1[ (37 ON om: ¢ 
+ “| (4 — 1) sin x — op sin 2a” + (= Be >) sin 3x 


8? 
—F sin de + (FE — 5) sin de —--- |, 
where f(x) —=« from x=— 7 to x=0, f(x) =0 from « =0 to a= 


9’ 
and fe) =«—7 from r=F GO) (a=! Ins 


2. Show that formula (2) Art. 30 can be written 
al 
S(«) = 500 COS Bo + e cos (a — 81) + ¢, cos (2% — Bz) + ¢5 cos (G05) eles 


1 
f > a 
where Cn = G, + Og)” and £,, = tan a . 
™m 


3. Show that formula (2) Art. 30 can be written 


F(x) = 5c sin By + ¢ sin (« + B,) + ¢ sin (2a + Bz) + ¢, sin (8a + Bs) + °°> 


1 
b2)? 


mM, 


b 
and 93, 1al~ = 


m 
31. In developing a function of x into a Trigonometric series it is often. 
inconvenient to be held within the narrow boundaries # =— 7 and x=T. 
Let us see if we cannot widen them. 
Let it be required to develop a function of x into a Trigonometric series 
which shall be equal to f(#) for all values of x between 7 = —c and x= ce. 
Introduce a new variable 


where Cm = (Gn + 


Tv 


e°? 
which is equal to — 7 when « = — ¢ and to m when x= c. 
S(«) =i- z) can be developed in terms of z by Art. 30 (2), (8), and (4). 
We have 
meee ete ie (1) 
+ a,sinz + a, sin 22 + a,sin 82+ °°: 


where b, = e {i 7c z) cos mz.dz. (2) 
7 7 
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1 7c : 
and On = — f ae “) sin mz.dz. (3) 


and (1) holds good from z=—a to #=T7. 
Replace z by its value in terms of « and (1) becomes 


1 TH 2Qara 3THn 
FE) = 5 Oot Fi 008 aorta bg COB aT Pp COS acta % 


. 2Qorx ; 
a asin ™ 4 a, sin == + ay sin = Nats 
The coefficients in (4) are the same as in (1), and (4) holds good from 


x2—=—o tO Wc. 
Formulas (2) and (3) can be put into more convenient shape. 


ie: ° 2) wal ° MTL IT 
6, = aif ale z) cos mz.dz = nS 70) cos 5 ue 


C 


et! + UTC ae ° mmr 
or om = ; if f(x) cos a dx = - jh J(A) cos a= dr. (5) 


In like manner we can transform (3) into 


mr Mr 


t= L JS 70) sin dx = ; 70) sin meee dn. (6) 


Cc 


By treating in like fashion formulas (1) and (2) Art. 25 and formulas (4) 
and (2) Art. 27 we get 


a. wile . 29% . OTe 

J) Ba BD TS Gig BU chia lat (7) 

where a =? (se) cin Ma ae : PLLA 
‘m oe ( ; m= eS fo) sin TP an. (8) 

d mel Tx 27H 37x 

an S(#) = 5 bo + b, cos — + by cos —— + b, cos —— +--+ (9) 

Cc (y C 

Hi Ve MTX 27 
where Ia f Me) 008 SE de =F £0) 000 =F an. (10) 
u 0 


and (7) and (9) hold good from x=0 to a=—=e. 
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EXAMPLES. 
1. Obtain the following developments: 


4 x 4 ‘ 
(1) Li sin M4 5 sin 4 F sin 4] 


3 5 
from x«=0 to xc. 
a GR al 2arx 1 31x 1 4x 
(2) v= sin — 5 aie i aye SS cae + | 
from x=——c to «=e 


ce Ae vite, Pa ome, 1 Saigo ah Tx | 
n= 5— =| 008 +5, cos —— + 5, cos ome + 700 Tp. 


la 1 wal 2Qrrx qT AN Sara 
(3) f= | (| - <) sin@ oF sin 22 4 (2 — 5) sin St 


oxo A= 0) oO) DSS eo. 


CAC Tx 1 2Qrrx 1 31x i Ara 
etme Co eee geo eo 
from «=—=—c to x=c. 
an : 2a ey ; _ 2m 
(4) e Hae aS SE 
ake nome i A) eee | 
¢ ae : c 16 a 167? ° c i 


1, 3me 1, Bae 
© fe) =% [sin — A ein 4h cin 4.) 


roa, a=W) WO) sae. 


bole 


C 
where f(z) =a from «=0 to a= 5 and f(#)=e—« from « 


c—C. 
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2. Show that formula (4) Art. 31 can be written 
1 Tx ) , 2rrx = ) 
F(x) = 5 Co COS Bo + ¢1 cos (= — Bi) + & cos (ee Bs 
3x 
+ ¢;cos (Fa —B)+-°° 


where Cm = (Gn + 2)2 and £,, = tan-* a 
m 
3. Show that formula (4) Art. 31 can be written 
: x . (2re 
f(x) = 5 Co Sin Bo + ¢ Sin (= ae Bs) + ¢, sin (a ot pr) 
_ (OTL 
+ esin (= + fs) +++ 


P b 
where on = (ag + and By, = tan? 2 
m 


32. In the formulas of Art. 31 ¢ may have as great a value as we please, 
so that we can obtain a Trigonometric Series for f(a) that will represent the 
given function through as great an interval as we may choose to take. If, 
then, we can obtain the limiting form approached by the series (4) Art. 31 as 
c is indefinitely increased the expression in question ought to be equal to the 
given function of # for all values of a. Equation (4) Art. 31 can be written 


as follows if we replace 69, 01, b2,°** 1, @:,°** by their values given in 
Art. 31 (5) and (6). 


fe==| 5 a 710) ar 
fie) cos 7 eos a dn + fie) cos =n see ame nie 
+ foysin = sin = TE ant (70) sin = sin =F eae ] 
=- S fre an E + cos “eos 7 4 sin ™ sin 7 


2X 2 
+ cos = cos ae cin = sin ote. ] 
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1¢ 1 
fle) == f FO)ar [ 5 + cos = (A— 2) + cos Oe sta | 


= 5, Fara [ 1+ 008 ZA =a) + cos 7 Qa) ++ 


+ cos (— 7) @—2) + cos (~ =) Amat] 


since cos (— ¢) = cos ¢. 

eee ln’ 

J(“) = in J SO)a [- ; ies cos ( =) (A="2) +2 COs (- ) (A—2) 
+ Zeos 97 (A —2) +7 cos = A — a) 


+ 7 cos (Aa) to] (1) 


As ¢ is indefinitely increased the limiting value approached by the 
parenthesis in (1) is 


feos a(A — x).da. 


—0oo 


Hence the limiting form approached by (1) is 
F@) = JPM feos ad — 2).da, (2) 


and the second member of (2) must be equal to f(a) for all values of a. 

The double integral in (2) is known as Fourier’s Integral, and since it is a 
limiting form of Mourier’s Series it is subject to the same limitations as the 
series. 

That is, in order that (2) should be true f(x) must be finite, continuous, and 
single valued for all values of x, or if discontinuous, must have only finite 
discontinuities.* 

(2) is sometimes given in a slightly different form. 

0 


wo o 


Since feos a(A — «).da = { cos a(A— x).da + | cos a(A — «).da 
0 


=—60 —o 


and 
0 0 w 


feos a(A — «).da = freos (— a)(A— 2).d(— a) = — is a(A — x).da 


feos a(A — x).da = 2 f cos a(x — x).da 


—co 


* See note on page 38. 
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and (2) may be written : 
fa)== J 7092 feos a —2).da. (3) 
—o 0 


If f(x) is an even function or an odd function (3) can be ‘still further simpl.- 
fied. 
Let fa) =—fe2)- 


Since the limits of integration in (3) do not contain a or A the integrations 
may be performed in whichever order we choose. That is 


f. "FA)AX (cos a( — @).da = fi ‘da ff "f(A) cos a(A — ).dd. 
Now a j bs Oi. 


f70) cos a(A — «).dr = (70) cos a(A — @).dr + fF0) cos a(A— «).dd. 
f70) cos a(A — x).dr = {A- d) cos a(— A — w).d(— A) 
= — {70) cos a(A + x).dr 


and (3) becomes 


Se) = ~ faa SA) [cos a(A — x) — 098 a(A + x) ].ddr 


== faa J(A) sin ad sin ax.dd 
0 0 
9 oo oa 
or S(«) = = f faa sin ad sin ax.da. (4) 
0 0 
If f(x) = f(— x) (3) can be reduced in like manner to 


S(®)= =f 70a feos ad Cos ax.da . (5) 


Although (4) holds for all values of « only in case J(«) 1s an odd function, 
and (5) only in case f(x) is an even function, both (4) and (5) hold for all 
positive values of x in the case of any function. 


EXAMPLE. 
(1) Obtain formulas (4) and (5) directly from (7) and (9) Art. 31. 


CHAPTER ITT. 


CONVERGENCE OF FOURIER’S SERIES. 


33. The question of the convergence of a Fourier’s Series is altogether too 
large to be completely handled in an elementary treatise. We will, however, 
consider at some length one of the most important of the series we have 
obtained, namely 


sin 5a sin 7x 


=| sin «+ om be Toa | , [v- (8) Art. 26(8).] 


and prove that for all values of x between zero and 7 its sum is absolutely 
equal to unity; that is, that the limit approached by the sum of terms of the 
series 


e [ sin x (sin a.da + sin 2x {sin 2a.da + sin Sx f sin 3a.da+:: | “ 
T 
0 0 0 
as nm is indefinitely increased, is 1, provided that « lies between zero and 7. 
Let 


T 


7 us 
2 ; ‘ Ce : 
S,=-— [ sin a {sin a.da + sin 2x {sin 2a.da + sin Bf sin 8a.da++:: 
T 
0 0 0 


us 


+ sin na {sin nada. | 4 (1) 
0 
Then 
Sy, = 5 fisin asina + sin 2a sin 2x + sin 3a sin 38x + +--+ sin na sin nex ]da 
a. 
== {Tees (a— x) — cos (a+ 2) + cos 2(a — x) — cos 2(a+a)+--: 
7 
0 
+ cos n(a — x) — cos n(a + x) ]da 


= £ feos (a — x) + cos 2(a — a) + cos 3(a — x) +++ +f cos 2(a — x) \da, 


—2 fto0s (a +2) +f cos 2(a + x) + cos 3(a-+ x) + +++-+ cos n(a + 2x) |da. 
7 


Or 
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Therefore by Art. 20 (1) 


15 (2n + ie — 


sat f[-}+} ae Ie 
T 3 a= 2 
2 


hn se eal 
a ae “ae oe 
0 peel 


sin (2n + 1) a 


a—2 Qn . ata 
0 I 


0 sin 


In the first integral substitute 6 for eo , and in the second integral sub: 


stitute B for ane ; 
We get 
oats 2n +1 nat 2n+1)B 
on Cnt UE eaBS = eracaed ca ‘sin (2n + 1B dp. (2) 


2 
It remains to find the limit approached by S, as ” is indefinitely increased. 


34. 


; sin (27 1) BY ae 
(pea ep BTS: (1) 
For 
se es UP — 4 + cos 28 + 00s 48-+ +--+ 00s 2nB, bageaess ls 
and 


cos 2kB.dB=0. 


—, 
way 


Let us construct the curve 


__ sin (n+ 1a + Aja 
sin x 
We have only to draw the curve y= sin (2n-+1)x and then to divide 
the length of each ordinate by the value of the sine of the corresponding 
abscissa. 
An y=sin (2n + 1)x the successive arches into which the curve is 
divided by the axis of Y are equal, and consequently their areas are equal. 


Cuap. IIT.] 


[+ ug 


q 980 


_--— 


=h 


pug 
Cm 


y= 


sin (2n +1) x 


sin 
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Each arch has for its altitude unity and for its base 
ie ; ; 
on 1 and is symmetrical with respect to the ordi- 


nate of its highest or lowest point. 

If now we form the curve y= see ae from 

sin 
the curve y=sin (2n-+1)z, it is clear that, since 
sin @ increases as x increases from 0 to % , the ordi- 
nate of any point of the new curve will be shorter 
than the ordinate of the corresponding point in the 
preceding arch, and that consequently the area of 
MC ae 
sin x 

that of the arch before it. 

Tia, G1) 02, 0° 0,4, are the areas, ot the suo- 
cessive arches and a, that of the incomplete arch termi- 


each arch of y= will be less than 


nated by the ordinate corresponding to «= = 


2 
Soy 
f wea ata ate 
0 


sin x 
But 
sin (20 + 1)ax n= sin (2n + 1) sin (2n+1)B , T 
=— 1)" 
(ea: sin x sin B 2 by ( ) 
0 0 
Hence 


aah a if w is even, 


7 = dy — 4 $y — + 2 OI if nm is odd. 
a 
These equations can be written 


a dy + a2) + (— a3 + %) 
+ (— a5 + ag) + °° (— Gna Fn) 
if m is even, and 
pot (— a, + a2) + (— as + %) 
4 (— y+ te) +o (Hy at) + (— a) 


if n is odd. 
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In either case each parenthesis is a negative quantity since 


ig > Oy = Gg = Ue ‘> Ags 


: T 
and it follows that a) is greater than >- 


2 


Again 
T 
5 %—_ % aE (@_ — as) + (a, — Le ae (Gea Gy —1) tn an 
hed 
if n is even and 


FHA — +P (a —- Gg) (On — Us) nen — Gy) 


a 


if is odd. 
In either case each parenthesis is positive and it follows that a)—a, is 


~ 
than —. 
less than 9 


Since 


ps 
by > 5 ay — 1, 
=i 


M@ and a — a, differ from = by less than they differ from each other, that 
is, by less than a. 

In lke manner we can show that a—a, and a—a,+a, differ from 
z by less than a,; and in general that a,—a,-+-a,—a3+--:ta, differs 


5 by less than @,; or even that 


My — 0, + dg — 3+ °° ed 
differs from - by less than a, no matter what the value of p, provided p is 


from 


greater than unity. 


35. From what has been proved in the last article it follows that 


b . 
ff sin (27 Se ot ie 
. sin x 


, Eis : 7 aE sas 7 
where 6 is some value between Pn and 3? differs from 3 by less than 


the area of the arch in which the ordinate of y= cK Go mE 2 
sin 2 


ing to = falls if this ordinate divides an arch, or by less than the area 


of the arch next beyond the point (6, 0) if the curve crosses the axis of X at 
that point. 


correspond- 
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The area of the arch in question is less than Poe , its base, multiplied by 


L 
ear oe eo value greater than the length of its longest ordinate. 
sin (2 Speers ac :) 
6 
Therefore f Gear see da 
. sin x 


7 


1 
2n-+1 . T ) 
sin (B= 


Tere Pole 
tae (i On + a) 


zero as its limit, and we get the very important result 


limit >gin (2n + 1a + Lex a | =F ) 


differs from * by less than 


If now n is indefinitely increased approaches 


eo ee 
2n+1 


TU A . sin x 
Dee eae 
= i 2n+1)B sin (2n-++1)B 
8, == J a? ap — i) sn 248 yp ; [Art 33. (2)] 
m2 f POEM ap vie sin (2n +1)8 eMC ae 
T sin B Tire sin B 
ih Asin (2n-+-1)8 Be sin 2n + DB |g 
aif sin 8 “be | peerage sin 8 Ue 
ie an (2n-+1)8 
=f sin B Es 


This last value for S,, can be somewhat simplified. 
Substituting y=—£ we get 


f sin (2n — DB ag =f n+ Dy ef sin (2n +1)8 dp. 


bole 


sin B sin y oy. sin B 


0 
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Substituting y=a7—f in 


f sin (2n + 1)8 dp we have 
3 


sin B 


T 


3+3 73 3 
pin (2B, eee sin (27-4 ly 7 sin (2n + 1)8 
J sin B ion J sin y oh i sin 8 ue 
a 2 


ig 


T 
2 


x 


=p CrDE yy Qn +B gg 


sin sin B 
Hence 
gf Cag om Ga DB ge 2 (in Cnt DE aa, 
0 0 1) 
3 
sin Gn lB T. 
{ ae p= by (1) Art. 34. 
3 
limit sin (27 + 1)8 Tay. 
=a) ae ap |=3 if O<a2<a__ by (1) Art. 35 
and 
limit sin (2n+1)8 ee 
a O eeeer ap|=% if 0<e<m by (1) Art. 35, 
Therefore Jimit [g,J=1+1—-1=1 HD Mien re] 
7 De singa , sindz’ , sin Tx 
=| smet ase eee fen 


for all values of x between zero and 7r. 


37. By asomewhat long but not especially difficult extension of the rea- 
soning just given it can be shown that if f(x) is single-valued and finite 
between x=-—7 and x=v7r, and has only a finite number of discon. 
tinuities and of maxima and minima between x=—a7 and x= the 
Fourier’s Series 


1 
5 00+ b1 Cos x + by cos 2x + bs cos 3a + +> 


+ a,sinx +a,sin 2x + a3sin 38x-4+--> 
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where Gas = f. J(a) sin ma.da 
d 1¢ 
an b= = {F@) cos ma.da, 


and that Fourier’s Series only is equal to f(x) for all values of x between 
x—=—7m and «=7, excepting the values of x corresponding to the discon- 
tinuities of f(x), and the values 7 and —7 if f(7) is not equal to Gare 
and that if ¢ is a value of « corresponding to a discontinuity of J(&), the value 
of the series when x—=e is 


1 limi 
Fey he 9 +e +913 


and that if f(a) is not equal to f(— 7) the value of the series when x = — 7 
and when x = 7 is 


SLA — m) +/tm)]. 


If f(x) while satisfying the conditions named in the preceding paragraph 
except for a finite number of values of , becomes infinite for those values, the 
series is equal to the function except for the values of « in question provided 


that ff J(x)dx is finite and determinate. (v. Int. Cal. Arts. 83 and 84.) 


= nieey 


38. The question of the convergency of a Fourier’s Series and the condi- 
tions under which a function may be developed in such a series was first 
attacked successfully by Dirichlet in 1829, and his conclusions have been 
criticised and extended by later mathematicians, notably by. Riemann, Heine, 
Lipschitz, and du Bois Reymond. It may be noted that the criticisms relate 
not to the sufficiency but to the necessity of Dirichlet’s conditions. 

An excellent résumé of the literature of the subject is given by Arnold 
Sachse in a short dissertation published by Gauthier—Villars, Paris, 1880, 
entitled “Essai Historique sur la Représentation d’une Fonction Arbitraire 
d'une seule variable par une Série Trigonométrique.” 


39. A good deal of light is thrown on the peculiarities of trigonometric 
series by the attempt to construct approximately the curves corresponding to 
them. 

If we construct y==a,sinaw and y—=a,sin 2x and add the ordinates 
of the points having the same abscissas we shall obtain points on the curve 


62 CONVERGENCE OF FOURIER’S SERIES. Art. 39. 


y = a, sin & +.a, sin 22. 


If now we construct y==a, sin 3x and add the ordinates to those of 
y = a,sin x + a, sin 2x we shall get the curve 


y = a, sin « + ag sin 2a + ag sin 3a. 
By continuing this process we get successive approximations to 
y = a, sin x + a, sin 2a + a, sin 3a + a, sin 4a + °°: 


Let us apply this method to a few of the series which we have obtained in 
Chapter IT. 
Take 


y= sin x + Fsin 8x4 < sin Br fo (1) 
vo e 


=0(0 when «=0, a from x=0 to «=7, and 0 when x=7, 


v. Art. 26 [6](8). 


oa a Le: bE a Le 
y= 2 (sin 2 — 5 sin Qe + 5 sin Sx — jf sin dor} ++) (2) 
=# from x=0 to =a, and 0 when x7, 


Art. 26[a](4). 
2 ga lene Pe eee 
y=— | jasine — 5, sin 32 + 5, sin be — 7 sin Ta + --- | (3) 
=2 from x=0 to 2=F, and m—x from «=~ to C=. 


Art. 26 [¢](2). 


“a 


Le ae Lie ee 2 
y= 1 sine+5 sin 2x +5 sin Sx + & sin Be — 5 sin 6x + =sin T+": (A) 


7 
> tor=mT, 


a 


2 


=(0 when «=0, = from «= 0 to a=, and 0 from a = 
v. Art. 26 [d](2). 


It must be borne in mind that each of these curves is periodic having the 
period 27, and is symmetrical with respect to the origin. 

The following figures I, II, III, and IV represent the first four approxima- 
tions to each of these curves. 

In each figure the curve y = the series, and the approximation in question 
are drawn in continuous lines, and the preceding approximation and the curve 
corresponding to the term to be added are drawn in dotted lines. 


SP) 
oo 
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Cuap. III.] PROPERTIES OF FOURIER’S SERIES. 69 


Figs. I, II, III, and IV immediately suggest the following facts: 


(2) The curve representing each approximation is continuous even when 
the curve representing the series is discontinuous. 


(6) When the curve representing the series is discontinuous the portion of 
each successive approximate curve in the neighborhood of the point whose 
abscissa is a value of x for which the series curve is discontinuous approaches 
more and more nearly a straight line perpendicular to the axis of X and con- 
necting the separate portions of the series curve. 


(c) The curves representing successive approximations do not necessarily 
tend to lose their wavy character, since each is obtained from the preceding 
one by superposing upon it a wave line whose waves are shorter each time but 
do not necessarily lose their sharpness of pitch. This is the case in Figures 
I, I, and IV. In Fig. III the waves of the superposed curves grow rapidly 
flatter. 

It follows from this that in such cases as those represented in Figures I, II, 
and IV the direction of the approximate curve at a point having a given 
abscissa does not in general approach the direction of the series curve at the 
corresponding point, or indeed, approach any limiting value, as the approxima- 
tion is made closer and closer; and that the length of any portion of the 
approximate curve will not in general approach the length of the correspond- 
ing portion of the series curve. 

Analytically this amounts to saying that the derivative of a function of « 
cannot in general be obtained by differentiating term by term the Fourier’s 
Series which represents the function. 

‘(d) The area bounded by a given ordinate, the approximate curve, the axis of 
X, and any second ordinate will approach as its limit the corresponding area of 
the series curve if the series curve is continuous between the ordinates in 
question; and will approach the area bounded by the given ordinate, the series 
curve, the axis of X, any second ordinate, and a line perpendicular to the axis 
of X, and joining the separate portions of the series curve if the latter has a 
discontinuity between the ordinates in question. 

Analytically this amounts to saying that the Fourier’s Series corresponding 
to any given function can be integrated term by term and the resulting series 
will represent the integral of the function even when the function is 
discontinuous (v. Int. Cal. Art. 83). 

We may note in passing that if the function curve is continuous a curve 
representing the integral of the function will be continuous and will not 
change its direction abruptly at any point; while if the function curve is dis- 
continuous the curve representing the integral will still be continuous but will 
change its direction abruptly at points corresponding to the discontinuities of 
the given function. 
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40. The facts that the derivative of a Fourier’s Series cannot in general be 
obtained by differentiating the series term by term and that its integral can be 
obtained by integrating the series term by term are so important that it is 
worth while to look at the matter a little more closely. Let us consider the 
differentiation of the series represented in Art. 39 Figure LI. 

Let 


: ae 
S,=sine +5 sin 3x +5 sin 5a + - Se eer Sa sin @n-f Ae. 
Then a = cos «+ cos 3a -+ cos 5e ++++-+ cos (2n + 1)a. 
A 0, 


ii 


bola 


a8, 
ors “=0 


no matter what the 


rly 


and the curve is parallel to the axis of XY for «= 


value of n. 
lie 2S) Oe 4S ep 


1414141 4---+1=n41 


and the curve y=, becomes more nearly perpendicular to the axis of XY 
at the origin and for «= as we increase n. 


7 
dS, il 
da =5 =e 5 pit cara 
: dS, Lae = 
That is Sore if n=O or »=8k 
1 


S, 
Consequently when «x =3 ie does not approach any limiting value as n is 


indefinitely increased. Indeed, in the successive approximations the point 
Pn Po ie : 

whose abscissa is 3 is successively on the rear, on the front, and on the crest 

or in the trough of a wave, and although the waves are getting smaller they do 

not lose their sharpness of pitch. 


If « has any other value between 0 and 7 ee will change abruptly as n is 
LIC 


changed and will not approach any limiting value as m is increased. 
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41. In general if we differentiate a Fourier’s Series 


il 
S= 5 by + by cos w + bg cos 2a + bs cos 8a +--+ 
+ a, sin # + a,.sin 27 + asin 8x-+-+-- 
we get 
— b, sin x — 26, sin 2x — 30, sin 3a — +> 
+ a, cos x + 2a, cos 2a + 3a, cos Ba++, 
Differentiate again and we get 


— b, cos x — 27), cos 2x — 3%), cos Ba — + + + 
— asin x — 27a, sin 2x — 3%, sin 8a — +++, 
We see that each time we differentiate we multiply the coefficient of sin ka 
and of cos kx by & while the term still involves cos kx or sin ka. 
Since the series 
cos «+ cos 2a-+ cos 8a -+::- 


+ sina-+ sin 27+ sin 38~+-::- 

1s not convergent, and a Fourier’s Series converges only because its coefficients 
decrease as we advance in the series, the differentiation of a Fourier’s Series 
must make its convergence less rapid if it does not actually destroy it, and 
repetitions of the process will usually eventually make the derived series 
diverge. 

It is to be observed that the derived series are Fourier’s Series, but of some- 
what special form, that is they lack the constant term. (v. Art. 30.) 

If now we integrate a Fourier’s Series 


5 bo + by cos ar +b, 008 20+ by c08 Bir + : 
+ a,sina-+ a,sin 2x + a3sin 3a -++:> 


Lee. Lee 3 
we get C+ 5 dye + dy sine + 5b, sin 2x + 5, sin Sep o 


2 


1 i 1 P 
— a, C08 & — 5 Az COS 2x — F ag COS Sa — +", 
vo 


a Trigonometric Series which converges more rapidly than the given series. 
It is to be observed that the series obtained by integrating a Fourier’s 
Series is not in general a Fourier’s Series owing to the presence of the term 


bor. (v. Art. 30.) 

42. We are now ready to consider the conditions under which a function of 
x can be developed into a Fourier’s Series whose term by term derivative shali 
be equal to the derivative of the function. 
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Let the function f(a) satisfy the conditions stated in Art. 37. Then there 
is one Fourier’s Series and but one which is equal to it. Call this series S. 

Let the derivative /'(x)* of the given function also satisfy the conditions 
stated in Art. 37. Then /'(x) can be expressed as a Fourier’s Series. By Art. 
39 (d) the integral of this latter series will be equal to the integral of /'(x), 
that is to f(x) plus a constant, and one integral will be equal to f(x). 

If this integral which is necessarily a Trigonometric Series is a Fourier’s 
Series it must be identical with S. It will be a Fourier’s Series only in case 
the Fourier’s Series for f'(x) lacks the constant term } 4. 


But b= = fr@ue by (3) Art. 30. 
Therefore b= 2 (rn ian) (oa) 5 


and will be zero if f(7)=f(— 7). 

In order that /'() shall satisfy the conditions stated in Art. 37 f(x) while 
satisfying the same conditions must in addition be finite and continuous 
between x=—a7 and x=T. 

If, then, f(x) is single-valued, finite, and continuous, and has only a finite 
number of maxima and minima, between «=—7 and «=, (the values 
e—=—7 and «= being included), and if f(r) =f—m) f(@) can be 
developed into a Fourier’s Series whose term by term derivative will be equal 
to the derivative of the function. 


It will be observed that in this case the periodic curve y = S is continuous 
throughout its whole extent. 


43. Since a Fourier’s Integral is a limiting case of a Fourier’s Series the 


conclusions stated in this chapter hold, mutatis mutandis for a Fourier’s 
Integral. 


For example if a function of « is finite and single-valued for all values of x 
and has not an infinite number of discontinuities or of maxima and minima in 
the neighborhood of any value of « it will be equal to the Fourier’s Integral 


1 ao fe.) 
= ff da ( f(A) cos a( — x).dd 
0 —o 

and to that Fourier’s Integral only, and the integral with respect to 2 of this 
Fourier’s Integral will be equal to { f(x)dx. 

If in addition f(a) is finite and continuous for all values of « the derivative 
of the Fourier’s Integral with respect to « will be equal to To) 

XL 


* We shall regularly use the notation f(x) for ee . v. Dif. Cal. Art. 124. 


CHAPTER IV. 


SOLUTION OF PROBLEMS IN PHYSICS BY THE AID OF FOURIER’S 
INTEGRALS AND FOURIER’S SERIES. 


44, In Art. 7 we have already considered at some length a problem in 
Heat Conduction which required the use of a Fourier’s Series. We shall begin 
the present chapter with a problem closely analogous in its treatment to that 
of Art. 7, but calling for the use of a Fourier’s Integral. 

Suppose that electricity is flowing in a thin plane sheet of infinite extent 
and that the value of the potential function is given for every point in some 
straight line in the sheet, required the value of the potential function at any 
point of the sheet. 

Let us take the line as the axis of X and consider at first only those points 
for which y is positive: 

We have, then, to satisfy the equation 


DIV+ DIV=0 (1) 

subject to the conditions 
V=0 when y=o (2) 
V=jfu)y “ ~y=—=0 (3) 


where f(a) is a given function, and we are not concerned with negative 
values of y. 

As in Art. 7 we have e~* sinax and e~* cos ax as particular values of V 
which satisfy (1) and (2). We must multiply them by constant coefficients 
and so combine them as to satisfy condition (3). 

By (3) Art. 32 

S(@) = 2 fi da { f(A) cos a(A—@).dX. (4) 
0 —o 
We wish to build up a value of V which will reduce to (4) when y=0. 
This requires a little care but not much ingenuity. 
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Take e-* cosax and e-”sinaa and multiply the first by cosad, and 
the second by sinad; they are still values of V which satisfy (1). Add 
these and we get 

e-*” cos a(A— 2), 
still a value of V which satisfies (1), no matter what the values of a and i. 
Multiply by f(A)dA and we have 
e—*Y f(A) cos a(A — x).dXr (5) 
as a value of V which satisfies (1). 


ao 


v= ff e-*Y f(d) cos a(A— 2).dd (6) 


—=o 


is still a solution of (1) since it is the limit of the sum of terms covered by 
the form (5); and finally 


V= * Fata (ef) Cos a(A— &).dXr (7) 


is a solution of (1) as it is = multiplied by the limit of the sum of terms 
formed by multiplying the second member of (6) by da and giving different 
values to a. 

But (7) must be our required solution since while it satisfies (1) and (2), it 
reduces to (4) when y=0 and therefore satisfies condition (3). 

If f(x) is an even function we can reduce (7) to the form 


wn 


9 ao 
v= 2 i da f e7 4y FA) COS ax GOS ar.dr (8) 
0 


and if f(a) is an odd function to the form 


Gs es 7 
omcied iff da f e~*¥ f(A) sin aw sin addr. (9) 
0 0 


(7), (8), and (9) are valid only for positive values of y, but as the problem is 
obviously symmetrical with respect to the axis of X, (7), (8), and (9) enable 
us to get the value of the potential function at any point of the plane. 


EXAMPLES. 
1. Obtain forms (8) and (9) directly by the aid of (5) and (4) Art. 32. 


2. State a problem in statical electricity of which the solution given in 
Art. 44 is the solution. 
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45. As a special case under Art. 44 let us consider the problem: — To find 
the value of the potential function at any point of a thin plane sheet of infinite 
extent where all points of a given line which lie to the left of the origin are 
kept at potential zero, and all points which lie to the right of the origin are 
kept at potential unity. 

Here f(x)=0 if «<0 and f(z)=1 if «>0. 

(7) Art. 44 gives us the required solution. It is 


V == (da feos a(A—«).dd 3; (1) 
0 0 


but this can be much simplified. 


We have 
== (arf -eveos a(A—«a).da. 
Tm) 
ae | a 
Now fe COS MX. om 
0 
if a>0. (int. Cal. Art. 82, Ex. 8.) 
Hence few cos a(A — 2).da = Her ’ 
3) 
1f dx i (7 -12) 
= § ft tt =}, 
and V r a ee ape an y 


oS esos ae 12) a4, 
tan (F —tan 7) =etn (tan ) es 


and consequently 

== (F + tan?2) =1— = tanh. (2) 

Since log z= log («+ yt) = ; log (27+ y*) +4 tan? ; 
[int. Cal. Art. 33 (2)], 
i—Aloge=i—Hlog (@+yi) =— 5 log @+y)+i(A — = tar 2) 
and. 1.— a tan-12 and" — + log (a?+ y’) are conjugate functions. (v. Int. 
Cal. nes 208 and 210.) Hence 
V,=— slog +) aS) 


is a solution of the equation 
D2V,+ D?2V,=9; (4) 
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and the curves 


A(z =e 5) 

— (5+ tan *) a ( 
i 

and — 5, log (a? + y*) =6 (6) 


cut each other at right angles. 

If we construct the curves obtained by giving different values to a in (5) we 
get a set of eguipotential lines for the conducting sheet described at the begin- 
ning of this article, and the curves obtained by giving different values to (6) in 
(6) will be the lines of flow. 


rer Qj 1 
Moreover since v, = lee (@ af Y) (3) 
is a solution of Laplace’s Equation (4), tle lines of flow just mentioned will be 
equipotential lines for a certain distribution of potential, for which the equi- 
potential lines above mentioned will be lines of flow. 
V=a, that is 
1 (E+ tm 2) =a, 6) 


reduces to yj =— 7 tan am. (7) 


If now we give to a values differmg by a constant amount we get a set of 
straight lines radiating from the origin and at equal angular intervals. 

V,=b, that is . 

log (+) =, 6) 
reduces to 
a2 Ly? = e- 2", (8) 

If we give to 6 a set of values differing by a constant amount we get a set 
of circles whose centres are at the origin and whose radii form a geometrical 
progression. They are the equipotential lines for a thin plane sheet of infinite 
extent where the potential function is kept equal to given different constant 
values on the circumferences of two given concentric circles or where we have 
a source at the origin; and for this 
system the lines (7) are lines of flow, 
and (3) is the complete solution. 

The figure gives the equipotential 
lines and lines of flow for either sys- 
tem, but only for positive values of y. 
The complete figure has the axis of Y 
as an axis of symmetry. 
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EXAMPLES. 
1. Solve the problem of Art. 44 for the case where 
fo —— lia <0 and f@y—1 if «> 0. 
Ans., peseoeehe 
7 
2. Solve the problem of Art. 44 for the case where 
J@)=a if «<0 and f(@)=d if «>0. 
i a x 
Ans., Ee=s (a+b)+ = (6—a) la, 


3. Reduce (7), (8), and (9) Art. 44 to the forms 


el —_ ¥ FA)Ar 
2S al Nee) 


=1 oF 1700 [aa qaat erate 


fg . 1 1 
7 furor (= (A— 2)? PALA) 
respectively. 


46. An especially interesting case of Art. 44 is the following where 


fla)=0 if w<—1, f(a) =1 if —1<2<1, and f@)=0 if x>1. 


iE lee 
Here V= 4 | tan-3 asi + tan ] ; (1) 
7 y : 


a ul 
Now = log [id —z)]= tog CE I ae ~_ log [y+ d—2)ét] 


1 ; Oe Se 
Sige NOU ae erie eer 2 ’ 
and 
if ee L ~ ‘ 
— Flog [(—1 —2)f] =— Flog [(— 1-2 — yi! =— og Ly (1+ )2] 
al , J ete eae 
ee logit a) aI + 7 tan : ore 
j 4 
1 Li 2 = (ee ft 2 | ton tom? = 
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Hence 


‘hye, hee: =) ab 
ml Gamma reras fs re gkrery) te 7 


are conjugate functions; * and 


2 (tan BRL mare : 
7 y 


is any equipotential line, and 


Seed eas 
log ( =6 3 
a ear a ©) 
any line of flow for the system described at the beginning of this article; and 
1—~-x)?+y 
Y= Ap Cee Baal 4 
1 =a + x)? +, a ( ) 


is the solution of a new problem for which (3) represents any equipotenual 
line and (2) any line of flow. 


* The function conjugate to ( 


= [ tan Usk + tan—! iS Al 
7 y y 


might have been found as follows. If ¢ is the required function and y the given function we 
have by Int. Cal. Arts. 211, 212, and 213 the relations 


Dro =D, and Dy,d=— Dry. 
Hare 1+ Le 
G+a2+y (any aie: 
1 y y 
d =) 3) = >= — : 
7 Ret = | (oe a) Sayer Al 


If now we integrate D,y with respect to x treating y as a constant and add an arbitrary 
function of y we shall have @. So that 


= 5 | log [0 +2)2-+ ¥4] —log (1 — 2)? +97] | +70). 


SS | eel = y af(y) 
Dye r| itaPet+y seen by 


Comparing this with its equal — D, above we find ae =0 and f(y)=C aconstant 


therefore — , 108 Oecd asd ar Gs 
Fi i) itary 


where ( may be taken at pleasure, is our required conjugate function. 
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(2) reduces to 


Pe tan a7 
GSE Or ik 
or x? -+- (y — etn am)? = ese*ar ; (5) 
and (3) to ee 
or (« aig a * ee) a ie (Se + —) —1 
or (« + ctnh bir)? + 4? = esch*brr. (6) 


(5) and (6) are circles. The circles (5) have their centres in the axis of Y, 
and pass through the points (— 1, 0) and (1, 0); and the circles (6) have their 
centres in the axis of Y. 

(4) is the complete solution, (6) is any equipotential line and (5) any line of 
flow for a plane sheet in which the points in the circumferences of two given 
circles whose centres are further apart than the sum of their radii are kept at 
different constant potentials, or where a source and a sink of equal intensity 
are placed at the points (—1,0) and (1,0). An important practical ex- 
ample is where two wires connected with the poles of a battery are placed 
with their free ends in contact with a thin plane sheet of conducting material. 
The figure shows the equipotential lines and lines of flow of either system, 

The complete figure would have the axis of X for an axis of symmetry. 


EXAMPLES. 


1. Show that if f(z)=a, when x<—d, f(z) =a, when —b<« <0; 
J(@) =a, when « = ls 


: l a b—-x 
V— aes + = | — 4a) el tleees anes (ay dg) tan—* "| : 


d 
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2. Show that if f(z) =0 if «<0, f@)=% if 0<a<h, f(x) =a, if 
b<ar<by, flm)=a, if << ax<dz, &e., 


r 


il 12 yp Se a a 
—— é — fal ——— Qe — Os) tan: 


+ (a3 — a4) tan—} ie = as, |. 


8. Show thatif /@#)=—1 if «<—1, f@)=2 if ieee 
Fe Hl ft ae 1, 


moat eS 1+ea 4: _a~l= y a —)?+ Z|. 
==| +4 tan i ; a Lae) Cae Sa eS ths masay yA 
4. Show that if /@)=—1 if »——T1, nee, i 1 <a 
f(x)=1 if a>1, 


= x [ tan ia! — tan} bas | ; 
7 y y 


Show that the equipotential lines are equilateral hyperbolas passing through 
the points (— 1, 0) and (1,0), and that the lines of flow are Cassinian ovals 
having (— 1,0) and (1,0) as foci. The lines of flow are equipotential lines 
and the equipotential lines are lines of flow for the case where the points 
(—1, 0) and (1, 0) are kept at the same infinite potential, or where very small 
ovals surrounding these points are kept at the same finite potential. The case 
is approximately that of a pair of wires connected with the same pole of a 
battery whose other pole is grounded, and then placed with their ends in con- 
tact with a thin plane conducting sheet. 


5. Show thatif f@)=0 if «<0, f(x) =—1 if 0<a<a, f(a) =0 
ifa<a<—b, and f(j«)=1 if «>8, 


il L— 2 —-2 x 
V=—| = —tan-1° Bei = —tan-32 |. 
y gy) Y 
The conjugate function 


al ee 2 
V==— log ee 
[@—2)F HY O— ay =] 
is the solution for the case where a sink and two sources of equal intensity lie 
on the axis of 1’, the sink at the origin and the sources at the distances a and 


b to the right of the origin. One of the lines of flow is easily seen to be the 
circle «7+ y?=dab. 


47. If the plane conducting sheet has two straight edges at right angles 
with each other and one is kept at potential zero while the value of the poten- 
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tial function is given at each point of the second, that is if V=0O when 
x=0 and V=f(x) when y=0, the solution is readily obtained. It is 


V= 2 fda fe fa) sin az sin ad.dr. (1) 
0 0 
v. (9) Art. 44. 
This reduces to 
il 7p y 
T= {70a (| — ae ae | ; 2 
np IO@| araca FrOtey a 
vy. Hix. 3 Art. 45. 
EXAMPLES. 


1. If V=0O when y=0 and V=/F(y) when x=0_ show that 


2 


V= fufe o* F(X) sin ay sin ad.ddr 
0 0 


viR 


= 7S Foe eae =F 


2. If V=f(x) when y=0 and V=F(y) when r=0 show that 


a= of L7O) (7 +e a ee a ss ») 


+70) Gaga erate) 


3. If F(y)=6 the result of Ex. 2 reduces to 


26 


pees Se i : = J ag u ¥ 
= tan7* = aioe E AN) ye | 


Aelia (yy) —1. for. 0 —a-< 1 and Hig) ==0 fore y-- 1 whiles j(@)— 1 
for O<a<1 and f(x)=0 for «>1 


V 


—7 1 4 q 
y==| tan ee eee Stee tare? & 
v1 7] y - 


La ity og | 
—1 — — Ti —1— 9s C 1_ ¥ 
+ tan a tan + 2 tan 5 
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5. If one edge of the conducting sheet treated in Art. 47 is insulated, so that 
D,V=0 if «=0 and V=jf() when y=0 


i) a) na» 
= = fda fe av f(A) COS ax COS ad.dr 
TT. 
0 0 


= - Sioa aaa a aoe 


48. If the conducting sheet is a long strip with parallel edges one of which 
is at potential zero while the value of the potential function is given at all 
points of the other, that is if V=0 when y=0 and V=F(x) when 
y= the problem is not a very difficult one. 

Since we are no longer concerned with the value of V when y=a 
V=e"sinax and Ve’ cos aw are available as particular solutions of the 
equation 


D2V + D3V=0 (1) 
as wellas V=e-%sinax and V=e-cosax. 
: ety + (a ay ; _ 
Consequently —>;— sin ax = cosh ay sin ax [Int. Cal. Art. 43 (2)] 
GHIA Ee : : 
and —7 sin aa = sinh ay sin ax [Int. Cal. Art. 43 (1)] 
and cosh aycosax and sinh ay cosax 


are now available values of V and can be used precisely as e-*¥cosax and 
e-*¥sinaxz are used in Art. 44. 
Following the same course as in Art. 44 we get 


ee! ‘sinh ay 
=3fe 2) Ad F(A) 08 a(X—2)-dr (2) 
as a solution of (1) which will reduce to V= F(x) when y=d 


and to V=0 when y=0, since sinhO=+>*=0, 
and (2) is therefore our required solution. 

If V is to be equal to zero when y=b and to J(x) when y=0 we have 
only to replace y by b—y and F(x) by J(@) in (2). We get 


oar 81 b= 
fi f : ie ab m S(r) cos a(A — #).ddr, @) 
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If V=f(x) when y=0 and V= when y= then 
ha(b— 
v= 2 fas aera SA see) Pye eeoen 


sinh abs 


inh 
+ 1 fia eed F(A) cos a(A — x).dd. 
TT 
0 —o 


sinh ab 


This can be considerably simplified by the aid of the formula 


pee EMS 
gin + 


* sinh 
iff an = a o : 
, a a 
a q cos + cosh ce 
q q 


if p*<q’. [Bierens de Haan, Tables of Def. Int. (7) 265] and becomes 


Lora > dx 
V=>5 sin — (b— ”) f 70) 
2b b i 
=x COS TORY + cosh ™ (xa) 
= ie = sin ae F(X) ene ee or 
Se cos + cosh 7 (=) 
Peril d F(x 
[Vs sy sin Tu | ——’—___ + ( ) ay | (5) 
a cosh = (A — x) — cos > cosh F (A— 2) + cos 4 i 
EXAMPLES. 


1. Given the formula 


f ee z (ena Vi * tanh 5) be Ge 
— a a 
atbcosha vj2—q? b+a : 


el 
show that if V=1 when y=0 and V=0O when y=d oats (6—y). 


2 Show that if Y=-0 when y=6, V=—1 when y=0 and 
x<0, and V=1 when y=0 and x>0 


tanh == 
= 
a ’ Callers pe 
ig 
tan DD 


The solution for the conjugate system, that is, for a strip having a source at 
(0,0) and an infinitely distant sink is 


Ns 1 ¥ 
y=—= log | cosh 5 a TH. 
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3. Show that if V=—1 when y=0 and «<0, V=1 when y= 0 
and #2>0, V=—1 when “y=6, and) )a— 05) Sanday) law jen 
y=6b and «>0, 


9 
fe Tie : phe cs <r] 
V= a tan— (tan 5 (6 — y) tanh 3 me) 4 = + tan (tan 5, a Y tanh — = 


nl Tx 
9 sinh D 
ant —l 
=— tan 
0 5 UO) 
sin — 
b 


The solution for the conjugate system, that is, for a strip having a source and a 
sink at the points (0,0) and (0, 6) is 


tice = i + cos b 
a : cosh =e , ay 
b b 


4. If V=0 when x=0, V= f(x) when y=0 and ~>0, and V=0 
when y=56 and «>0, 


rai fe aa { Soha—v [cos a(A — a) — cos a(A + @)] f(A)aA 


sinh ab 


ae sin oS (| — — eee 
2b bs 7 Ty my [fovea 
cosh pA — 2) — 008 © cosh = 5 te) — cos 
for positive values of « and for values of y betweeen 0 and d. 
5. If V;=0 when +=0, V,=F(@) when y =b and w>0O, and 
V,=0 when y=0 and «>0 


ee . 
eae 7h] = 1 +. ale 
W cosh B (A = @) =}-¢0s = cosh = rac =a) -- cos = 


for positive values of x and values of y between 0 and 0. 
6. If V,=0 when «=0, V,=f(z) when y=0 and x>0, and 
V,= F(x) when y=b and «>0 
Va=V+V, for «>0 and 0<y<6. (v. Exs. 4 and 5) 


7. If one edge of the strip described in Art. 48 is insulated so that we have 
V=f(@) when y=0 and D,V=0 when y=d show that 


as ll cana F(A) cos a(A — x).dr. 


cosh ab 
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By the aid of the formula 


HAE DTT 
co cosh 5, 008 cS 


cosh 
(are cos rx.dx = q a he FRO 
Z cos - + cosh oils 
q 


{Bierens de Haan, Def. Int. Tables (6) 265], 
reduce this to 


F(A) cosh (c= 2) 


ib . 
V=-=sin elt Ne 
Ty 


4 cosh 5 (A — 2) — cos 74 
8. If V=0 when y=0 or 6 and r<—a, V=1 when y=0 or 5 


and —a<x<a, and V=0 when y=0O or 6 and x>a 


1 sinh ™¢—*) sinh M2) 
V=— [ tan ———————. + tan—! ——_—_____. 
2 sin — sin —/ 
b b 
9. If V=0O when y=0 or 6 and x<—a, V=1 when y=0 and 
—¢~—«2-@, V=Q when y=0 or 6 and «>a, and V=—1 when 
y=b and —a<a<a 


1 tanh Gere #) tanh mets) 
V=— | tan~2 ———_——— + tan? — | . 
Be tan — tan = 
b b 
10. A system conjugate to that of Ex.9is V=-+o when y=0O or 6b 
Si J Y 
and «=—a, V=—o when y=0 or 6 and x=a. In this case 
ae OY fe Oh ane) 
1 sin’ = + sinh Far ae 
V=— log 


an sin? a + sinh? mat) 


49. Let us take now a problem in the flow of heat. Suppose we have an 
infinite solid in which heat flows only in one direction, and that at the start the 
temperature of each point of the solid is given. Let it be required to find the 
temperature of any point of the solid at the end of the time ¢. 

Here we have to solve the equation 

IBN — ied OEE) (1) 
[v. Art. 1 (11)] subject to the condition 
u== f(r) when ¢=0. (2) 
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As the equation (1) is linear with constant coefficients we can get a particu- 
lar solution by the device used in Arts. 7 and 8. 
Let weft and substitute in (1). We get 


B = 0rEE 
as the only relation which need hold between £ and a. 
Hence Dm hon Pee A iter Se (3) 


is a solution of (1) no matter what value is given to a. 
To get a trigonometric form replace a by ai. 


Then aN AEN re 

If in (8) we replace a by — ai we get 
u— e7 Vert en ant 

As in Arts. 7 and 8 we get from these values 


ue Pt sin ax and ue” cos ax 


as particular solutions of (1), a being wholly unrestricted. 
From these values we wish to build up a value of w which shall reduce to 
f(x) when t=O and shall still be a solution of (1). 


We have S(«) = 1 fa fre) cos a(A — @).dr (4) 
0 —o 
v. Art. 32 (3), and by proceeding as in Art. 44 we get 
UL 1 faa fe atom F(X) COS a(A — x).dr (5) 
as our required value of i - 


This can be considerably simplified. 
Changing the order of integration 


eel f. "F(A)dA ff e- cog a(\ — x).da. (6) 
UL 
=o} 0 
are ae: 
Gy POM COSA A = 2). 00 =a a Hn 7 
Hi ( ) 2a Nt ae @ 
by the formula 
oo ae Vr e 
fe “ cos ba.da = a ° [Int. Cal. Art. 94 (2) ] 


0 


il . Cea 
Hence u—= f. oN ae 
oaWntd 2! ) Sa hee (8) 
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Let now B= ak , 
Q0Nt 
then =a + 2ayi.8 
and pore af fla + 20Vt.B)e-? dp. (9) 
Vr: 
EXAMPLES. 


1. Let the solid be of infinite extent and let the temperature be equal toa 
constant ¢ at the time ¢=0. 


Then — feed ee e-PdB—=c. 
Ve dei Vor) daa 


v. Int. Cal. Art. $2 (2). 
2. Let u=a when ¢=0. 


Then = ase + 2aVi.p)e- dB = a. 


&. Let w=a2? when ¢=0. 
Then u=nv?+ 2a*t. 


4. Let u=0 if ex<—d, u=1 if —b<xe2<b, and u=0 if a>d, 
when ¢=0. 


Then 
b—zx 
2aVt 
_ Pag 27 6b + 3bx? , 05+ 100%x* + 5bat | 
= (.- poscn. oa ape ies Undid tac oy Vb 
Vr Vr L2ayt 3 (2ayi)* 5.21(2aye)s 
_btz 
2aVt 


5. Let u=0 if «<0 and w=1 if x>0 when ¢=0. 
Then 


ban oe) oi 
1¢f i iS eae 1 
= — —-2d3=— | ferme sb Pap | — — | e 8 dpB+= 
x Vir ‘ 4 Vir 0 0 Vire 2 
er 


eee Si at Sia Bi falc Bay | 
One Nae lax 3.(2ay2)? T 59 (2ayt)® 7.31(2ay/7)" " : 

6. An iron slab 10 c. m. thick is placed between and in contact with two 
very thick iron slabs. The initial temperature of the middle slab is 100°, and 
of each of the outer slabs 0°. Required the temperature of a point in the 
middle of the inner slab fifteen minutes after the slabs have been put together. 
Given a?=0.185 in C.G.S. units. Ans., 21°.6. 
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7. Two very thick iron slabs one of which is at the temperature 0° and the 
other at the temperature 100° throughout are placed together face to face. 
Find the temperature of each slab 10 ¢. m. from their common face fifteen 
minutes after they have been placed together. Ans., 70°.8, 29°.2. 


8. Find a particular solution of D,w=«?D?w on the assumption that it 
is of the form w—=7.X where Tis a function of ¢ alone and X is a function 


of x alone. 


50. If our solid has one plane face which is kept at the constant tem- 
perature zero, and we start with any given distribution of heat, the problem is 
somewhat modified. 

Take the origin of codrdinates in the plane face. Then we have as before 
the equation 


Dp aD ye (1) 

but our conditions are 
w=) when 2#=—0 (2) 
u=f(a) “ peaY (3) 


and we are concerned only with positive values of a. 
We may then use the form (4) Art. 32 


9 ao feo} 
Se) = is i da | f(X) sin aw sin addr, (4) 
0 0 
and proceeding as in the last section we get 
2 ee 
ae da {6 F(A) sin aw sin ad.dr (5) 
r) 0 


as our required solution. This may be reduced considerably. 


u= _ ff. FO)Ar fem eo [cos a(A — x) — cos a(A + x) ]da, 


iC ax)? Ata? 
or “u= TO)(@ “sat — 2 4es_:*+d)AA 6 
aa ( ( oe 4a2t dd. ( )) 


by (7) Art. 49, and this may be reduced to the form 
u= 4 fee 2ayt.B)d pa 
Val S PR + 2ayi.pae—f Pf 2+ 2ayiBas |. @) 
~ 2aVé 2aVt 


EXAMPLES. 
1. Let the initial temperature be constant and equal to e. 
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Then 


eal PdB— ( e- Pap | 


mar t ve 
= x 
9 Lat 
= ae e Pd B 
Vir 
0 


2 a oo ae? at 
== — Aaa \B 7 ate pee]. 
amlL2avt 3.(2ay2) 5.21(2ayt) 7.3!(2ayt) 

2. Assuming that the earth was originally at the temperature 7000° Fahren- 
heit throughout, and that the surface was kept at the constant temperature 0°, 
find (1) the temperature 10 miles below the surface 10,000,000 years after the 
cooling began; (2) the temperature 1 mile below the surface at the same 
epoch; (3) the temperature 10 miles below the surface 100,000,000 years after 
the cooling began; (4) the temperature 1 mile below the surface at the same 
epoch; (5) the rate at which the temperature was increasing with the distance 
from the surface at each point at each epoch. 

Neglect the convexity of the earth’s surface and take Sir Wm. Thomson’s 
value of a? (400) the foot, the Fahrenheit degree, and the year being taken as 
units. (Thomson and Tait’s Nat. Phil. Vol. Il. Appendix.) 

ms., (1) 3114°; (2) 329°.5; (3) 1036°; (4) 103°; (5) 1° for every 20 feet, 3° 
for every 50 feet, 1° for every 50 feet, 1° for every 50 feet. 

3. Let the initial temperature be constant and equal to —6, then by Ex. 1 


UM 
4. Let the temperature of the plane face be } instead of zero, and let the 
initial temperature be zero. 
Then we have only to add @ to the second member of the solution in Ex. 3, 
as we may since u=0 is a solution of (1) Art. 49, and we get 
vai 
2 ane ) 
u=b (1 —— fe Pap). 
Vr 
0 
5. Let u=b when x=0 and w= f(x) when t=0. 
Then 


_ Asx)? _A+z? 
hart” 4att 


—eé Jar 


ah 


umo(i- ef Pap ) +; 


by (6) Art. 50. 
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6. Let wb when x=—0 and wc when ¢=0. 


2aV t 
Then u=b+ (c—b) = e P dp. 
7 


7. If the earth has been cooling for 200,000,000 years from a uniform tem- 
perature, prove that the rate of cooling is greatest at a depth of about 76 
miles, and that at a depth of about 130 miles the rate of cooling has reached 
its maximum value for all time. Let a?—= 400. 

8. Show that if the plane face of the solid considered in Art. 50 instead of 
being kept at teas zero 1s impervious to heat 

Ey | AO 


=o at 1,0 Cs v. (6) Art. 50. 


51. If the temperature of the plane face of the solid described in Art. 50 
is a given function of the time and the initial temperature is zero, the solution 
of the problem can be obtained by a very ingenious method due to Riemann. 

Here we have to solve the equation 

Di 0A Ag (1) 
subject to the conditions 
u=F(t) when «=0 


1) 6“ =e 


(2) 
We know that 
ell 
—=—" | end, 
re 


is a solution of (1), v. Ex. 1 Art. 50. It is easily shown that 


x 


9 2aVt—e 
u=—|{e dp, (3) 
Vir. 
where ¢ is any constant, is a solution of (1). 
For 
Onl et os lie SF jee 
Dp ee = hart eye ee 2 4a%Xt—c) 
: Vr 2a 2(t — c)3 © 2am CoD 
a2 
D,w=— beers 
Vir QaNt —c¢ 
> 3 == nn 
Diu=— a il 2x ESOS (t—c) * 4a%t —c) 


= ——— —— \ @ 
Vir 2aVi — ¢ 407(t — c) aie 
and Dia Den, 
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Let ¢(«,¢) be a function of x and ¢ which shall be equal to zero if ¢ 18 
negative and shall be equal to 


if ¢ is equal to or greater than zero; so that if «=0 (a, t)=1 and if 
t=0 o(@,t) =0. 
We shall now attack the following problem, to solve equation (1) subject to 
the conditions 
u=0 ito 730 
u=FO) “ «=0 and 0<t<-r 
u=F(kr)“ 2=0 “© kr<t<(k+1)r, 
where & is any whole number and 7 is any arbitrarily chosen interval] of time. 
If we form the value 


u = F(kr)[b(2, t— kr) — oa, t— (k-+1)r)) (4) 


u will satisfy equation (1) since zero, unity and 


x 


9 2aV t — kr 

— |e Pd 

Vp"? 

are values of uw which satisfy (1). «w will be zeroif t< kr by the definition 
of the function ¢(a,4); if «=0 w=0 if t>(k+1)r and u=F (hr) it 


hr <t<(k-+1)r. 
Therefore 
u= >) F(kr)[$(@, t — kr) — (a, t — (+ 1)r)] () 


is the solution of the problem stated above. 

(5) can be simplified somewhat from the consideration that for a given value 
oft ¢(a,t—kr)=0 if kr >t. If, then, mr is the greatest whole multiple 
of r not exceeding ¢, 


k=n 
u= >) F(kr)[ $(w,t — kr) — $(@, t— (+ 1)2)). (6) 
k= 0 
If now we decrease r indefinitely the limiting form of (6) will be the solu- 
tion of the problem stated at the beginning of this article. 


(6) may be written 


“on Fer) [setae EDO, (7) 
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and if r is indefinitely decreased the limiting form of (7) is 


t 
u=— i F(A) Dyo(a,t — dad. (8) 
0 
Since ¢—2_ is positive between the limits of integration 
VIA 
te) ie PdB, 


eC 
Vrs 


x2 


i RE _8 
and Dig @t—-N=— Fee aN) mes 


and (8) may be written 


t 42 
x 7 4a2(t— ) —3 
— F(r)e t—dA) 2dr 9 


or if we let =: 
Qavt — 
Vee oy. ae 
Lu= ie GAPE (7 = an) dp C (10) 
EXAMPLES. 


1. If w=nt when x=0 and w=0 when ¢=0 


a 
ae 2 atl 
0 (’ + a [i= Vr C= vag |—* NX a Pe 


2. A thick iron slab is at the ae Zero ae me one of its plane 
faces is then kept at the temperature 100° Centigrade for 5 minutes, then at 
the Ces zero for the next 5 minutes, then at the temperature 100° for 
the next 5 minutes, and then at the temperature zero. Required the tem- 
perature of a point in the slab 5 ¢.m. from the face at the expiration of 18 
minutes. Given; a?= .185. Ans., 20°18 


3. If ae when «=0 and u=f(x) when ¢=0, then 
eB ae — x)? _Atap 
pies e H(t ip)? Sele er a ae” )FO)AX» 
Se 
v. (6) Art. 50. 
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4. If in Art. (51) F(Z) is a periodic function of the time of period 7 it can 
be expressed by a Fourier’s series of the form 


m=o 


i 2 2 
Fi) = 5 by + > [4m Sin mat + b,,cos mat], where a= a 
m=1 
e a il m= wo 
or (t) = 5 by + > Pm Sin (mat + X,,), 
m=1 
where Pm COS Xm =A, and py, sin dr, =),,. VaArt oIeHikno: 
Show that with this value of 7(t) (10) Art 51 becomes 
= is by f e-PdB+ = $ faye. [ sin (mat + X,) pt cos es dp 
Vrs Vo m dap? 
2aV t : 2aVt 
feo} F ‘ 2 
— cos (mat + X,,) { e-# sin“ g 
(mat + ha) [Pin os oP 
2QaV t 
and that as ¢ increases « approaches the value 
1 aR _ ONE) xz |ma 
i 5 bo + 2 é EVE sin (mat — aN: oA). 
m=1 
Given that 
ln ae li Tae 
fe* sin ~ Op Ma e? sinbV2 : fe# cos = Ci wi e”? cos b V2. 
a ry WH ed 


0 


v. hiemann, Lin. par. dif. gl. § 54. 

5. If we are dealing with a bar of small cross-section where the heat not 
only flows along the bar but at the same time escapes at the surface of the 
bar into air at the temperature zero we have to solve the differential 


equation 
Dar D2u ba. v. Fourier, Heat § 105. 


Show that for this case 


Ue +2) sin ax and we +2) cos ax 


are particular solutions, and that if w=/f(#) when ¢+=0 


2a art 


— b2t “ —2x)2 — b2t re 8) - 
to |e wage FO) = el oP fw + 2aVt.B)dB. 
is 


ef. (8) and (9) Art. 49. 
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If w=0 when e=0 and u=f(x) when ¢=0 


Hane ie 
ef. (7) Art. 50. 


If w=—e-~ when ¢t=0 and w=0 when «=—0 


=1[ af ois Pr ap — of e-Wiverag |, 
vais 


vi t 


ee 
ba ° bax 
e-% tothe second member of the last equation, since w=e~%@ 
equation 


Dt 02D A= 02a 


If w=F(t) when «=0 and w=0 when t=O we can employ the 
method of Art. 51. 


and 


ef. (9) Art. 51, 


(x,t —r) = ale “fe OVi—A+ BP dp — e- fe (OYt—A+ By? ap | , 
ws = A 
Lien * dea) a 
2aVar 


4a%(t— d) > 
t 
U = 


ae (td) 26-Mt-- gaamy FAA, 


oy eee 
or i= We € saage (‘3 on dB, 
Be 
ef. (10) Art. 51. 


If #() is periodic and has the value taken in Ex. 4, show that the value 
approached by w as ¢ increases is 


where 


w= 5 byes 


ha av 9 es 
plats >) Pme ta? sin (mat 202 g al Xm) , 
m=1 ‘ 


= (0? + Vet + may? and g=(—0?+ Vit + m a?) 


[fe P* f(a + 2aVt.p)dB — fi 8 (— a + 2aVe. pap | ; 


(Arr. 51. 


and if w=1 when «=0 and w=0 when t=O we have only to add 


satisfies the 
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Given fi a dx = Vr e724 
. 2 
CU 7 : 
{he sin 2 agi vz ime SIM 20 


0 
@ 
a b? Vir 
and for ncos —, di= = e—* cos 2d, 
oe 2 
0 


where 


oe at Var FO and aa? wp vapot. 


Angstrom’s method of determining the conductivity of a metal is based on 
the result just given (v. Phil. Mag. Feb. 1863), and is described by Sir Wm. 
Thomson (Encye. Brit. Article “ Heat”) as by far the best that has yet been 
devised. 


52. If wis a periodic function of the time when «=O as in Art. 51 Ex. 4 
and we are concerned with the limiting value approached by w as ¢ increases 
we can avoid evaluating a complicated definite integral if we take the following 
course. 

Since as we have seen in Art. 49 w= e+e is a solution of 


Diu =o Diu (1) 
provided only that @B=a’a? we have 
w—er= 2VB 
as a solution. 
Replacing B by + ft this becomes 
u= eo = Bis? VBV at 


or ue ex six tVBasn 
, 1 - 
since Vi=tsv2 +4 
. 1 * 
and vV—i=+,Vv2(1—%. 
Hence 


eee Non (#24). w= 2% 005 (ge —* 4/8), (2) 
ua oie sin (ae +2 8), w= 0i¥8 cos (at-+ 24/8), (3) 


are particular solutions of (1). 
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ple) 
bo 


From these we get readily 


rn oe sin (mat —* —- ma ooh r 4) (4) 


as a solution. (4) reduces to 


= Pm Sin (mat+r,) when «=0 
and to Gi ere Wee 2 sin (a na =) when ¢=0. 


If we add a term which satisfies (1) and which is equal to zero when «= 0 


and to — pm eV sin ( eae ae ) when ¢=0 (v. Art. 50) we shall 
have a solution of (1) which is zero when ¢#=0 and which is 
Pm sin (mat-+,) when x=0. 


The term in question approaches zero as ¢ increases [v. (7) Art. 50] and we 
have at once the solution given in Art. 51 Ex. 4, as our required result. 


EXAMPLE. 
Show that w= e?+* isasolutionof D,w—=a?D2u—b’?u if B=a7a*—O?, 
and hence that 


Dia) Secs = een . 
= eft EVE +B u— e= Bite EV 52 + Bi = pt uw et Bis pes 


ae qe ed =), 
— gs ; coos eset —e + 
U=€ avo Sin (i eg ne and, == e- wi cos (0 + - 5 
where 
p=[Ve+ 0+ 02 and g=[V6?+b!— 27], 


are solutions. Hence 


U = Pm a “vz8in (se— e+ r a 
is a solution, 
If B=~ma this last result reduces to w= Pm Sin (mat +A,,) when «2=0 
and by the reasoning of Art. 52 it must be the value w approaches as ¢ increases 
if we have the same conditions as in the last part of Art. 51 Ex. 5. 


53. The whole problem of the flow of heat is treated by Sir William Thom- 
son (v. Math. and Phys. Papers, Vol. II), and other recent writers from a dif- 
ferent aud decidedly interesting point of view, which we shall briefly sketch 
in connection with the problem of Linear Flow. 

Suppose we are dealing with a bar having a small cross-section and an adia- 
thermanous surface, and take as our unit of heat the amount required to raise by 
a unit the temperature of a unit of length of the bar. If ata point of the bara 
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quantity @ of heat is suddenly generated the point is called an instantaneous 
heat source of strength Q. 

If the heat instead of being suddenly generated is generated gradually and 
at a rate that would give Q units of heat per unit of time the point is called a 
permanent heat source of strength Q. 

The temperature at any point of the bar at any time due to an instantaneous 
source of strength Yat the point «= _ is easily found by the aid of formula 
(8) Art. 49 as follows:— 

If a quantity of heat @ is suddenly generated along the portion of the bar 
from x= to x=A+AA, where Ad is any arbitrary length, the tem- 


perature of that portion will be suddenly raised to a 


An? and we shall have by 
(8) Art. 49 


() — =r, Ca Teh adr (1) 


as the temperature of any point of the bar at any time ¢ thereafter. 
If now we write w equal to the limiting value approached by the second 
member of (1) as AX is made to approach zero we get 


@ (A — x2 
= oo = 
2a rt ane i) 


er 


as the solution for the case where we have an instantaneous source at the 
Ponty we == Av. 


, Q 
It is to be observed that in (2) w=0 when ¢=0 and w=—— 
2a rt 


wnenwes—— NN and t->0. 

If we have several sources we have only to add the temperatures due to the 
separate sources. 

Formula (8) Art. 49 may now be regarded as the solution for the case where 
we start with an instantaneous heat source of strength /f(A)dA in every 
element of length of the bar. 

A source of strength — Q is called a sink of strength @; and (6) Art. 50 
may be regarded as the solution for the case where we have at the start an 
instantaneous source of strength /(A)dA in every element of the bar whose dis- 
tance to the right of the origin is A, and an instantaneous sink of strength 
F(A)dA in every element of the bar whose distance to the left of the origin is X. 

If we have an instantaneous source at the origin (2) reduces to 


eee 3 
u= CO 4axt &) 
2 aN rt 
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For a permanent source of constant strength @ at the origin (3) gives 
t 
Q Sy i de 
a a2(t— t aes $ d 4 
U uN ry CO 4ar(t ik T) c ( ) 


and for a permanent source of variable strength (4) 


t 


= sai, Pererines (te 1)~2 f(r) dr ; (5) 


In (4) and (5) w obviously reduces to zero when ¢=0 and x>0O, but its 
value when «=O is not easily determined. We can avoid the difficulty by 
introducing the conception of a doublet. 


54. If a source and a sink of equal strength @ are made to approach each 
other while Q multiplied by their distance apart is kept equal to a constant P 
the limiting state of things is said to be due to a doublet of strength P whose 
axis is tangent to the line of approach and points from sink to source. A 
doublet of strength — P differs from a doublet of strength P only in that its 
axis has the opposite direction. 

Let us find the temperature due to an instantaneous doublet of strength P 
placed at the origin. For a source of strength @ at x=y and an equal sink 
at x=-—~y we have 


@) ( _@==? (+a)? 
@  4a2t — Care 
2aN rt , 


= 


or if 2,Q=P, 


P (2 + 22) fod 
onl ee —1 em ETT (Goer a Cas = 
Aan rt 
IE Gpta) , ae 
= Ge aa sinh a , 
2anV rt 2a't 


If y is made to approach zero 


ne kg. a x 
limit E 7 i 

imi ; sinh Dat ae? 
Sees eal 
SA Ce” fart (1) 


and u 


is the solution for the temperature at any time and place due to an instantane- 
ous doublet of strength P placed at the origin. Fora doublet at any other 
point «=A we have 
P(e \)eeGeas 
(Te VOT o 2 
eee oe 


U= 
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For a permanent doublet of constant strength P placed at the origin we 
have 


0m Be fomtn eo te: . 
and for a permanent doublet of variable strength S(t) 
t 
Stee x ve a2 243 
Lehane, 4a. Cmre—r (6—7) ? f(r)dr, (4) 
ik a Fd 
or = — rae — eee 
re AEM aC Tae) Mp (5) 
2aVt 
if «>0, and 
1 —o 
L= (pha (ej d, 
aN rr. A ia . ©) 
2aVt 
if «<0, ifweles @=———. 
: B 2aVit > 


From (5) and (6) we see readily that w=0 when ¢=0 and that 
t ° Suig 
ual when «=O if we approach the origin from the right and that 


u= £0 when x=0 if we approach the origin from the left. 


If the point x«=0 is kept at the constant temperature 4 and we are con. 
cerned only with positive values of x we can get from (5) the solution given in 
Art. 50 Ex. 4 by supposing a permanent doublet of strength 2a%) placed at 
the origin. 

To solve the problem treated in Art. 51 we have only to suppose a permanent 
doublet of strength 2a*#(¢t) placed at «=O and from (5) we get at once 
(10) Art. 51. 


EXAMPLE. 
Show that if D,w=a*?D2u—b?u and an instantaneous source of strength 
@ is placed at «=2 
aera v. Art. 51, Ex. 5. 


170 

2aVrt 

Show that if an instantaneous doublet of strength P is placed at the point 
z=0 
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If a permanent doublet of strength (4) is placed at =O 
t 


. a ‘ 
wid ° WTS 1) adaabee py) (Cam t) 8 f@)de 
4a\) Tre 


1 de i x _ brat , ss ye? d 
ae aed 4a2p2 J ( 4a? i) B, 
ave 
t 
whence u=0 when ¢=0 and x>0 or «<0 and u= +1) when 


2a? 
x=0. 

Hence if we place at #=0 a permanent doublet of strength 2a7/(¢) we 
get the solution given in Art. 51 Ex. 5 for the case where w= /(¢) when 
x=0 and w=0 when ¢=0 provided we are concerned only with positive 
values of a. 

If F(t) =c this reduces to 


ao 


Ze 022? 
u=— eB fag dp. 
Vor. 
ce 
2aVt 


55. As another example of the use of Fourier’s Integral we shall consider 
the transmission of a disturbance along a stretched elastic string. 

Suppose we have a stretched elastic string so long that we need not consider 
what happens at its ends, that is so long that we may treat its length as 
infinite. Let the string be initially distorted into some given form and then 
released ; to investigate its subsequent motion. 

Let us take the position of equilibrium of the string as the axis of XY and 
any given point as origin. 

We have, then, to solve the differential equation 


Dig O7 Dy (1) 

[v. (vi11) Art. 1] subject to the conditions 
y =f(x) when t=0 (2) 
OG) « ¢=0. (3) 


As in Art. 8 we find 


y=cosa(a@tat) and y=sin a(x + at) 
as particular solutions of (1). 
From these we must build up a value that will reduce to 


S(®) = = i da Fr) Cos a(A — x).dr (4) 
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when ¢=0 and will at the same time satisfy (3). 
¥ = COS aA Cos a(a + at) + sin ad sin a(x + a#) 
or y = COS a(A — x — at) 


is a solution of (1). 


1 ao o 
Hence = = faa F(A) cos a(A — w — at).dr (5) 
eae 


is also a solution of (1). 
(5) reduces to y=f(x) when t=0 but it gives 


1B =f ada F(A) sin a(A — x).dr 
0 


when ¢=0 and consequently does not satisfy equation (3). 
If in forming (5) we use cos a(a—at) and sin a(w — at) instead of 
cosa(x-+ at) and sina(a-+at) we get 


y= s fda f 70) 008 a(d =a + at).dr (6) 
0 
which is a solution of (1), and reduces to y=f(x) when t=O, but it gives 
Dy=— of ada (70) sin a(A — x).dr 
Q —% 


when ¢=0 and does not satisfy (3). 
If, however, we take one-half the sum of the values of y in (5) and (6) we 
get 


TT 


p= : [ c da { 70) cos a(A — # — at).dr 
ad : vw 
+ = faa (70) cos a(A — x + at).aa | : (7) 
0 —o@ 
a solution of (1) which satisfies both (2) and (3), and is, therefore, our required 
solution. 


This result can be very much simplified. 
If we substitute z—=a-+at 


= fda f70) cos a(A — a — at).dr 
0 Es 


2 (6h F(A) cos a(A — 2). dA = f(z) = (@ + at) 5 


—o 
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and in like manner we can show that 


= fda S(A) cos a(A— a + at).dra = f(x — at). 
VIR 

ee 
Hence our solution becomes 


y= 3 (fet at) +fe— at]. (8) 


This result is of great importance in the theory of elastic strings and it 
shows that the initial disturbance splits into two equal waves which run along 
the string, one to the right and the other to the left, with a uniform velocity a, 
and that there is nothing like a periodic motion or vibration of any sort unless 
the ends of the string produce some effect. 


56. If the string is not initially distorted but starts from its position of 
equilibrium with a given initial velocity impressed upon each point we have to 
solve the equation 


DE ae Cn a) (1) 

subject to the conditions 
y=0 when ¢=0 (2) 
Dy=F(a)«  t=0. (3) 


We get by the process used in Art. 55 


y=5— {aa Fn) [= aA—x-+at) sin sO lan 
ovr a a 
0 ae 


=. froyn (| ebmetal sine en a), 
Td, * a a 


io) 


re [ee | eee ae 
. a . a 
if x—at<dA<a-+at, and is equal to zero for all other values of A; since 


fe w= z sf 0 
0 


x 
are 
=— 2 if m <0 
= mmo. 
v. Int. Cal. Art. 92 (3). 
a+ at 
Hence y= af Fa (4) 


x—at 


is our required solution. 
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EXAMPLES. 


1. If the string is initially distorted and starts with initial velocity so that 
y=f(e) and Dy= F(x) when t=0 
1 x+at 
Hh 
y=a Vet a) thea] +o, (Fa. 
x—at 
2. If the initial disturbance is caused by a blow, as from the hammer in a 
piano, which impresses upon all the points in a portion of the string of length 
e an equal transverse velocity 6 show that the front of the wave which will be 
seen to run to the left along the string will be a straight line having a slope 
equal to > and a length equal to oe V4a?-+ b?. Of course a wave having 


a front of the same length with a slope equal to — x will be seen to run to 


the right along the string, and the effect of the two waves will be to lift the 


; b . ae 58 
string bodily and permanently to a distance z above its original position. 


57. We shall now take up a few examples of the use of Fourier’s Series. 
In the problem of Art. 7 let the temperature of the base of the plate be a 
given function of x, the other conditions remaining unchanged. 


n=o 


Since f(“) = yn sin mx) 
m=1 
7 
where oo 2 ip f(a) sin ma.da 
m Te 

m= o w 

we have u= 2 » [ e—-™ sin mx f(a) sin mada | ; (1) 
7 
m=1 0 


If the breadth of the plate is a instead of 7 


=a 


aye ee bans ox MTA 
u ==> [ = sin “2 ('7(a) sin ™™ a]. (2) 
i 0 


a 


58. If the temperature of the base is unity and the breadth of the plate is 
a the solution is, as we have seen in Art. 7, 
Loe 
uw one ce sin x +5 e-¥ sin 3a cas e-™” sin Ba + ++ ‘| : (1) 
ai 


This series can be summed without difficulty. We have the development 
a8 4 


a 


oleh Ie — Gane rs 


if the modulus of z is less than 1. Int. Cal. Art. 221 (4). 
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ee eee eee 
Hence log (1—z aie ee” 
if mod, 2<.1- 
1 ae Pee eee 
and p log 2 te) log Ue) ai ai ee (2) 
if mod. 2<.1. 
But 
log (1 + 2) =log [1+ r(cos + isin ¢) | 
il A . ene Tis 
—- log [(1 + r cos $)? + (sin #)?] 4+ 7 tan~? Teemicoard 
1) 2 er sil © 
ma log (1+ 2rcos ¢+7 ) + 7 tan Tenens $” 
and 
aes a cea, ee LU. 
log (1 —z) = 5 log (1 — 2r cos 6+ 7’) —7 tan = noma 


[Int. Cal. Art. 33 (2)], 
and (2) becomes 


+2reos@¢+r7? , . 
Algor eee 


_,2rsin d 
ioe 


__7(cos p+isin f) , 7°(cos 36 + isin 3d) 
= 7 + 3 +... 


From : we get two equations 


1+ 27 cos 6+ 7? _ 7608 rcos 3 , rcosdd , 
8 51 —2rcoo +P 7 3 ps 5) * 


1, ,2rsng_rsing , *sindd , 7 sin d¢ 
aed ape a Tee waa aia 
both valid for all values of ¢ provided r<1. 


e~” is less than 1 if y is positive. 
Hence from (5) 


e-Ysinw , e ”sin 3a , e-” sin ba at 1 , 26" sin & 
———— ———$—$_—$______... ————————— ORF i Sa aia ————— 
1 3 5 2 1—e-% 
1 2 sin a 1 
= 5 tan’ : — =5 tan“? 
ev —e 


and (1) may be written 


sin x 


9 
ed 

“u=-— tan !—= . 
7 sinh y 


(3) 


(4) 


() 


sin x 
sinh y’ 


(6) 
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If we replace r by e~” and ¢ by @ in 

log [1+ r(cos + isin )] 
it becomes log [1 +e" cose#+ie"sin a] 
or log [1+ cos 2+ isin 2] 
v. Int. Cal. Art. 35 (3) and (4) 
a function of 2 as a whole; and 

log [1 — r(cos @ + isin $)] 
becomes log (1 — cos 2 —7 sin 2); 
hence by Int. Cal. Arts. 212 and 213, 


al 1 1 + 2e-” cos w + e~ 2e-” sin x& 


1. 
and a aie 


og : psa Head 
4° 1 — 2e-” cos w + e- 4% 1—e-™ 
il cosh y + cos x 1 sin x 
or — log ee ands = pa ——— 
4 cosh y — cos « 26 ecinhy 


are conjugate functions, and 

a Be lo cosh y+ 205 x (7) 
vs cosh y — cos x 
is the solution for the problem where the isothermal lines are the lines of flow 
of the present problem and the lines of flow are the isothermal lines of the 
present problem. 


For our problem, then, the isothermal lines are given by the equation 


2 sin a 
_ ae om a 
sinh y 
sin x aT 
or : = tan — (8) 
sinh y 2 


and the lines of flow by 

a cosh y + cos a 

= log cosh y + cos & — 

7 cosh 7 — cos # 
cosh y+ cos x are (9) 
cosh y — cos & 


? 


or 


EXAMPLES. 


1. If D2u+ DJu=0, and w=1 when y=0, and w=0 when 
“0 “and when “=a, 
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2. If w=¢(z) when y=0, w=f(y) when x=0, and u= Fy) 
when x2=a@ 


5 2 sin Bia gin ——— A an 
1 
— sin — ( |§$ —————A— qr — ema  — [fraja 
“ae alle eA Nee OS cos cosh= ae + y) — cos = 


= sin i= — ae 
+35 7 Tx 
cosh = sh Nom Y) + cos—— cosh * (AA+y) + cos 7 


v- Art. 48, Exs. 4, 5, and 6. 


59. If three sides of a plane rectangular sheet of conducting material be 
kept at potential zero and the value of the potential function at every point of 
the fourth side be given; to find the value of this potential function at any 
point of the sheet. 

To formulate :— 


DV DAve=0. (1) 
V=0 when c=0. (2) 
V=0 “ awa. (3) 
V=0 “© yeo==b. (4) 
V=fie) “ y=0. (5) 


Working as in Art. 48 we get 


5 OT 
sinh — (6 — 
a ( Y) WMTTXL 


sin 
mtb 


sinh 


as a value of V which satisfies equations (1), (2), (3), and (4) if m is an integer. 
Therefore 


m= sinh ~ (o—%) 
Sa rfomtta] —@ 


m=1 sinh —— 


is our required solution. 
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1. If f(~)=1 Eq. (6) Art. 59 reduces to 


i 7 
“ae 4 sinh - (6—y) ; ql sinh — (b— y) nee 
aa ar area Ny ie orem ep re p sin —— 
sinh os sinh pL we 
a 


OT 
sinh —~ (6 — y) 


1 5arax 
eae yee eel | 
sinh —— 


2. If V=0O when x=0, V=0 when x=a, V=O when y=0O, 
and V=F(«) when y=é, then 


m=1 


3. If F(x) =1 the answer of Ex. 2 reduces to 


sinh TY sinh omy sinh ed 
y==| ee ees 5 sin 4 FS sin TE | 
7 eipoeee) a OTTO a db... bird a ; 
sinh 7 sinh me sinh ae 


4, If V=0 when x=0, V=0 when x=a, V=/f(x) when y=0, 
and V= F(x) when y=, then 


: MI 
MSS sinh me (6 y) 


2 . mire . mmr 
= a > [ sin am (—_|— fre) sin am dr 
1 sinh moe 0 


5. If f(z) = F(x) the answer of Ex. 4 reduces to 


m= cosh ™ (5 y) Z 
=o — Se 
Hoe | ar in 22 ( fA) sin “7 a |. 
a 


S310 0S Ge 
a 
0 
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6. If f(z) = F(x) =1 the answer of Ex. 5 reduces to 


wT (ob 1 37 (b 
4 pote a C ENE og ake eo (5 m4 cs 3TH 
Poca Fa Sab a 


vin TO U 


aa 


7. If V=f(x) when y=0, V=F@) when y=b, V=¢(y) when 
a=0, and V= y(y) when «=a, then 


si mr 
a ( Mr aan OP Ny: Mmimrr 
ites = [ a a (ae eens (i sin dr 
; mab d 
“m= sinh—— 0 
a 
sinh As ae a 
; m oe # () sin“ wm ay) | 
sinh 
a 
2S ge Pey uh am me ut 
hb Mr 
au 5 sn nh me “S509 sin ———1dN 


. . MTX 
sinh 


ee (xa) sin am ar) | : 


MIT 
sinh 0 


8. If f(x) =¢(y)=0 and F(@)=x(y)=1 the answer of Ex. 7 may be 
reduced to 


sinh — ( — ) I am (a ) 
=< |"  \2 fo) ee ace Qary 
126 inh 7 b 2 7 27a ee be 
Db cosh DH 
rea 37 (a ) ; 
2 (ae aT 
er We Sry 1" FG :) sin 27Y | 
> eee a LS eet 
sinh b 4 Cost Ara b 
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9. Find the temperature of the middle point of a thin square plate whose 
faces are impervious to heat; 1st, when three edges are kept at the tem- 
perature 0° and the fourth edge at the temperature 100°; 2d, when two 
opposite edges are kept at the temperature 0° and the other two at the tem- 
perature 100°; 3d, when two adjacent edges are kept at the temperature 0° 
and the other edges at the temperature 100°. See examples 3, 6, and 8. 

Ans., (1) 25°; (2) 50°; (3) 50°. 


60. Let us pass on to the consideration of the flow of heat in one dimension. 

Suppose that we have an infinite solid with two parallel plane faces whose 
distance apart is ec. 

Take the origin in one face and the axis of X perpendicular to the faces. 
Let the initial temperature be any given function of x and let the two faces be 
kept at the constant temperature zero; to find the temperature at any point of 
the slab at any time. 

We have to solve the equation 


Dip ou (1) 
subject to the conditions 
u=0 when «=0 (2) 
u=0 “ “=e (3) 
u=f(x) “ t=0. (4) 


In Art. 49 we have found 
u— e~ ot Sin ax 
and u— e—#*t COS ax 


as particular solutions of (1). 
u=e-*t sin ax satisfies (2) whatever value is given to a. It satisfies (3) 


if a=" provided m is an integer. Let us try to build a value of w out of 
c 


amn*t . MTX 
terms of the form Ae~~ @ sin 


which shall satisfy (4). 


We have 
Tear . marx > . mir 
S(“) = = >, [ sin , F(A) sin ; ar | : (5) 
m= 1 0 
aad 2g 2724 MTX > . mmr 
Salata Si d) sin a | 6) 
u==>| ¢ ae i a | Cv ( 


m=1 o 


reduces to (5) when ¢=0 and is our required solution. 
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EXAMPLES. 
1. If f(A) =4, aconstant, (6) Art. 60 reduces to 


art . 2a? . TT * a in 5 
dae Ge on gin 7 4 Fo — Bera ee tp |. 
7 Caan 

2. An iron slab 10 cm. thick is placed between and in contact with two 
other iron slabs each 10 em. thick. The temperature of the middle slab is at 
first 100° throughout, and of the outside slabs 0° throughout. The outer faces 
of the outside slabs are kept at the temperature 0°. Required the temperature 
of a point in the middle of the middle slab fifteen minutes after the slabs have 
been placed in contact. Given a?= 0.185 in C.G.S. units. Ans., 10°.3. 

3. Two iron slabs each 20 em. thick one of which is at the temperature 0° 
and the other at the temperature 100° throughout, are placed together face to 
face, and their outer faces are kept at the temperature 0°. Find the tem- 
perature of a point in their common face and of points 10 cm. from the com- 
mon face fifteen minutes after the slabs have been put together. 

Ans., 227.8281 eal acs 

4. One face of an iron slab 40 cm. thick is kept at the temperature 0° and 
the other face at the temperature 100° until the permanent state of tem- 
peratures is set up. Each face is then kept at the temperature 0°. Required 
the temperature of a point in the middle of the slab, and of points 10 cm. from 
the faces fifteen minutes after the cooling has begun. 

Ans., 22°.8% 157.0796 ie 

61. If the faces of the slab treated in Art. 60 instead of being kept at the 
temperature zero are rendered impervious to heat, the solution of the problem 
is easy. 

In this case we have to solve the equation 

Dies Diy 
subject to the conditions 
D,u=0 when «=0 
Dy) Kc P(e 
uUu=f(a) “ t= (07 
We have only to use the particular solution 
U=—= eae? COM AD 

as we used t= 5% sin ay 


in Art. 60. We get 


vai La fronts 3 (-* ae con BE f'p9) cos MA an) J. (1) 


=1 
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EXAMPLES. 


1. Solve example 2 Art. 60 supposing that the outer surfaces are blanketed 
after the slabs are placed together so that heat can neither enter nor escape. 
Find in addition the temperature of the outer surfaces fifteen minutes after 
the slabs are placed in contact. CANS. OO OsEOO no: 


2. Solve example 3 Art. 60 on the hypothesis just stated, getting in addition 
the temperatures of points on the outer surfaces. 
wins D023 00.93 66 51 2h 2 fo ee, 
3. Solve example 4 Art. 60 supposing that heat neither enters nor escapes 
at the outer surfaces after the permanent state of temperatures has been set 
up. Find also the temperatures of points in the outer surfaces. 
Ans., 50°; 39°.7; 60°.3; 35°.5; 64°.5. 
4. Show that if w=0 when «=0, D,w=0 when w=c, and u=/f(z) 
when ¢=0, 


ae ee _Qm+irame . (2m -+- 1)1x : _ (2m + 1)1dr 
— ms Xe 4c2 sin ee Ona F(A) sin er a ax) A 
m=0 0 


Suggestion: Assume u=0 when w=2e and f(20-—x)=f(x), and see 
(6) Art. 60. 


62. If the temperature of the right-hand face of the slab considered in Art. 
60 is a constant y instead of zero we have only to add to the second member 
of (6) Art. 60 a term w, which shall satisfy the conditions 


Dia DAG, (1) 
#,=0 when x=0 (2) 
w%=0 “ %¢t=0 (3) 
m=y Gh APG (4) 


Uy =f obviously satisfies (1), (2), and (4); to make it satisfy (3) as well 
we must add aterm w, which shall be equal to zero when «=0 and when 
a=c andto — & when +=0 , while always satisfying (1). It is given 
immediately by 6) Art. 60 and is 


U=— 2 ("e- sin mee fn sin Es an) e (5) 
= c c 


. mimrr oe o 

A pase, med oo 
in dX = — — cos mmr = (— 1) ’ 

fr 8 C mir ( mir 
0 
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Wie (oe ERE uae). 6 
m= > ( meee ol a 


m=1 


ee <— 1 ue marrt , 
Hence uy = Y [= 4. = y, (eS eae sin =) . (7) 
m=1 


If the left-hand face of the slab considered in Art. 60 is to be kept at a 
constant temperature 8 and the right-hand face at the temperature zero we 
can get the term ws which must be added to the second member of (6) Art. 60 
by replacing y by B and « by c—«a in (7). We then have 


m=o 
GS 
C— a 2, 1 etn . MTT 
w= 5, —e- a sin )|- (8) 
Cc 7 m Cc 
zal 


EXAMPLES. 


and 


1. Show that if w=f when «=0, u=y when w=c, and u=/f(«) 
when ¢=0 


fe ae (ee 1)™ = mna% . MTX 
u=B+ (y— B) | =+=> ( os sin . )| 


ips it 


Tims, _mant . MTL : . MTX 
+ 5 de @ sin 22 lhegew — 8] sin ; an): 
m=1 0 


2. Show that if w= 8 when «=0, w=0 when ¢=0, and D,w=0 
when x=c 


De ee 


u=B [1 a : > ( : a sin as as wt) | 
cae 2c 


4. Gite “pee 1 9a2r2t 3TH 1 2527? 5 
— lee == ble eae : y Lape DO TEL as TX bee 
B [ =(e 1 SIN a= 3° 1 sin + Ro 4 Sin + )| : 


63. if the temperature of the right-hand face of the slab just considered is 
a function of the time instead of a constant and the temperature of the left- 
hand face is zero the problem can be solved by a method nearly identical with 
that of Art. 51. 
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Let (x,t) be a function of x and ¢ which shall be zero if ¢ is less than zero 
and shall be equal to 


—1)” eee , 
= = = ( Jaap * sin ane) 


[v. (7) Art. 62] if ¢ is equal to or greater than zero. So that 
o(x,t)=0 if ¢<0 
o(x,t)=0 “ ¢=0 unless =e 
o(@t)=1 “ t=0 and #x=¢ 
G(x) =1> “ ae 
(x,t) =0 “« a=0. 
Precisely as in Art. 51 we get 


- eS > [Fe 2 [b(a,¢ — kr) — Sa = (Se Ne] (1) 


as the required solution of our problem, being as in Art. 51 the largest 
: we ; 4 ; 
integer in - where ¢ is any given value of the time. 

Ts 


On our hypothesis the last term of (1), that is, — H(mr)¢[a,t — (n+-1)7] =0; 
the next to the last term F(nr) (x,t — 7) has for its limiting value 


F(t)o(#,0) = FO E a5 25 (=o sin = . 


while as in Art. 51 the limiting value of the rest of the sum is 


— yr F(A) Dyp(a, t = r)dd. 


aul me _ m2a?n? 3 ene 


m=1 
Hence 
.) OER = 1)™ . mmx 
= (lee (S25 )| 
u () E > ( Sain a 


m=1 


m= ow 


9 we 1? 
__ 20 a ee 1)" m sin mmf maye a ae an), 


m=1 
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m= oo 


u=ZRO+= De wr (FO 


t 
yy ay } ma2n? 
eT (FO) Ra » an) |. (2) 
0 


m SL 


If we substitute B= (t— A) we get 


ee = (no fre r(-— Baa) ]- 


EXAMPLES. 


1. If the temperature of the left-hand face is a function of ¢ and the tem- 
perature of the right-hand face is zero and the initial temperature is zero 


meant 
2 


= (2) FS] Ean (no —frer(e— tten)#) J 


2. If the temperature of the left-hand face is a function of ¢, the initial 
temperature is zero, and the right-hand face is impervious to heat 


i aang 1 . (2m + 1)77- 
IO | ara sin CRENITE (FO) 


t 
Py pp: on 
Es eases = ae FO) g- SEE 0) a) |- 
0 


3. If in Arts. 60-63 we are dealing with a bar of small cross-section and of 
length ¢ and heat is radiating from the surface of the bar into air at the tem- 
perature zero so that D,w=a?D?u—6?u, show that: (a) the second mem- 


bers of (6) Art. 60 and (1) Art. 61 must be multiplied by e~*; (6) equation 
(7) Art. 62 becomes 


sinh — es 
= — b2 ple Dicer th Ae con, Se IT . 
ny — + 2a%re “S[cp Pe eae ae Dae si b 


ee _ m=1 
a 
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(c) equation (2) Art. 63 becomes 


sinh “ 


(el oe: 
ah 2 FO + 2a? 2 lags sin al EXO 
a 


pee — ies oT fir ESE oy) raya |}. 


64. The problem of the motion of a finite stretched elastic string of length 
2 fastened at the ends and distorted at first into some given curve y= = f(x) 
and then allowed to swing, has been treated and partially solved in Art. 8. 
The complete solution is easily seen to be 


m=o 


t 
ae . MIL mirat . Mmirr 
=5 >y sin ry gic JA) sin ; 


dn. (1) 


The second member of (1) is a periodic function of ¢ having the period 
2l : : ‘ re ; , 
ap The motion, then, unlike that in the case of an infinite string (Art. 55) is 
a true vibration, a periodic motion. The period = is the time it takes a dis- 


turbance to travel twice the length of the string (v. Art. 55). 

A careful examination of (1) will show that the actual motion is a good deal 
like that in the case considered in Art. 55. The original disturbance breaks 
up into two waves one of which runs to the right until it reaches the end of 
the string and is then reflected, and runs back to the left or the under side of 
the string, while the other wave runs to the left and is reflected at the left- 
hand end of the string and runs back to the right under the string and is 
again reflected, runs back to the left over the string and so on indefinitely. 

If the curve into which the string is distorted at the start is of the form 


the solution is 


. mrx 
y=Obsin 


L 
y =6sin a cos ae : (2) 
No matter what value ¢ may have the curve is always of the form 
y=Asin a 


that is, for different values of ¢ we have a set of sine curves differing only in 
the amplitude and not at all in the period of the curve. In this case either 
the whole string if m==1, oreach mth of the string if m is not equal to 
one, rises and falls, and there is no apparent onward motion. When this is 
the case we are said to have a steady vibration. 
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If m=1 we get steady motion of the string as a whole and if the vibration 
is rapid enough to give a musical note the note is said to be the pure funda. 
mental note of the string. If m+=2 the vibration is twice as rapid as when 
m=1, the middle point of the string does not move and is called a node, the 
two halves of the string are in opposite phases of vibration at any instant, and 
the note given is an octave higher than the fundamental note and is called its 
pure first harmonic. 

If m=38 the vibration is three times as rapid as in the first case, there are 
21 


1 Z : ; 
two nodes T= 3 and B= "54 and the note is the pure second harmonic of 
c 
the fundamental note. 
For any value of m the vibration is m times as rapid as when m—=1, there 
L 2U m.— 1. 


are m— 1 nodes at the points «=—, x= Cig Ot ieee l, and we get the 
Nv N 


m —1st harmonic of the fundamental note. 

It is clear from (1) that no matter what the original form of the string the 
resulting vibration can be regarded as a combination of steady vibrations each 
of which alone would give the fundamental note of the string or one of its 
harmonics, and that the complex note resulting is really a concord of the fun- 
damental note and some of its harmonics. 

A finely trained ear can often recognize in a complex note the fundamental 
note of the string and some of its harmonics and is capable of analyzing a 
complex note into its component pure notes precisely as Fourier’s Theorem 
enables us to analyze the complex function representing the initial form of the 
string into the simpler sine-functions which must be combined to form it. 


EXAMPLES. 


1. Show that if a point whose distance from the end of a harp string is 
1 Peat ; 
“th the length of the string is drawn aside by the player’s finger to a distance 


6 from its position of equilibrium and then released, the form of the vibrating 
string at any instant is given by the equation 


_ abn? > iL on Wor MTX mtrat 
I~ 1)? Pe daegeaa asce  R ): 
m=1 

Show from this that all the harmonics of the fundamental note of the 
string which correspond to forms of vibration having nodes at the point 


drawn aside by the finger will be wanting in the complex note actually 
sounded. 
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2. Ifa stretched string starts from its position of equilibrium, each of its 
points having a given initial velocity, so that we have 


y¥=0 when t=0 
Diy = F(a) « t=0 
y=0 uo: x=0 
y¥=0 « x=, 
the solution of the problem of its vibration is easy and gives 


m= 


7 
2 1. max . mat _ MTX 
ent ae (G sin —7— sin “TJ FO) sin —— an) : 


3. Write down the solution for the case where the string is initially dis- 
torted and each point has a given initial velocity. 


65. If we do not neglect the resistance of the air in the problem of the 
vibration of a stretched string the differential equation is rather more compli- 
cated and the solution is not so easily obtained. The equation is given as (1x) 
Art. 1. 

Let us solve the problem for the case where there is no initial velocity. 


Here we have Dey + 2kDy=eD2y. (1) 
y=0 when x«=0 (2) 

y—(0 7 6 et (3) 

y— ome p10) (4) 

Diy = 0 es t= Oe (5) 


We get particular solutions of (1) in the usual way. Assume y=e% +?! 
and substitute in (1). We have 
B? + 2k8 = aa? 
as the only necessary relation between 8 anda. This gives 


B=—kEVe' +H. 


—er —kt + tVara? + k? (6) 


Hence y 
is a solution of (1) no matter what the value of a. 

To throw it into Trigonometric form replace a by ai, and since in actual 
problems &, which is proportional to the resistance, is very small, take — 1 
out as a factor of the radical. We have 


— kt e (aw + tV ata? — 2) t, 


eae 
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Since a may be positive or negative we can get 


y=e-™ sin (ax + t Yaa? — k’) 


and y =e—* cos (aw tt Va?a? — k’) 

as solutions of (1), or by combining these 
y = e-* sin aw cos t Vata? — (7) 
‘y = e-* sin aw sin t Va2a? — kh? (8) 
y = e—™ cos ax cost Vara? — 12 (9) 
y = e-* cos aw sin t Va?a? — 1? (10) 


(7) and (8) satisfy (1) and (2) for all values of a. They satisfy (3) if 
a= a" Let us see if out of them we cannot build up a value that will satisfy 


(4) and (5) as well. 


HO 7 (5 MTX fre Sas mr ne dX). (11) 
y= = ent SS (sin — cos t Cae ff SA) sin — 7 ax) (12) 


reduces to (11) when t=O and therefore satisfies (4). 


m=o 


2 mr 
Dy=— pad (\eee sin 2 sin ERE —e. fresno ax) 


m=1 


Opes . mmx ma? . mimrr 
SiR: alte —— cos ¢ ae — (70) sin —— an) ; (13) 
n= 0 


When ¢=0 the first line of the second member of (13) vanishes but the 


second line reduces to 
nF fo Bie 7 aa). 


We must, then, introduce into (12) an additional term which shall equal zero 
when ¢=0 and whose derivative with respect to ¢ shall cancel the term above 
when ¢=0. 
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This is easily seen to be 


2k aS 1 _ mre . ma? MIrr 
eae Ss —— in 
; > er sin —— sin ¢ J oe ke. f. J(A) sin i dr. 
= B pa k ry 


Hence our complete solution is 


yy 2 
yaFe"DL (cosy MEE =—je2 


m= 1 


+ ————- ere i sin ¢ A coe — 7) sin “TP Jt) sin EES 7 a | . (14) 
em: 


Here the fact that e~”, which decreases rapidly as ¢ increases, is a factor of 
the whole second member shows that the amplitude of the vibration rapidly 
decreases. 


Comparing this solution with that given in Art. 64 for the case where there 
is no resistance we see that the period of any given term 


Qe 2 y 2 
- MTX NET A 
————— 2 
Asin 7 cos ¢ | 2 Ke 


is greater than that of the corresponding term A, sin cal cos ae in Art. 64, 


In other words the effect of the resistance of the air is to flatten some- 
what each component part of the note given by the string. More than this 
since the periods of the different terms of (14) are no longer exact submultiples 
of the period of the first term, the component notes are no longer in perfect 
harmony with the fundamental note of the string, and the ideal perfect har- 
mony between the fundamental note and its harmonics is not quite realized in 
any actual case. 

When & is very small, as in the case of a fine string, the departure from 
perfect harmony is very slight; but in the case of a coarse string or worse still 
of an elastic ribbon, where the resistance of the air is considerable, the 
unmusical character of the sound is very noticeable. 


EXAMPLES. 


1. Solve Ex. 1 Art. 64 allowing for the resistance of the air. 
2. Solve Ex. 2 Art. 64 allowing for the resistance of the air; 


2 ea 1 _ Mme ‘= — fm mee da). 
y=re Hl oe 7 Sint (A) sin 
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3. Find a particular solution of (1) Art. 65 on the assumption that it is of 
the form y= 7X, where 7is a function of ¢ alone and Xa function of x 


alone. 


66. We pass on now to a couple of problems that require the modification 
and extension of Fourier’s Theorem, the cooling of a sphere in air, and the 
vibration of a stretched rectangular membrane, but as an introduction to the 
former we shall first consider the following very simple problem; to find the 
temperature of any point of a sphere whose initial temperature is any given 
function of r the distance of the point from the centre, and whose surface is 
kept at the constant temperature 0. 

Here we are to solve 


D,(ru) = @D2(ru) , (1) 

see [v] Art. 1, subject to the conditions 
u=f(r) when t=0 (2) 
u=b Co Pw (3) 


if ¢ is the radius. 
Let v=vru, then our equations become 


Dar D2y (4) 
v=rf(r) when t=0 (5) 
06 Go PSE (6) 
v=0 “ r=0. (7) 


Our problem is now precisely that of Art. 62 and we have as our solution 


or DHE, _ man? . MTP : . MTX 
TLS zi >» (¢ a Si J VO) sin ax) 
m=1 0 


€ 
26s, (—1)™ _ na?n? mirr 
[ABE (G2 ate] 
+ a) wo ee ene | (8) 
EXAMPLES. 


1. If f(r)=0 (8) Art. 66 reduces to w=b and there is no change of 
temperature. 
2. If the initial temperature is constant and equal to B 


2¢ a Tr 
pei la BS iy | EE og 4 : 
cs (Bia 0) Gem ca sin : 5° 3 ‘sin a 
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3. An iron sphere 40 cm. in diameter is heated to the temperature 100° 
centigrade throughout; its surface is then kept at the constant temperature 0°. 
Find the temperature of a point 10 cm. from the centre, and find the tem- 
perature of the centre, 15 minutes after cooling has begun. Given a?=0.185 
in C.G.S. units. ANS aA io, 


67. If instead of having the temperature of the surface of the sphere 
constant, the sphere is placed in air which is kept at the constant tem- 
perature zero, the problem is much more complicated. For in this case the 
surface temperature can no longer be simply expressed but is’ given by a new 
differential equation 

D,u+hu=0 when r=c, (1) 
where / is an experimental constant depending upon what is called the sur- 


face conductivity of the sphere. 
Our equations, then, are 


D,(ru) = 2D2(ru) (2) 
u=f(r) when t=0 (3) 
Du--hu=0 -when r=c, (4) 


As in Art. 66 let v=ru; then we have 


De ae Dea (5) 

v=rf(r) when t= (6) 

v=0 « pr=0 (7) 
Wee (1 ee =) v=0 when r=e. (8) 


ve-*@t cosar and v=e-**'sinar have already been found as par- 
ticular solutions of (5) (see Art. 60). 


ms SILT: (9) 
satisfies (7) for all values of a. 
Substitute this value of v in (8) and we have 
ac cos ac + (he —1) sinac=0. (10) 
If a, is a value of a which is a root of the transcendental equation (10) 
v= e—-Pyt sin a7 (11) 


will satisfy (5), (7), and (8). . 
It remains to see whether out of terms of the form given in (11) we can 
build up a value of v which will satisfy (6). 
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When t=0 the second member of (11) reduces to sina,r. If then we 
can express 7f(7) as a sum of terms of the form 4, sin a,r where a, is a root 


of (10) 
v= > b,e-7a;t sin ar (12) 


will satisfy all of the equations (5), (6), (7), and (8), and will be the required 
solution. 

Here, then, we have a new problem analogous to that of developing in a 
Fourier’s Series, but rather more complicated, namely, to develop any function 


of x in a series of the form dem sina,,x where a,, is a root of the equation 


(10); or if we call ac=@ and he—1=p, where a,,= Pn, ¢,, being a root 


of the equation 


¢cos¢+psnd=—0 (13) 


or more simply of 
o+tptang=—0; (14) 
remembering that the series and the function must be equal for all values of x 
between zero and ec. 
If ¢,, is a oe of (14) — ¢,, is also a root. 


Since sin © 774 =— sin 2 — x) the terms of the required development 


which utes to negative roots may be combined with those corresponding 
to positive roots, and therefore we need consider only positive roots. 

¢=0 is a root of (14) but as sin0=0 there will be no corresponding 
term in the development. 

If we construct the curve 


1 
=—-2 
y > (15) 
and the curve 
y = tan x (16) 


the abscissas of their points of intersection are values of x which satisfy 
© ; 

pa oa , that is, are roots of equation (14). It is easy to see that 
there will always be an infinite number of real positive roots, one for each of 
the branches of the periodic curve y=tana which lie to the right of the 


origin. The numerical values of these roots can be obtained by an easy com- 
putation. The construction suggested above shows that as m increases dm 


will rapidly approach the value (2m — 1) Z if p is positive or if p is negative 
and numerically less than unity, and (2m + 1) 2 
ically greater than unity. 


if pis negative and numer- 
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There exist, then, an infinite number of positive real roots of ¢+ ptan¢d=0 
and consequently of 


ac cos ac + (he —1) sinac=0. 


68. The development called for in the last article can be obtained very 
easily from a simpler one which we shall now consider, namely, to develop S(@) 
into a series of the form 


S(@) =a, sin $x + a, sin $2 + ag sin dgx-+-?s () 


where ¢1, $2, ¢3°** are roots of the equation 


¢cos@?+psingd=0, (2) 
the development to hold good for all values of x between x=0 and x=1. 
Let us proceed as in Arts, 24 and 27. Call 4 = Az and form m equa- 


tions by substituting for x in turn in the equation 
S(@) = % sin $,4-+ a, sin d2% + az sin fu + +++ + a, sin $, 2% (3) 


the values Aw, 2Az, 3Ax,-:: nAx; this being equivalent to making the values 
of the sum and the function coincide for the m values of x substituted. 

To determine any coefficient a,, multiply the first equation by Az. sin (¢,,Az), 
the second by Az. sin (2¢,,Ax), the third by Az. sin (3¢,,Ax), and so on, the 
nth equation by Az. sin (nd,Ax); add the equations and compute the limit- 
ing values of the terms of the resulting equation as is indefinitely increased. 
This as in Art. 24 is seen to be equivalent to multiplying (8) by sin ¢,%.da 
and integrating between the limits r=0 and «=1. 

The first member of the resulting equation is 


if S(@) sin $,0.dx ; 


The coefficient of a, is 
1 
fein oy Sin py, 2.82 , 
0 
and of a,, is 
1 


ff sin? },2.dx . 


0 
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1 1 
frsin bX Sin pyv.dx= pf [e (Pe — Pm) ® — COS ($y + Pm)x dx 


s[ =i bu — bm) __ Sin ($y + bm) 
~~? 


— $n it Pm 
x COS Hx SID Hy — Pm SID P;, COS Pm 
i $2 — be 
But d;, COS $, + p sin d, =9 
and $,, COS b, +p sin >, =9 by (2). 


Hence the numerator of the second member of (4) is zero, and the coefficient 
of a, vanishes if & is not equal to m. 


1 au 
sin? ¢,,x.dx = ae l= sin ,, COS 6, |= =| 1— par (5) 
S 5 [cau 


2 : 
Therefore a, Sioa sin p,,0sae A (6) 
jeter 
2b 


The coefficient of the integral in (6) can be transformed as follows so as not 
to involve trigonometric functions. 


$n 608 $y, +p sin d,=0, — by (2) 
$m 60s? $,, +5 sin 2, =0, 
sin sin 2, _ ___ COS*m 
24m 2 @ 
Pm cos” $m =p? sin? Pm 
(bm 1 p?) C08? bm = p”, 
cos? $m = P 
Pon te @) 
Hence by (7) and (8) 
4 — 26m _ bm EP P+ 
a SS aa 


— Ube) — fra 2 
and Ln = 50 tre TD LO sin Pm a.da. (9) 


Therefore our required development is 


een ele 
S(2) = = Gate sin baie f Aa) 31N dp, ada). (10) 
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From (10) it easily follows that for values of « between 0 and e 
J(&) = a sin aya + ag sin age + a3 sin agw + ++ 


CAG (3 
err thst (A) sin a,,A.dA, 


and a, is a root of the equation 


ey, 
where Cn =—: 
Cc 


ac cos ac-+ psinac=0. 


It is to be observed that if p is infinite (13) reduces to sinac=0, 
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(11) 


(12) 


(13) 


Am 


becomes “ and (11) and (12) give our regulation Fourier sine series (v. Art. 


31), and therefore the ordinary Fourier development in sine series is merely a 


special case of the problem just solved. 


Moreover since the Fourier method of determining the coefficients of such a 


series requires that 


c 
frsin a,x sin a,x.dx=0, 


0 
that is that SIN (Am — Ay )e ee si (Qn SIE a,)C th) 
a et 3 an aF an 


, AnC COSA,»C  a,C COS 4,¢ 

or reducing, that 2 * 
sin a,,¢ sin a,¢ 

or that a,, and a, should be roots of the equation 


accosac __ 
sin ac 


where p is some constant, it follows that we have obtained in (11) the most 


general sine development that can be obtained by Fourier’s method. 


EXAMPLES. 
1. Show that the solution of the problem of Art. 67 is 


m= oo 
MOE >; Bin e~ 7m! sin Amn? 9 
m=1 


CeO Coa hak). f F 
— ‘ m y N r.dr 
where bin set ho (ho — iB Af(A) SiN a, 


c am 


and a,, is a root of 
ac cos ac + (he —1) sinac=0. 
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2. If the initial temperature of the sphere is constant and equal to B 


m=O 
r= > 6,67 m Bin at 


m=1 


where os 


azc?-+ (he—1)? sina, 
=2 ae 
Bh Pe Steg (kc—1) a2 
__ 2Bhe Sat = Ae — Le 
ay, afze?+he(he —1) 


3. If the temperature of the air is a constant y instead of zero the surface 
equation of condition is 


D,u+h(u—y)=0 when r=c. 


The substitution of u,;=u—y, however, brings: the problem under Ex. 1 
and we get 


TL) =F) Om Font Sin A_7 
m1 
ees anc + (he 
where on ==" ae ae he y]sina,,r.dr. 


4, An iron sphere 40 cm. in diameter is heated to the temperature 100° 
centigrade throughout; it is then allowed to cool in air which is kept at the 
constant temperature 0°. Find the temperature at the centre; at a point 10 
em. from the centre; and at the surface; 15 minutes after cooling has begun. 


Given a?=0.185 and h= ans in C.G.S. units. (v. Ex. 3, Art. 66.) 


800 
Ang., 9T°.67; 977.36 ; 96°46; 
5. Show that if in the slab considered in Art. 60 one face is exposed to air 
at the temperature zero, so that we have D,uw=a?D2u, u=0 when «=0, 
u=f(x) when ¢=0, and D,u+hu=0 when x=c, then 


m=o 
2, 
=D ne e-Pant Sin A,X 
m=l1 


where Qn = 2 earn ela ae f F(A) sin a,,r.dr 
sg aze+h(he+1) Pama 
0 


a,, being a root of accosac+hesinac=0,. 
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ral 


6. If in the problem of Art. 57 heat escapes from one side of the plate into 
air at the temperature zero so that we have D2u+ Dju=0, u=0 when 
=0, u=f(x) when y=0, and D,uthu=0 rae x=a, then 


m=n 
= > On Cm! SID Ah 
m=1 


a?Z+h? . ; 
where bn = 2 ——* EERE p fio sin a,,r.dA , 


2, being a root of aacosaa+hasinaa=0. 

7. If in the problem of Art. 59 there is leakage at one side of the sheet so 
that we have D2V + D3V=0, V=0 when x=0, V=0 when y=d, 
V=f(z) when y=0, and D,V+hV=0 when x=a, then 


m=D 
V ==> Lin sinh a, (6 — ¥) b—Y) sin Gan, 
sinh a,,b 
m=1 


where a,, has the value given in Ex. 6. 


69. If we have an infinite solid with one plane face which is exposed to air 
at the temperatures U=J(t) and heat can flow only at right angles to this 
face, we can solve the problem readily for the case where the initial tem- 
peratures are zero. We have 

Diit—<~a Da 
subject to the conditions 
u=0 when ¢=0 


and D,u+h(U—u)=0 when «=0. 
Let pu—F Dz. (1) 


Then v will satisfy the equation 
Di=a Dv, 
and we shall also have v=U when «=0. 


Since U= F(t) y= le PE(t—] dp (2) 


B 


HA 


ing 


by Art. 51 (10). 
D,u—hu=—hw by (4). 


Hence ee ae hfe he uda + Cs 
v. Int. Cal. § 4, page 314. 
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Determining C by the fact that we~’*=0 when «=o we have 


os} 


u=he™ f evr. (3) 


Substituting the value of v from (2) we have 


ies) oo 
fo} 


2he* = 
v= = f en de {e- eae (¢ — ap) B ’ (4) 


x x 
2aV t 


as our required solution. 

For an extension of this method to the flow of heat in two and three dimen- 
sions and for the interpretation of the results by the aid of the theory of 
Images, see E. W. Hobson, Proc. Lond. Math. Soc., Vol. XIX. 


EXAMPLES. 


1. If the temperature of the air is a periodic function of the time, say 
Pm Sin (mat + X,,) and we care only for the limiting value of w as ¢ increases, 
show that this value is 


Owe aa s 
ee bee [ ( + oN) sin (mat eae es ote An) 
a I 9s Dok 


v. Art. 52 and Art. 51 Ex. 4. 


Notel that fee sin boe.dee = Ku Sin bx — b cos bx) 
e+e 

Pe free cos bards = a ee) 
a? -+- 6 


v. Int. Cal. Table of Int. (235) and (236). 
2. If D?V+ DJ V=0, V=0 when y=0 and D,V+ WFQ) —V)|=@ 
when x=0O show that 


her= ee 


V = — | ec "dxf F(A)dd lace. = stra | : 
mp OSLO SE Q= FEOF 
Wh ANtee, 2 Bee, IL 


70. The solution for an instantaneous heat source of strength @ at the 
point «=A if heat escapes at the origin into air at the temperature zero, so 
that D,w—hu=0 when «=0, can be obtained by the aid of Art. 53. 
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Let = hy + u_ where w is the temperature that would be due to the given 
source if we had no boundary at the origin, so that 


es 
aa ae 4a2t [Art. 53 (2)] 


Du — hu= Du, — hu, + D,u,— hu, =0 when «=0. 


Therefore Dy tla — htt, = — (Dy rt, — hy) (1) 
when 2=0O. 
But — (D4 — huy) =—— ale (Cra ae i) ft 
2aN rt Qa%t 4a2t 


= _Q (= — h eas 
2aVnt oat ') E 4art 
when x«=0. 
This is easily seen to be the value to which 


4a2t 


 9aNart \ 2078 


reduces when x=0, and this last expression is 


Q Att 1) o Se 


_ @isee9)) 


Q 
D,t+h é 2 
( ) 2aN rt ae 


and therefore satisfies the equation 
Dee is (2) 


F Q _atazy? 
since QaVnt € 4a is the temperature due to a source at w»=—A. 
ANT 


If, then, we determine uw, from the condition that 


a sn (“2- ) _ ata 
Dip — ht, = PES Vice \ Dart h) ~~ sax (3) 
taking care not to introduce any arbitrary constant or arbitrary function of ¢ 
in our integration, wv, will satisfy equation (2) and condition (1). 
Integrating (3) [v. Int. Cal. § 4, page 314] and determining the constants of 
integration suitably we get 


Q [a Pate 
y= | ee — Dhl fe ae]. 4 
2 2aN rt 4a2t ; u (4) 


Therefore the solution of our problem is 


enya i | eae bem “a — Bhel Foe“ de |. (5) 
2aN rt v 
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If we replace @ by f(A)dA and integrate from 0 to oo we get as the solution 
for the case where w= f(x) when t=0 and wx>0, and D,w—hu= 0 
when x=0 


2 —x)2 x)2 re A + x)2 
i 1 = {foyer [= Ae + Cm oer — Zhe | e—*— 4a2t ae: | 0 (6) 
20V rts 


For an interpretation of this result by the theory of Images and the 
extension of the method to the conduction of heat in m dimensions see G. H. 
Bryan, Proc. Lond. Math. Soc., Vol. XXII. 


x 


EXAMPLE. 
Show that if w= f(x) when ¢=0 and D,u+hA[F(t)—uj]=0 when 
x=0 we must take w equal to the sum of the second members of (6) Art. 70 
and of (4) Art. 69. 


71. As another problem requiring a slight extension of Fourier’s Theorem 
let us consider the vibration of a rectangular stretched elastic membrane 
fastened at the edges, that is of a rectangular drumhead. 

If two of the sides are taken as axes and the plane of equilibrium of the 
membrane as the plane of XY Y the equation for the motion of the membrane is 

Dye = CDi 2 - Die) (1) 
see [x] Art. I. 

Let the membrane be distorted at the start into some given form z= /(a, 7) 

and then allowed to swing. Our equations of conditions are then 


j= when 20 (2) 
4 8) 
2=0 « y=0 (4) 
pO) «“ y=b (5) 
z= f(a, y) “ i) (6) 
Dz=0 &s t=0 (7) 


We can get a particular solution of (1) by our usual device. Assume 


Ooty 


and substitute in(1). We get y?=c?(a?-+ 6) as the only relation that 
need hold between a, B, and y, in order that z—=e%+fy+y! may be a 
solution. This gives 


yo=uxe Va? + p?. 
Therefore 2— gan + By + ctVar+ pa 


is a solution of (1) no matter what values are given to a and f. 


Cuar. IV.] VIBRATION OF A RECTANGULAR DRUMHEAD, 127 


Replace a and £ by ai and fi and we have 


2— (ax + By + ctVa2+ Bri 


as a solution, and from this we get 


#= sin (aw + By + ct Va? + 8%) (8) 
and z= cos (ax + By + ct Va? + B?) (9) 


as particular solutions of (1), a and £ being unrestricted. 
From (8) and (9) we can get solutions of the following forms 


z= sin aw sin By sin ct Va? + B? 
2== sin az sin By cos ct Va? + f? 
z= sin az.cos By sin ct Va? + B? 
2== sin ax cos By cos ct Va? + fp? 
2== cos ax sin By sin ct Va? + B? 
2== cos ax sin By cos ct Va? + f? 
2 = cos ax cos By sin ct Va? + f? 
2= cos ax cos By cos ct Va? + f?, 


(10) 


each of which will satisfy equation (1). The second of these will satisfy also 
(2), (4) and (7) whatever values be taken for a and 8. It will satisfy (3) and 


(5) if a and £ are equal a and a respectively. 
If, then, we can so combine terms of the form 
2 


2 
MTX m n 
sin —~ sin ~~ cos ale Seite: 
a b a 6b 


as to satisfy (6) our problem will be completely solved. 


This can be done if we can express f(a, 7) as a sum of terms of the form 


Asia sin SY, the sum and the function being equal when 2 lies 
a 


between 0 and a and y between 0 and 6. 
MTL 


F(x, y) can be expressed in terms of sin by Fourier’s Theorem if we 


regard y as constant. We have 


ay mre 
F(% Y) = >, Mm Sin si (11) 


m=1 
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ie =o 
where ig, = if F(A, y) sin ae dn. (12) 
0 


f(a, y) in (12) is a function of y and may be developed by Fourier’s Theorem. 


=e NITY 4 
We have FY) => o sin =" (13) 
n=1 
2 b 
MUTT, 
where b= 5 f. "F(A, e) sin ae dp. (14) 
0 


Substituting for f(A, y) in (12) the value just obtained we have 


_ 2 tS : "mh 2) sin nr si 
as aS a 
ay D( fa fva ) sin — Asin 


n=1 


Ss 
S 
f 
i Mi 
i M) i 


(0s a Fa fr 7) sin ~ A ain a d x). (15) 


Sic . MTL . niry mn 
Hence = > > Ann Sin 7 Si cos emt Ve + my? (16) 
m= ln= 1 


where Ann - af afi 4) sin pe dm. (17) 
is our required solution. 
EXAMPLES. 


1. Show that if the membrane starts from its position of equilibrium but 
with a given initial velocity impressed upon each point so that ==0 when 
t=0 and D,z=F(a,y) when t=0 the solution is 


- MTX . TY mi | 7 
sin —— sin ary sin eTrt 
m w+e n? 


b2 


nrn=aon=o 


= 


m=ln=1 


a b 
4. . mrrvX . nr 
] =—{g { Tr 
where Ane a if a F(a i b du. 
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2. If there is both initial distortion and initial velocity 


4 rae ee NITY m? 
lr sin =| sn [Ann COs crt Tees oan Bing 81D emt +e 
m=1 n=] 
where apy (A; &) sin on ae dp, 
and eee pal f FA, #) sin — bh a dp. 


Lees n? 
C1 


3. Obtain a nae solution of (1) Art. 71 by assuming z= 7.XY. 
where 7’ is a function of ¢ alone, XY of x alone, and Y of y alone. 


72. A number of interesting conclusions can be drawn from the results of 
Art. 71 and Exs. 1 and 2 

(2) No one of the three values of z is in general a periodic function of ¢, 
and consequently a vibrating rectangular membrane will not in general give a 
musical note. 

(6) A stretched rectangular membrane can be made to give a musical note 
by starting the vibration properly. For if the initial circumstances are such 
that the solution reduces to a single term, as will be the case if the initial dis- 


tortion in the problem of Art. 71 be such that f(x,y) = A,,, sin a sin oe 


MTL . nTTYy 


Ss —— 


or the initial velocity in Ex. 1 be such that F(a, y) = B,,,, sin 


or the initial distortion and initial velocity in Ex. 2 be the values just given, 
then the vibration will be periodic and will have the period 


92 


l= (1) 
m? nn? - 
a ie 


Since 7 is a function of m and and m and» are any whole numbers, the 
same membrane is capable of giving a great variety of musical notes of differ- 
ent pitches. If m and are both unity we get the lowest note the membrane 
can give, which is called its fundamental note. Its period 


ecole 2) 
aes 1 Va? +3? ( 


If m and n are both equal to & we os 


.,=—_—= } (3) 
C 


130 SOLUTION OF PROBLEMS IN PHYSICS. pArt. 73. 


therefore the membrane can be made to give any harmonic of its fundamental 
note. 
More than this, since as we have seen 
2 
fhe nm — mort ae eres 
: ee 
CNet 
CI 
is the period of any note the membrane can give, and since if m and n are 
replaced by mk and nk we get 


2, 
ck Pr +- ms 


the membrane can sound all the harmonics of any note which it can give. 
(c) In the case considered above, where the solution reduces to the single 
term 


oy UTE os NITY 
2==sin sue) THT Ayan C05 omen ee +2 Stas Bi Ne += =|. 


a 
a 2a oa (m—1)a 
if #w=—, or —, or —::: or +~———~, #=0 for all value: 
- = ; all values of ¢, and 
the lines a s x en {sal Je. in at t duri bh 
=—, ©m=— 5°°: x=+——— _ remain at res 
=e 5 a uring the whole 


vibration and are nodes. The same thing is true of the lines 


—,;° 
nN nN nv nv 


b 26 36 nm —1)b 
2 pene. 


73. If the membrane is square it may have much more complicated nodes 
than if the length and breadth are unequal, as in this case the period of any 
term of the general solution reduces to 


T= peters 
ont pa @) 


and there will in general be two terms having the same period, and a musical 


note of the pitch corresponding to that period may be produced by initial cir 
cumstances that bring in both terms. Thus 


ee ean, wry 
#—=sin —— sin UT Ann cos © or mt 7 + Byyy Sin = Yind mee | 


NTL. 
+ sin — sin 4 THT A, nS cos —- mn? te Dae sin — ee + v3 | 
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is a form of vibration that will give a musical note. Let us write this 


i cos © — mn n? [ 4 sin 


= sin t oa + Bsin — sin may | 
. Cmt ; | mre . n ; 
ST Si SV ih t pe sin —~ sin “4 +. D sin “7” sin mt | (2) 
e e a a a 


and in studying the forms of musical vibration of which the membrane is 
capable we may take A, B, C, and D at pleasure. Consider the simple case 
where A4—,C and B= D; then (2) reduces to 


MTT 


z= (Asin sin Eee Si iin TY (c 03 Vink mt 
a 


aL sth = Vnitr), (3) 


Values of « and y that will reduce the first parenthesis in (3) to zero will cor- 
respond to points of the membrane remaining motionless during the vibration. 
Let us consider a few cases at length. 
(a) If m=1 and n=1, the first parenthesis in (3) becomes 


oye 


(4B) sin — sin 24 


which is equal to zero only when x=0 or y=0, or w=a or y==a, 
that is, for the four edges of the membrane. If, then, the membrane is sound- 
ing its fundamental note it has no nodes. 

(6) If m=1 and n=2, we have 


2arx 
Tiki EE SR ES in — sin 74 =0 
a a a 


to give the nodes. 


Let B=0O, then sin = — * sin —” ay 


=0, which is satisfied by y =5 ; and 
in addition to the edges te line y=5 is at rest and is a node. 

If A=0 w= 5 is a node. 

Lie Ab. 


Tex 1a 
sin = sin “™4 4 sin —~ sin —* =0 
a a 
TT. THe Ty 
2 sin ™ sin = cos = 4 2 sin 7 cos“ sin" =0 
a 


we 5 
sin — sin ue (cos # — -+ cos 7) — ==). 
a a 
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The first factor gives the four edges of the membrane. The second written 


equal to zero gives 


Tx 
cos —-= — cos — = cos [7 — — 
a 
TY TX 
ae a 
ety=a, 
which is a diagonal of the square. 
Te b=—-A 
Pic) ne NC U2 OY 
sin. — sin —* — sin —— sin —~ = 0 
a a a a 
Tr? Te 
cos —— =='cos =— 
a 
—y =O, 


which is the other diagonal of the square. 
Other relations between A and & will give Trigonometric curves of the form 


which are easily constructed and which obviously all agree in passing through 
the middle point of the square. 
We give the figures for a few of the cases 


i 

I 
jo) 
by 
I 
io) 
bs 
I 

| 
by 


A=B A=2B A—1'*B 
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(c) If m—=n=2 we have 


CR ce ain —=0 
a a 
to give the nodes, which are merely the lines 


a 
es 5? and = 


eh 


This form gives the octave of the fundamental note. 
(dq) If m=1 and n=38 we have 


Asin — sin 74 aT + B sin an sin 4 = 0) 
a 


to give the nodes. 


a 2a 
If A=0 we get a5 and Na (1) 
If B=0 we get ll chee 2 
If A=—B we get 
Fig Hag i eg 
a a a a 
T 
sin ™ sin ™| 4 cos? ™! £—1—4eos™ +1 |=0 
eos? =% — eos? == — 0 
a a 
(cos = — cos TE) (cos ™4 + vos 7) =o 
a a a a 
or 2—y=0 and «+y=a. (3) 
ry ih 
If A=B we get Gost cos 
Y 
or cos 4 +. 0 ie (4) 


a 


a Trigonometric curve easily constructed. 
For other relations between A and B we get more complicated Trigonometric 
curves coming under the general form 


4 A+B 
Acos “4 4. B eos *@# = — AES (5) 
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which all agree in containing the points 


(s <) @ =<) (= a =, 2). 
373 ih ); 3°3 ? and 


i=) 
[o} D4 


eh 


BaZa 


MISCELLANEOUS PROBLEMS. 


I. Logarithmic Potential. Polar Coédrdinates. 


1, Show that D2V+ D?V=0 becomes 
D2V+ * DV + DZV=0 
if we transform to Polar Codrdinates. 
eet ii DV+—D,V+ “ DjV=0 
we let V=R.® we get 
= Acosad+ Bsinad © = Aer? + Be-% 
R= Ayre + B14 ; cs k= A, cos (a log r) + B, sin (a log 7) ; 
whence 
V=recosad | V=e*? cos (a log r) V =cosh a¢ cos (a log 7) 
V=resinad | Ves sin (a log r) V =cosh a¢ sin (a log 7) 


v= ea cosap | V=e-4 cos (alogr) | V=sinh a¢ cos (a log r) 


V= oH sinad | V=e-* sin (alogr) | V=sinh a¢ sin (a log r) 
Y eed 


are particular solutions of (1). 
3. Show that if V satisfies (1) Ex. 2and V=/(¢) when r=a 


m=o 


= 5 bo + D(z)" On cosmp+a,,sinmp) for r<a 
m=1 


ao 


and V=5b+ =e iy (bm COS mh + 4, Sin mp) for r => a, 


s Lea 
where bn = 4 ah JK(¢) cosmp.dp and a, = = ip S(p) sin mp.dd 


j 


(1) 
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4. Show that if V satisfies (1) Ex. 2and V=/(r) when ¢ — th) hie ew) 


v==(fe yan f Cae 8) cos a(A— log r).da 


cosh am 


eee ne aie = AG — log r) 
eas Sein Me A adr. 
ae FAG ) cosh (A — log 7) — cos @ 


5b. If V=1 when ¢=0 and 0<r<1, and V=O when ¢=0 and 


log r 
sinh —2— 
2, 
vat 7 — tant | ——— = =| ==| 5 —tan>( = Ss =) |. 
ar) 74 9 ’ 


cei r. sin > 
Dy 2 


6. If V=f(r) when ¢=0 and V=0 when $=£ 


17 nh 
ies SiC) ae cos a(A — log r).da 


Syn sin ee xe (eee) 
28 Be cosh F (A — log) — cos 5 4 
if OM P<B. 


7 If V=0 when ¢=0 and V—=F(r) when =8 


hyp h 
V= lige OY cos a(\ — log r).da 
=e 0 


sinh Ba 


va dormer ci 
cOaD (A — log 7) ++ cos B db 


8. If V=x(r) when $=0 and r<a, 


see leak V=0 when ¢=8, and 
= Mp 
0 
V=5,sin OS xe) cry a eee 
—o cosh = (a — log “) =—Cos ae 
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9. If V=0 when r=1, V=1 when ¢=0, V=0 when $=5 


aie Bel 
V=-— tan | acts |. 
10. If V=0 when r=1, V=1 when $=0, V=1 when $=5 
72 
27? sin 2d sin 2p 


11. If V=f(¢) when r—=a, V=O0 when ¢=0, and V=0O when 
o=B 


vo=- = tan 


V= > Am ()é sin as We WPS 


m= 1 
V= din (; “yi sin@7 if r>a 
m=1 B 
where = 2 (x9) sin ES, dp and 0<¢<B 
pars. B : 


12. If V=f(¢) when r=a, V=O0 when r=, V=0O when ¢=0, 
and V=0 when ¢= 8, thenif a<r<b and 0<¢<B 


v= { aB b a |G) i (- “) | he Bay mrp 
2mm 2m B 
m=) 8 b 8B 
h = { f() sin ED dd 
where Thee lb. 
; al B 


13. If V=F(¢) when r=b, V=0 when r=a, V=0 when $=0, 
and V=0 when d= 8, thenif a<r<b and 0< <8 


m= ow ds (ates \ mt a\ mr _ NT 
ya {oP a [ (YF (2)? Jano ht 
m=1 bp rs ap 
B 
9 . mr 
where an = all (¢) BEE 
B. = 


14. If Y= x(r) when $6=0, V=0 when =f, V=0 when r=a. 
and V=0 when r=—d, thenif a<r<b and 0O<G¢<B 


i Fai mi (B — >) 
r=>, {« log 6 — log a a mm (log r — log a) V 
Ne logs—loga ) 
co ah a SUE 8 2 


log 6 — log a 
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b 

log - 

a 
MTT XL 


where oe erat gf xe ) sin eae a 
0 


15. If V=y(r) when =f, V=0 when $=0, V=O0 when r=a, 
and V=0 when r=d, thenif a<r<é and 0<¢<8 


’ mrp 
m= o SU eee ce 
v= x ) log 6 — log a Ri mm (log 7 — log a) ; 
WLS mT B log b — log a 
m=1 sinh ——————_ 
log —loga 
he = = f ae”) sin oe dx 
bras Cm log 6 — log a. v1 log 6 — log a 


II. Potential Function in Space. 
1. Show that 


S(@,y) = “, da { dB f arf 70, #4) COS a(A — &) cos B(M— y).dp, 
0 808 2a) ee 
for all values of x and y. 
2. Find particular solutions of D?V-+ D?7V+ D?V=0 in the forms 
Vi 022% 8+ cog (aw + By) 
Viet e+P gin (ax + By) 
V = sinh z Va?+ B sin (ax + By) 
V = cosh z Va? + f sin (ax + By) 
&e. 


3. Given D?V+ D?V+ D2V=0, and V=f(x,y) when z=0, solve for 
positive values of z. 


; 1C-.¢ 2f(r, Mdm 
Result: = jiN. LENE? Se ema Yh 
and : a [2+ A—ay?+(e—y'k 


4. Confirm the result of the last example by showing that if J(«, y) is inde- 
pendent of y 


V=1(_SXwWA (v. Ex. 3 Art. 45). 
de aN ie) 
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5 If D2V+ DTD Oe and (= 1. when 2—=0 for all points 
within the rectangle bounded by the lines =a, x= — Gs Y= 0, cand 
y=—b; and V=0 when z=0 for all points outside of this rectangle, 
then 

b= 7 {z ive (a—«)*(b — y)?— 27 (a~x)?+ (b—y)2+ 28 
—— ee + me sin- ¥ . - 3 @ Y) rhs ee ] 
Vb—y2l2 § 2 (@— a) b6—y) + AL(a— a)? + 6-9)? + 2] 


1-1 (@+2)0—y)— (ata + O— y+ 2] 
a a got x)%(b— y+ PL (a+aP+ b—yP+ 2] 


Cae NT ape lk po = Oty? = #2 (@— a) + b+ y)?4+ 27] 
+ ieee ta (@—ayo+yP+e{a—aP+ b+ yP +2] 


4m int OE yy a (at a) Oy) + a} 
2 (@+ayrb+yP+e[atart bfyPt+2] 
if —a@<e<a, and : 
bY § gin WH a'b yh — A= 2)! + Oy)! +2] 


40, V = ——— 


Ve—y" (=a) Oy? FA —2) + 6— y+ A 


— sin @ra)b6—y’—2[a+a)?+ b—y)? +27] ; 
(a+ x)(b —y)?+ 27 (a + av)? + (by)? +27] 


ptt f gig OO Yelm a t+ Ot y+ 2 
(a—«)(b+ y)?+2[(a—a2)?+ (0-- y)* + 27] 


= sin OO) eel Oty eD 
Faery tealatart Oy tay 


2 = 


if «<—a or «>a. 

6. If the value of the potential function V is given at every point of the base 
of an infinite rectangular prism and if the sides of the prism are at potential 
zero the value of V at any point within the prism is 


M=o n=O a b 
4 gem an . MTL . miry _ MTX . nTp 
v=—> Cm a aa = sin [SFOs +) sin peer gt 7 dp. 
7 — 0 0 


If V=1 on the base of the prism this reduces to 
9 
1 em ar 1)7rx hes (2n as 1)7ry 
a 


M=on=o S 


= 16 Ay Ven+? oe (2n + 1)2 
es 1? > >, i ‘3 S (2m + 1) (2n +1) 
m=0 n=0 


7. If the value of the potential function on five faces of a rectangular 
parallelopiped, whose length, breadth, and height are a, 6, and ¢, is zero, and 


140 MISCELLANEOUS PROBLEMS. 


if the value of Vis given for every point of the sixth face, then for any 
point within the parallelopiped 


: m 
m=on=o sinh m(c — 2) nee a 
a O . mre. niTry 
sin sin 


es >) LD Ane ae n? ue b 
= sinh re \ -) 4. 


Ne 
where Ann = 3 aa a ‘afro b) sin - “a sin =e dp. 


8. If the value of the potential function is given on two opposite faces of a 
rectangular parallelopiped and is zero on the four remaining faces, then within 
the parallelopiped 


er 2 
; mn 
epee Sinan Cae) Neer 
i? MTX NTY 
in 


V= S Se ——— sin sin — 
; Poe pe a b 
sinh wre (J— + 
a 


m=1n=1 — 
2 b2 
m? 
M=on=o sinh 7z Noe 
MTX nTrYy 
+ » 3 Be ae on - sin an 
m=1n=1 SH n ene VPS IL, 
Ge” OF 
where Ann = 7 ‘afro i) sin * A si n a dp. 
4 =e . mmr NTT 
and Ban = Fe afr (A, #) sin £ dp. 
0 0 


9. If the value of the potential function is given at every point on the surface 
of a rectangular parallelopiped, what is its value at any point within the 
parallelopiped? 


III. Conduction of Heat in a Plane. 


1. Find particular solutions of D,w=a(D2u-+ D2u) of the forms 
N= Ce DE su Gees oy) 
ue +P) cos (ax ce By), 


2. Given the initial temperature of every point in a thin plane plate, find 
the temperature of any point at any time, 
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Qa +(u—y)* 
af = ye LOIS 


PAB fe ? fe + 20.8, y + 2aVty)dy. 


3. For an instantaneous sowrce of strength @ at (A, 4) 


Q _Q=2?+u—y? 


a 4a2t v. Art. 53. 


h— 


For an instantaneous doublet of ee P at (0, #) with its axis perpen- 
dicular to the axis of Y 


Px a? + (u—y)? 
= Saratt? OF 4a2t VG Art. 54, 


For a permanent doublet of strength P at (0, u) with its axis perpendicular 
to the axis of Y 


aa x a eee 
Qnra? on? + (mw Fs. y)? 4a2t 


If the strength of the doublet were Pdw and the heat were uniformly 
generated and absorbed along the element du of the axis of Y beginning at 


(0, #) we should have 
Je _ a+ (p—yy ad =" P a+ (w—y)? —<i| 
Qrar PE (u—y)? 2a? ales scr ha 


is the angle ARA', where A and A'are the points (0, “) 


w= Boy 
x 


and since d tan! E = y 


and (0,u-+du) and F# is the point (@,y), w=0 when «=0 unless 


bw—y<utdp, in which case U= 75 if x approaches zero from the 
positive side; and w=0 when ¢=0 except in the element du. If then 
u=0 when ¢=0 and w=f(y) when 2=0 we have only to suppose a 
doublet of strength 2a?f(~)dx placed in each element of the axis of Y and 


then to integrate; we get 


ada! a+ (u—y)? xf(“) 
a ae 


et + (wy)? 


For a permanent doublet of strength 7(¢) at (0, 4) we have 


t 


e~ rae (t¢—7)-?*F(x) dr 


87ra* 
0 


aF(0) Sete 2" (7) oe ar | 
= imal e+u-ye TJ F+Gu= De ann 


142 MISCELLANEOUS PROBLEMS. 


From the reasoning above this must be zero when ¢=0 except at the point 
(0, ~), must be 2a7F(¢) at the point (0, “), and 0 at every other point of the 
axis of Y when ¢ is not zero. 

Hence if w=0 when ¢=0 and u=Fy,t) when r=0 


eae a 0) _ w+ (ea? H fe Af «D, F(p,7) pee Sat dap 
it tee can (u— ye 4a2t dpe + 2 (H— ye” 4a*(t—T) 


For an tae pasion of this solution by the method of images to the case where 
there are other rectilinear boundaries and for its application to the correspond- 
ing problems in the flow of heat in three dimensions see E. W. Hobson in Vol. 
XIX Proc. Lond. Math. Soe. 

4. If the perimeter of a thin plane rectangular plate is kept at the tem- 
perature zero and the initial temperatures of all points of the plate are given, 
then for any point of the plate 


4 — gene (2 4 . MTX si 1 Ory nT bh 
= > >? +e) sin aN LK) sin Mes dp 


m—l n= 


if 6 is the length and ¢ the breadth of the plate. 

5. A large mass of iron at the temperature 0° contains an iron core in the 
shape of a long prism 40 cm. square. The core is removed and heated to the 
temperature of 100° throughout and then replaced. Find the temperature of a 
point in the axis of the core fifteen minutes afterward. Given a?=.185 in 
C.G.S. units. Ans., 52°.9. 

6. If the prism described in Ex. 5 after being heated to 100° has its lateral 
faces kept for 15 minutes at the temperature 0° find the temperature of a point 
in its axis. Ans., 20°.8. 


IV. Conduction of Heat in Space. 


1. Show that 

af ao oo wo ao ao no 

af ta fab fay far Fan (70, Hv) COS a(X — aw) Cos B(M — y) Cos y(v — 2).dv 
0 0 0 —o —a SI) 


=f(@, ¥; 2) 


for all values of x, y, and z. 
2. Show that 


M=Oo n=O p= 


S@; Y, %) = 2 >: > Ae sin — ne Senta a fe ales 


=ln=1 p=1 C 
eed cee 
where Arinp = ae dr if duff (A, # v) Sin ae sin aa sin 2 ae dv, 
0 0 0 


for) <7 aa Uy <b, ae ae 
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3. Obtain particular solutions of Du = (Du + D2u+ D2u) of the 
forms 


Moog ee Pe) in (ax + By yz) 
te P+ Cos (ax + By + ye). 


4 Given the initial temperature of every point in an infinite homogeneous 
solid find the temperature of any point at any time. 


al ‘ r r _ A=a)?+u—y?+V—z 
“= sah {i dn {i Ab f pee en, ide 


= en Fa dB} e—% dy fe A Core 2avi.B, y+ 20V ty, z+ 2aVi.8)d8. 


5. If the surface of a rectangular parallelopiped is kept at the temperature 
zero and the initial temperatures of all points of the parallelopiped are given, 
then for any point of the parallelopiped 


M=on=op=o 


a2 (m2, n2, p2\, . MTX . NITY . pre 
i >) > pls ers ae +2)! sin ae sin oe sin =e 


eg 


mir NT . piv 


b e d 
8 : ; 
where Ann» = ica f RS [70 #,v) sin 7 Sin — sin - dv. 
0 0 0 


6. An iron cube 40 cm. on an edge is heated to the uniform temperature of 
100° Centigrade and then tightly enclosed in a large iron mass which is at the 
uniform temperature of 0°. Find the temperature of the centre of the cube 
fifteen minutes afterwards. Ans., 38°.4. 

7. An iron cube 40 em. on an edge is heated to the uniform temperature of 
100° and then its surface is kept for fifteen minutes at the temperature 0°. 
Required the temperature of its centre. Ans., 9°.5. 


CH AP DE Reve 


ZONAL HARMONICS. 


74, In Art. 16 we obtained 


2= Ap_(2) + Byp(2) (1) 
[v. (6) Art. 16] as the general solution of Legendre’s Equation 
dz dz 
(Ll — 2!) Fa 2a Fr m(m + 1)e=0, (2) 


m being wholly unrestricted in value and x lying between —1 and 1; where 


pial ay AG ae Se) 
‘ 4! 
_ 72(m = 2)(m = A)(m + (m+ 3)\(M+5) oo... 


; ®) 
and 
ONS (m— tm + 2) ee (m — 1)(m — S}(me +2)(m+ 4) a 
_ (m—1)(m— 3)(m — 5)(m + 2)(m + 4)(m+6 

( ( ( a )(m +r 4) (m + 6) at-pees (4) 

and we found V=1" Pm (COS 8) 
il 
V = 141 Pm (008 8) 
(5) 


V= 7" Jp, (COS 8) 


i 
v= vm Im (cos @) 5) 


m being unrestricted in value, as particular solutions of the special form 
assumed by Laplace’s Equation in spherical coordinates when V is independ- 
ent of $; that is, of the equation 

7D ee 


1 ' 
sin 9v? (sin 6D, vy) = () (6) 


* Before reading this chapter the student is advised to re-read carefully articles 9, 10 13(c) 
35, 16, and 18(c). : : 
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For the important case where m is a positive integer we found 
2= AP, (2) + BQ, (2) (7) 
[v. (10) Art. 16] as the general solution of Legendre’s Equation (2), whence 
V=7"P,, (cos 6) 


V= ‘ Pn (cos 6) 


pnt i 


(8) 
V=r"Q,, (cos 6) 


1 . 
a pm M-. (cos 0) 


are particular solutions of (6) if m is a positive integer. 


LOS (2n en Saye =e __ m(m — 1) 


2(2m _- ine 


m(m — 1)(m = a= 3) Pee 
v9.4. @m —1)(2m —8) sol e 


[v. (8) Art. 16] and is a finite sum terminating with the term which involves 
x if m is odd and with the term involving 2° if m is even. 

It is called a Surface Zonal Harmonic, or a Legendre’s Coefficient, or more 
briefly a Legendrian. 


Qn(%) = 


(m--1)(m +2) 1 
(2m + 1)(2m —1)-*-1 -- 1) a soib)2c als ct sal 2:(2m -- 3) anr* 


it (m + 1)(m + 2)(m mi 3)(m+4) 1 aie | (10) 
2.4.(2m + 3)(2m + 5) eats 
ee ored a [y.(9) Art.16.] 
It is called a Surface Zonal Harmonic of the second kind. 


eft) 


0.@)=(—1)* app PaO) 
a1 OD) (11) 


[v. (13) Art. 16] if m is odd and —1<2<1. 
G+) ] 
HEN)! —saaeamay ace 


=O) as ep (12) 


[v. (14) Art. 16] if m is even and —1<a«<l. 
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In most of the work that immediately follows we shall regard a in P,,(x) as 
equal to cos 4 and therefore as lying between — 1 and 1.* 


75. In Article 9 the undetermined coefficient a, of «™ in P,,(~) was 
(Qn— lm 3) 


m! 


arbitrarily written in the form for reasons which shall 


now be given. 
In Articles 9 and 16 z= P,,(x) was obtained as a particular solution of 


Legendre’s Equation 
ed z 


dz 
(ee w!) = — — 2x ie + m(m + 1)z=0 (1) 
by the device of assuming that z could be expressed as a sum or a series of 
terms of the form a,#" and then determining the coefficients. We can, how- 
ever, obtain a particular solution of Legendre’s Equation by an entirely differ- 
ent method. 
The potential function due to a unit of mass concentrated at a given point 
(®1 Y1y #1) 18 ; 
nr (2) 
VO=—t1)P Yah) + = 4) 
and this must be a particular solution of Laplace’s Equation 
DAV D2 Dey as (3) 
as is easily verified by direct substitution. 


If we transform (2) to spherical codrdinates using the formulas of 
transformation 
== COS 0 


y =r sin 6 cos d 


z—=rsin sing we get 
ah i 
ae Vv Ts 9 5 A = 2 (4) 
r rr,[cos 6 cos 6, + sin 6 sin 6; cos(¢ — $1) ] + 7; 


as a solution of Laplace’s vues in Spherical Coérdinates 


rDi(rV) Tear 9 Po(sin 0 Dev) es a, DjV=0 [xin] Art. 1. 
If the given point (a,, ¥,, %1,) is taken on the axis of X, as it must be that 
(4) may be independent of ¢, 6,=0, and 


1 


eS —————— 
Vr? — 2rr, cos 6 + fie (5) 


* English writers on Spherical Harmonics generally use « in place of x for cos @. We 
shall follow them, however, only when we should thereby avoid confusion. 
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is a solution of 


PDICV ) aa 1g Da(sin 6DV)= (6) 
Equation (5) may be written 
eel il 
is r \ r re @ 
1-—2 = 008 6+ 7a 
or eect ald (8) 


Ae cow pee 

" ny 
V1 — 2zcos 0-+2? is finite and continuous for all values real or complex of 
z. It is double-valued but the two branches of the function are distinct except 
for the values of z which make 1—2zcos@+-2?=0 namely z=cos6+isin 6 
and #=cos@—7sin #, both of which have the modulus unity and which are 
critical values. . 
Rees AT 
V1 — 22 cos 6+ 2? 
2—=cos#?—7zsin@ and g=cosé-+ ‘sin @ for which it becomes infinite; it is 
double-valued but has as critical values only these values of z It is then 
holomorphic within a circle described with the origin as centre and the radius 
unity, and can be developed into a power series which will be convergent for 
all values of z having moduli less than one. (Int. Cal. Arts. 207, 212, 214, 

220.) 
1 


Ifthen r>7, = can be developed into a convergent series 


2r, ce 
Ne meine CO 6+ a 


is finite and continuous except for the values of 


: : “ey 
involving pile powers of ~ = 
Let DPn be this series, p,,, of course, being a function of cos @. Then 
gt 
v= “Sp m jan 


[v. (7)] is a solution of (6). Substitute this value of V in (6) and we get 


aie ry 1 dp ™m 
D3 em m(m + 1) Pm + ey sin 8 db = (sin 0 Ea) | =(, 


As this must hold whatever the value of 7 provided r>7, the coefficient of 
each power of r must be zero, and hence the equation 


_ i (sin git 2) + m(m + 1)pm =0 (9) 


must be true. 
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But as we have seen in Art. 9 the substitution of «= cos @ in (9) reduces 


it to 


@e 2) te — 2x chy we ear m(m —- 1) Pn=9%, 


and therefore Nieeaiy (es 
is a solution of Legendre’s Equation (1). 


i ; : 
Mid ie Sr can be developed into a convergent series 


NSS 


involving whole powers of 


ym ry 
Let > Pn = be this series. Then 
ri 


il > Tod 
a Pm in 
7 1 ry" 


(v. 8) is a solution of (6); substituting in (6) we get 


yn : ; Dial 1 d g Lm “Lo 
ol ieee mm st 1)Pm ot Ta 1 sin sin 6 dé |= % 


whence it follows as before that 


& = Pm 


is a solution of Legendre’s Equation. 
But p,, is the coeflicient of the mth Poe of — in the pebeees of 
ry 


7 
(1 —2 7, 608 @-+- Ae 2 according to powers oO = SOL af the mth power of + in 


, 22\ __ 1 
the development of (1 a = cos 6 + 4) 2 according to powers of an or 
a Ue ifs 
more briefly it is the coefficient of the mth power of z in the development of 
(eae 2)-% according to powers of z, « standing for cos 6. 


(hae 2) 5 pee 2) 1-4 
and can be developed by the Binomial Theorem; the coefficient of 2” is easily 
picked out and is 


(2m — ee Seal [ « eee a1) 
sa ee SSL Geo 


2(2m — 1) 
x whe —1)(m— 2)(m se) els 
4.(2m — 1)(2m — 8) 
But this is precisely P,,(x). [v. Art. 74 (9)] 
Hence P,,(z) is equal to the coefficient of the mth power of z in 


the development of [1—2xz-+2]-4 into a power series, the modulus of z 
being less than unity. 
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76. If w=1 P,@)=1. For if e=1 (1—2xz2+2)-} reduces to 
(1—2z2+2)-2 that is to (1—z)-1, which develops into 


dee tt eee, 


and the coefficient of each power of z is unity. Therefore 


P,,() = 1. (1) 


We have seen that if m is even P,,(~) contains only even powers of x and 
terminates with the term involving 2°, that is with the constant term. 
The value of this constant term can a aaa out from the formula for 
; eat , 
Tee) (var (4. (9) | It is” (— yet “Y 7 a a); or it can be found as 
follows: — It is clearly the value P,,,(#) assumes oe x=(Q; it is, then, the 
coefficient of 2” in the ER BT of (1 --2)=3; . but 


(1 + 24)- ba1—je 1.3 ii 1.3.5 Wada 


Pa 
Sul! > Ba’ OR 


ce 


21.3.5 -+:(m— Ly 
2.4.6 +++ m 
If m is odd P,,(x) contains only odd powers of « and terminates with the 
term involving « to the first power. The coefficient of this term can be 
: : ae ECS, ne ae 
picked out from (9) Art. 74 and is (—1) ? DAC): or it can be 


Mes 
found as follows:—It is clearly the value assumed by oP) when 2=0. 


and the coefficient of 2”, m being an even number, is (— 1)? 


It is, then, the coefficient of 2” in the development of 


a+ a+23° 


4 
a+2s ° 2° 
and the coefficient of 2” in this development is (— 1) TNS ON aI 


m being an odd number. 


(i ANS: mor: : 


1.3.5 +++ (2m—1) TE aL eg 
P,(@) = ed Ie ~ 228m — oe ‘a 
m(m — 1)(m — 2)(m — 3) 
an 2.4.(2m — 1)(2m — 3) 


Cites) ie 2) TN) (eB) Pariah 
aE (2m — 1)(2m — 3)(2m — 5) zc |. 


gm—4 
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m being a positive integer, is a Surface Zonal Harmonic or Legendrian of the 
mth order. It is a finite sum terminating with the first power of x if m is 
odd, and with the zeroth power of a if m is even. 
P,,(x) is the coefficient of the mth power of z in the development of 
(1 —2xz-+ 2*)-% into a power series. Hence if <a 
(1 — 2az + 2*)-$ = Py(x) + Py(a).2 + P,(2).2° + P;(a).2° 
BOM AN CAN ee ean esha ia Mar AGU A ea (2) 
Whence 
1 


teat " re 
(Gea lee | Pa(cos 0) + . P,(cos 6) + 73 P,(cos 8) + 


+7 P, (cos OM wo | We agg 
1 ‘i fe ©) 
== | Pa(cos 0) +- — "(cos 0) = se F5(c08 0) --* == 
rT r r 


+= P,,(cos 6)+:: | Be oe Oe, 
1 


z= P,,(«) 
is a solution of Legendre’s Equation 


ao 


dz 
(a) ema ab mm + lje=0 
when m is a positive integer. 


V=r™P,,(cos 8) 


al 
and V=—j Pn(cos 8) 


pmtl 


are solutions of the form of Laplace’s Equation in Spherical Coérdinates 
which is independent of ¢, ee 


Dz (rV) + —— Do (sin 6DeV) =0. (4) 
eae (5) 

Pom (— ©) = Pom, (a). (6) 
Pom 41 (— ©) = — Pam 41) (7) 

Pom +1(0) =0. (8) 


P,,,(0) = (—1)™ Seen). 9) 
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TPs le) ne BES D To Orie) 1) 
L dex ap ORE co 


For convenience of reference we write out a few Zonal Harmonics. They 
are obtained by substituting successive integers for m in formula (1). 


P(x) =1 
Pi(x) =x 


P,(2) if (3a — 1) 


P;(2) = a9) 


wi 


P,(x) = = (85x* — 302? + 3) 


ole 


(11) 


Ne 


P;(«) = g (632° _ 702 + 152) 
Pale) == a (231a° — 315a* + 105? — 5) 
P(x) = : (42927 — 6932° + 3152 — 35x) 


P;(@) = (64352° — 120122° +- 6930x* — 12602? + 35), 


ies 


Any Surface Zonal Harmonic may be obtained from the two of next lower 
orders by the aid of the formula 


(WAP, 412) — 20+ Deh, (2) +2P,_1(@) =0 (12) 


which is easily obtained and is convenient when the numerical value of z is 
given. 
Differentiate (2) with respect to z and we get 


qo oe = P,(@) + 2P,(a).% z+ 3P;(2). gies. 


whence 


ee =(1—2a2+ 29) (P,(a) + 2.P(a).2 + 3P(a).2? + °*°). 


Hence by (2) 
(1 — 202 + 28)(Py(2) + 2Ps(e).2-+ SP,(a).2t-b +) 
ae (# = a) (Po(x) + P,(a).2 -+ ea(o ee os *) =¢0 (13) 
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(18) is identically true, hence the coefficient of each power of z must vanish. 
Picking out the coefficient of 2” and writing it equal to zero we have formula 
(12) above.* 


78. We are now able to solve completely the problem considered in Art. 9. 
We were to find a solution of the differential equation 


1 ; 
rDi(rV) + =~ Do(sin 6DeV) =0 (1) 
subject to the condition 


V= 


M 
(rt when 6=0. (2) 


We know (v. Art. 77) that 
V=r"P,, (cos 6) 


and a : Pn (COS 8) 


pm 
are solutions of (1). 
For values of r<e 


MM _mM 37 13.5 19 
Geis cet beans ane @) 


Therefore for values of r< ¢ 


Vv=— =| Po (cos @) — ay (cos @) 
1.3% SS ea 
74 a Pa(cos ) Fag pF cos 6) + | (4) 


is our required solution; because each term satisfies equation (1), and there- 
fore the whole value satisfies (1), and when 6=0 


2, (C08 6) =P, 1) = 1 


[v. (5) Art. 77], and hence (4) reduces to (3) and (2) is satisfied. 
For values of r>ce 


=|1i- 1¢ ee Cao 
es a Diya Poe PED AG ge ee | (5) 
=m * —5S+ 3 lBoe 
Oye Ee a: 


* For tables of Surface Zonal Harmonics y. Appendix Tables I and II. 
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Therefore for values of +> c 
M 
v=— =: Py (cos 6) — af (cos 6) 


1.3 5 1.3.5 e 
owe “ Px(c 089) ~o 76. < P,(cos 6) +: | ( 


is our required solution. For it satisfies (1) and reduces to (2) when 6=0. 


79. As another example let us suppose a conductor in the form of a thin 
circular dise charged with electricity, and let it be required to find the value 
of the potential function at any point in space. 

If the magnitude of the charge is Mand the radius of the plate is a the 
surface density at a point of the plate at a distance r from the centre is 


M 
AatV a? — 7? 


M : 
and all points of the conductor are at the potential a - (v. Peirce’s New- 


i — 


tonian Potential Function, § 61.) 
The value of the potential function at a point in the axis of the plate at the 
distance « from the plate is easily seen to be 


a 


i M rdr 
a V(a is) (ta l-7) 
Ue ea 
© 2a C8 + @ 
Ne z= ae 
da re (x 208" x? + a? a? + 3? 
M TEM ott Ge 8 i 
Gr irate ciel 
diac 10, 
M Cet le 
Se ere peor 
Lie 
Integrating and then determining the Cae constant we have 
M ee a _M se 
2a ase ae a? +t a’ a? 4 Er Pe oe "Hai! 
iia, 


et, a’ nf | 
ml e-3 a 7x" a 
rie 42 > Oh 
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We have, then, to solve the nite 


rD2(rV) acy? eg) (sin 6 Dp V) = 


subject to the conditions 


wall eee | 
=|3-2 shee ~ Bad a ae! 
when 6=—0 and) 7<a 
Mla a a a | 
at oes a E Bre a 5r® Tr" Tr 


when 6=0 and r>«a. 


The required solution is easily seen to be 
VA sone 7: Ge al ie 
a [3 — = P, (cos 6) + 3 5a Fs (cos 6) — & 7s Ps (cos Gy. | 


if r<a and pees 


9 ) 
M il @ 
and Y=o=— = (4-3 aie P, (cos 6) +5 a P, (cos 6) — 2 P, (cos 0) +°: 


EXAMPLES. 
1. Given that if a charge WM of electricity is placed on an ellipsoidal con- 
ductor the surface density at any point P of the conductor is equal to wat 
where p is the distance from the centre of the conductor to the tangent plane at 


P (vy. Peirce, New. Pot. Func. § 61); find the value of the potential function at 
any external point when the conductor is the oblate spheroid generated by the 


2 2 
rotation of the ellipse ot Y —1 about its minor axis. 


6? 
Ans. (1) If the point is on the axis of revolution 


Se [ sin ba: -+- a.— b? —sin-! ba — a? + 0? )| 
2Va? — 6? ava? + a? — 0? ava? + a? — 6? 


x being the distance from the centre. 
(2) If the point is on the surface of the spheroid 


~ Ova? — == |F-a (=>*) |= eels = (cts) 
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(3) If the distance r of the point from the centre is less than Va?— and 
e< 


neti Te E r 
= ups ei rs 0) 


7 
3 -P3(cos 0) — 


+ 3m! 5G Paes Spe Gs Baar a 


(4) If the distance r of the point from the centre is greater than Va? — 0? 


a a ety 


2 __ p28 Pye ON 
+=" p, (cos ¢) — =! p, (cos 6) +o] . 


2. If the conductor is the prolate spheroid generated by the rotation of the 
2 ay2 
ellipse _ ae =1 about its major axis, show that if the point is an external 
point and is on the axis at a distance x from the centre, 
= M lee + Va? — 5? 
2V.a? —- 6? 3 x— Va? — }? 
If the point is not on the axis and r> Va? — 0? 
oOo + Cita: 1% (cos 0) 
~ le Va? — 63 
2 f2y2 2 pe z 
++ C— P, (008 6) + ae P, (cos 6) + | . 


80. As a third example we will find the value of the potential function due 
to a thin homogeneous circular disc, of density p, thickness 4, and radius a. 

The value of V at a point in the axis of the disc at a distance 2 from its 
centre is readily found and proves to be 


Vos 2a pk (Vax? +a—2)= oo va" + a*—<«}. 


If «>a 
aN} ioe thalae . Il al 1.1.3.5 a® we 
Vip atmo(i+S)i=2[14+55-spn+ aces 2.4.6.8 x 


QMPia 11a, 1130 113.50" a 
end Ate | pris ooo Lain ORI enc w a ee 
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aes Liat, 11.8 
Ay x8 
VF = a (1+ By=o[1t5 asa at 24.608) ‘| 


ed ee to? diet, 1132° BE | 


and 


Hence the solution for any external point is 


DIVE @ ial a 
v= — = Be Od phe 2 (008 8) 


Toe 1.1.3.5 a? 


24.67 =, Px (co 80) 54687 ig (C08 0) ars | 


455 Peay ie 1 P, (0088) +5 ¢5 =, Eig (C08 0) => | 


if r<a@ and De 


EXAMPLES. 


1. The potential function due to a homogeneous hemisphere whose axis is 
taken as the polar axis, is 


el GO, Sil la* 3.1.1.3 a 
me f4+5gSe 1 (608 6) — 5 7g = Ps(cos 9) tages 5 toe (COS0) | 


if r>a, and is 


yaa | s+ 52 P, (cos ) +7 3; P2 (cos 6) 


3:1 Solids 


+35 5 Puc 08 6) — 5557 Pa(oos 8) + | 


if r<a and O>>- 


2. The potential function due toa solid sphere whose density is propor 
tional to the distance from a diametral plane is, at an external point, 


8 M530 , 5.3108 


eo 15a L24r'2467° 


P, (cos 6) 


531.1 a 5311.3 ak 
24.6.8 BEN CLOG eecraiy © Fa OS) ‘|. 
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3. The potential function due to the homogeneous oblate spheroid generated 
2 
by the rotation of = == 4 =1 about its minor axis is, at an external point, 
Ve 3 ie x? + a? ay (si ee Tie mel eo) 
2(@ is) 2(a? — 0), ax? + a2? — + a? — B? 


ets CEES) i 
tet a) «| 


if the point is on the axis of the spheroid at a distance x from its centre. 


Pea 2 
wel, aE a (2@— Dt et (C=) p GD 


(> b?)% ? 3.0 7 


1 2 p22 
LOO oat] 


if r>(a?—})¥, and 
7 
~@ wemleS Gat a cea 
eal epee P; (cos 6) -- = P; (cos 6 | 
Loa (2-3 3 ( ie 0); 5 ( Nes 

if r<(a?— 0%} and 0<2. 

4. The potential function ae to the homogeneous prolate spheroid 
generated by the rotation of y =1 about its major axis is, at an 


6? 
external point, 


(Cee il (a? — 6); 
(a ao Ts r 4 ai tan CAD 


. 1 @=™ ees | 
ee) 9 fe CEN) 
if r > (a? — 0%. 


81. The method employed in the last three articles may be stated in 
general as follows: Whenever in a problem involving the solving of the 
special form of Laplace’s tlh 


rD20°V) to 9 Po (sin 6DoV)=0;5 


the value of V is given or can be found for all points on the axis of XY and 
this value can be expressed as a sum or a series involving only whole powers 
positive or negative of the radius vector of the point, the solution for a point 
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not on the axis can be obtained by multiplying each term by the appropriate 
Zonal Harmonic, subject only to the condition that the result if a series must 
be convergent. 

It will be shown in the next article that P,,(cos 6) is never greater than 
one nor less than minus one. Hence the series in question will be convergent 
for all values of » for which the original series was absolutely convergent. 


82. In addition to the form given in (1) Art. 77 for P,,(x) other forms 
are often useful. 

It ought to be possible to develop P,,(cos 6), which may be regarded as a 
function of 6, into a Fourier’s Series, and such a development may be obtained, 
though with much labor, by the methods of Chapter IT. 

The development in terms of cosines of multiples of 6 may be obtained 
much more easily by the following device. 

We have seen in Art. 75 that P,,(cos 6) is the coefficient of the mth power 
of z in the development of (1 —2zcos 6+ 2?)-% in a power series, and that 
ifmod «<1 (1—2zcos 6+ 2*)-% can be developed into such a series. We 
know by the Theory of Functions that only one such series exists, so that the 


method by which we may choose to obtain the development will not affect the 
result. 


(1 — 22 cos 6 + 2)-% == (lL 2 (6% en rt 22)-¥ 
=(1— z6%)—2 (1 — ze—%)-4, 
(1 — ze%)-% may be developed into an absolutely convergent series if 
modz<1, by the Binomial Theorem. We have 


1.3 aN 
(1 — ze8%)- Sepdele Ley AL om fF seat POT 4e40i 1... 


daze) bait peep 22 e- 2 ee 3 poe eel 


4A p— 401 fares 
SU 8 a eee 


The product of these series will give a development for (1 — 22 cos 6 + 2%)- 3 


in power series. The coefficient of 2” is easily picked out, and must be equal 
to P,,(cos 6). We thus get 


= 1.3.5. ° me == ih) zig Lom F 
Ce 2.4.6 —-++ 2m ae +5 On a il (CO ee a) 


Een 


+ E ge HOES) (m—4) 03 A 
2.4. (m—1)(2 m — 3) (e t+ e- 8A) fon | 


Cuar. V.] ZONAL SURFACE HARMONIC AS A SUM OF COSINES. 159 


P,, (cos 0) = aon —}) [2 cos m0 + 2 


PAG: 1 C8 — 2)6 


dl, ae 
1.3 m(m — 1) 


te 1.2(2m — 1) (2m — 3) CS ae) e 


1.3.5 m(m —1)(m — 2) | 
2 = orate 
eit ere pon enor oa ® 

If m is odd the development runs down to cos 6; if m is even to cos (0), but 
in that case the coefficient of cos (0), that is, the constant term, will not contain 
the ue 2 which is common to all the other terms, but will be simply 


[== eh =i) 2]. 
2.4.6. ° 
We write on the values of P,,(cos @) for a few values of m 
Po (cos #) = 1 
P, (cos 6) = cos 0 
P, (cos @) =76 (3 cos 20 + 1) 
ul 
P; (cos 6) = 3 (5 cos 36 + 3 cos 8) 
P,(cos @) = a 64 (2 cos 46 + 20 cos 20 + 9) 


(2) 
Ps (cos 6) = 1 [63 cos 56 + 35 cos 36 + 30 cos 6] 


P, (cos 6) = <5 [281 cos 60 +126 cos 46 + 105 cos 26 + 50] 
P, (cos 0) = aH [429 cos 76 + 231 cos 56 +189 cos 36 +175 cos 6] 


P, (cos 6) = [6435 cos 86 + 3432 cos 60 + 2772 cos 40 


aS, 
16384 
++ 2520 cos 26 +1225]. 


Since all the coefficients in the second member of (1) are positive, and since 
each cosine has unity for its maximum value it is clear that P,,(cos 6) has 
its maximum value when 6=0; but we have shown in Art. 76 that P,, (1) =1. 
Therefore P,,(cos 6) is never greater than unity if @ is real. It is also easily 
seen from (1) that P,,(cos @) can never be less than — 1. 
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83. P,,(x) can be very simply expressed as a derivative. We have 


geese | am ee es 
P(e) = 2 eg 


mm — 1)(m — 2)(m — 3) eee ad | 
2.4.(2m — 1) (2m — 3) 


A __ (2m —1)(2m — 3)*""1 nee (m+1)m eel 
fP m(X) aa = (m+1)! [« 2.(2m — Wy 


(m + 1)m(m — 1)(m — 2) pare a 
a 2.4.(2m — 1)(2m — 3) a 


if oP (a) das? = [de Pin (x) da 
0 0 0 


__ (2m —1)(2m — 3) +" *[amts— (m aD 
(m-+ 2)! (2m — 1) 


(m+ 2) (m+ 1)m(m — 1). ee 
zi 2.4.(2m — 1(2m — 3) ag 


x = s ~ :. 
fee (x)da™ = = 2m 1) cals ope am — “we geam—2 
(2m)! 2m — 1) 


1) 


2m(2m — 1)(2m — 2) (2m — 3) gim—4_.... 
Se 2.4.(2m — 1)(2 m — 3) oe | 


= (2m ie 7 a ) ‘i | « nies Max 2m —2 4- Mm ee = 1) gp 2m— 4 


pL) (970 ee 
— ne Eat ca es oe | . 

The quantity in brackets obviously differs from (x?— 1)” by terms involving 
lower powers of x than the mth. 


L.B.D (Zito 1) ae 
in) ada™ ce 


Hence Pp(x) = —1)", 
or am 2? —1)m 
tN se da” c = eC 
This important formula is entirely general and holds not merely when 
x==cos 6, but for all values of a. 
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84. The last result is so important that it is worth while to confirm it by 
obtaining it directly from ee s Equation 


(hess yO wae 2a an m(m + 1)z=0 (1) 
v. (1) Art. 75. 


Let us differentiate (1) with respect to # a few times representing 


dz d? daz 
a by 2’, = by 2", — Txt by 2'", &. We get 


(l=) ae —2 2 = + [m(m +1) —2]2'=0, 
(Li es 


ae Tn 2 = — 2.40 S + [m(m +1) —2-4+243)}e"= 


and in general 


dao ec Stee 
or (lim) - (n+ Le = —— — [m(m + 1) — n(n +1) ]}2 = (2) 


Following the analogy of these steps it is easy to write equations that will 
differentiate into (1). 
dz, Wz, des 
Let da? da?” dad 
d*z 
(Lu) We + m(m + 1)z, =0 
will differentiate into (1), 


XR 


2 Chen 


((he= at) 4 O40 “= + Em(m +1) — 21 ii —0 
if differentiated twice will give (1), 
(10%) F3 42.2078 + [m(m +1) — 201 +2) ]%4 =0 


if differentiated three times will ch (1), and in general 
2 
(Lae) oe a2 1) ot [m(m + 1) — n(n —1)] 2, =0 (3) 
Ae 


if differentiated m times with respect to x will give (1). 
If n=m-+1 (8) reduces to 


(ia) Pent) + Omg, att = 0, (4) 
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and the (m-+1)st derivative with respect to x of any function of « which 
satisfies (4) will be a solution of (1). (4) can be written 


(eae) ee + 2mxz%m = 0 


and can be readily solved by separating the variables and integrating. v. Int. 
Cal. (1) page 314. It gives 
An Oe Le 


Hence z= BED C pike (5) 


da” dam 


is a solution of Legendre’s Equation (1) and agrees with the value of P,,,(x) 
obtained in Art. 83. 


85. The equations obtained in Art. 84 are so curious and so simply related 


that it is worth while to consider them a little more fully. 


We have seen that 


(10) 42m ma = =0 (13 


differentiates into 


(Clieaer. TE +2(m—1)x E 4 Ime = 0; (2) 
that if we differentiate (2) m times we get Legendre’s Equation 
d*z dz 
(leas Te Tae + Um + Le = 0; (8) 
that if we differentiate (2) 2mm times we get 
d*z dz 
(1. — 2") Fa 2m + NaF =0; (4) 
that if we differentiate (2) m — times we have 


ay. OPE d. 
(Ele 329 ah 2(n — 1)x a + [mm + 1) — n(n —1)]z =0; (5) 


and that if we differentiate (2) m+n times we have 
dz diz 
(1 — 2’) wo 2(n + Lye - + [m(m +1) —n(n+1)]}e=0. (6) 


By the aid of (1) we found in the last article a particular solution of (2) 
namely 


2=(a?—1)™, 
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If we substitute in (2) #==u(x*—1)™ following the method illustrated 
fully in Art. 18, we get as the general solution of (2) 


dx 


et AN SEY ferences @ 


A and B being arbitrary constants. 
dx : A ‘ 
f @— Dp pe is easily written out [v. formula (42) page 6. Table of Inte- 


grals. Int. Cal. Appendix]. If «<1 it vanishes when e=0. If a>1 it 
vanishes when =o. If then #<1 (7) can be written 


ea seta Bee fo, (8) 
and if «>1 
Rags ed ROT UT (ie a= (9) 


and in these forms unnecessary arbitrary constants are avoided. 
From (7) we can get the general solutions of (3), (4), (5), and (6). 


sPee ele fata] 


is the general solution of (3). 


ie (ie Lye am a dx 
ae fae Dor [ @ —1) laSeal (11) 
is the general solution of (4). 
saad ae A) q™—n nd dx 
fo A damn =i B dam" [ @ il 1) (x? _ ‘al (12) 


is the general solution of (5). 


qdmrn eel) m qQmtn dx 
p= 4 eS [ep foase] 


damt n (a = 1p +1 


A 
4 


is the general solution of (6). 

In each of these forms A and B are arbitrary constants and the integral is 
to be taken from 0 to x if <1 and from a to  ifa>1. 

Of course (10) must be identical with the forms already obtained in Arts. 16 
and 18 as general solutions of Legendre’s Equation. 

Equation (4) is so simple that it can be solved directly, and we get its 
solution in the form 


dx 
2=A, + By (a 7a (@—1)"*2 (14) 


which must be equivalent to (11). 
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Comparing (14) with (7), the solution of (2), we see that every solution of (4) 
can be obtained from a solution of (2) by dividing the latter by (Sil EOL 
in other words that if we write (2) 


lz 
eee =m ; + 2(m — Daw = + 2me=0, (2) 
and (4) as (1 — a?) shes — 2(m + 1)x G9 (4) 


z= %(z7—1)"; and the substitution of this value in (2) will give (4), and 


the substitution of 2, = in (4) will give (2). 


(a —1)™ 

We have, then, two eos of obtaining (4) from (2); we may differentiate (2) 
2m times with respect to 2, or we may replace z in (2) by 2,(@?— 1)”. 

If we use the first method we have seen that Legendre’s Equation (8) is 
midway between (2) and (4). That is if we differentiate (2) m times we get 
(3) and if we then differentiate (3) m times we get (4). Let us see if the 
half-way equation in our second process is Legendre’s Equation. 


If ier AL 
and ee Se 
2— (7 Ne 


So that if in (2) we replace z by y(a?— 1)? and then repeat the operation 
on the resulting equation we shall get (4). Making the first substitution we 
find, 


(1 a ny ae ma Bon “a +| mom 


y=9, (15) 


not Legendre’s Equation but a somewhat more general form. Of course its 
solution is 


dx 


y— A(x? — iD + Be — de G aay per (16) 


(2) and (4) are special forms of (5) and (6). Let us try the experiment of 
substituting in (5) 2=y(1—a")} and in (6) <= 


both substitutions give the same equation 


aoa We find that 


RO On di n? 
(2 HL» H+ | mom +1) —3 pa |y=o. (17) 
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The solution of (17) can be obtained from either (12) or (13) and is 


e. il ; qin-n (x? ae Ie qdnr—n dx. 
OS ag ef niece re K Snel aed } as) 


or 


x: dm+n(a2 — J)m gfe dat 
=(1 eae )s 1 Ay en ggieen =i B, dx +n [ @ = OM rere ' @) 


which of course must be equivalent. 


86. In addition to the value of P,,(“) given in (1) Art. 83 there is another 
important derivative form which we shall Shas to obtain. It is 


— Keane m+1]J)m (-) 
P,,(cos 6) = a Di ae (1) 
1 


We have seen in Art. 75 that : 


= can be developed into 
\ (oe eos Oe 

2 2 
a convergent series if r; <r and that the (m-+1)st term of that series is 


ym 
Pn(cos 8)rs” | Let us obtain this term by Taylor’s Theorem. 


v ym + 1 
1 1 7 F 
z bese AT Oe: VP 2rr cos Op rt Vat bbe — Bon + re 


1 
Wea eee 


| Regarding this as a function of (« — 7,) and developing according to powers 
of r, by Taylor’s Theorem we get as the (m+ 1)st term 


(a A 2 m7ym 1 Goble +~myym (:) - 
mit we === Oe tees Ds ? 
Ege (COS 0) pe b De (*) 

A 


gmtl  ~——m} 


Hence 


87. We have now obtained four different forms for our zonal harmonic, 
a polynomial in a, an expression involving cosines of multiples of 6, a form 
involving an ordinary mth derivative with respect to x, and a form involving 
a partial mth derivative with respect to a We shall now get a form due 
to Laplace, involving a definite integral. 


Tv 


RAC eee aT 1) 
{ie 6 cos p (a? — 0), : 


if a?> 0? [v. Int. Cal. page 68]. 
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4 iL : 
ge = pe! can be expressed in the form (=e; by taking a=1— 2a 
and 6—=zVx?—1 and nomatter what value z may have z can be taken so small 
that a? will be greater than 6% Then by (1) 


I _ =f dd cecal f dd 
(1 — 2x2 ++ 2); Tw) 1—22—2zVa?—l1.cospP TY 1— 2(% = V2? — 1. cos >) 
== ~ ft pil aie Vx? — 1. cos pe (@ + Vx? —1. cos )*2* 
1 
+ (« + Va? — 1. cos $)%2* + ++*Jde 
if z is taken so small that the modulus of 2(@ -+ Vx? — 1. cos $) isless than 1. But 


by Art. 77 (2) P,,(a) is the coefficient of 2” in the development of ——__—_—_ , 
(L— Zar oie) 


hence Pee) = =f [@ + Va? — 1. cos o|"dp. (2) 
0 
By replacing ¢ by 7— ¢ in (2) we get 
— : . aA ie eae m 
Pn(@) = = {te Va? — 1. cos odd. (3) 
0 
i 1 a) : oh 
SS and if mod —~<1 or in other words if 
Seong st ns , anc : 
OMe * (1 aot a)t 
@ z 
i 
mod # > 1 (1 eal in a can be developed into a convergent series involv- 
pee ified Val, ee 
BOSS 


i i 5 m 
ing powers of - —, and the coefficient of (=)" will be Pl) but this will be 


the coefficient ores z-™—1 in the development of according to 


(Lis = + 24) 
descending powers of z, mod z being greater than 1. 
If now we let a=zxa—1 and ens —1, #@—?=1—2ez2+ 27 and 


# may be taken so great that a?—i?>0. Then by (1) 


=e pet Ee 
(1 — 2x2 + 2?) mle SSeS GOS 


1 do 


"Y 2(@ —Va?— 1. cos $) | 1—- a(x —Va®—] = aul 


eet gol i —2 
fh an enya oki cos $) 


A a8 
(w—Va?—14 == 1.'Cos $)2 ees ‘| eo 
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and the coefficient of 2-"—1 is i ff db F 
TY [a — Vx? — 1. cos pm 4 


al dd 
nee OF fata rex Peer ery @ 


Replace @ by 7— ¢ and we get 


1 dd 
bg GN (a ee ee 5 
mle) = eae cos d |™*1 ©) 


88. In the problems in which we have already used Zonal Harmonics 
(v. Arts. 78-81) we have been able to start with the value of the Potential 
Function at any point on the axis of Y, and it has been necessary to develop 
the expression for V on that axis in terms of ascending or descending powers 
of x If, however, we start with the value of V in terms of 6 for some given 
value of r, that is on the surface of some sphere, we must develop the function 
of @ in terms of zonal harmonics of cos 6 (v. Art. 10), and our problem becomes 
the following: —To develop a given function of cos @ in terms of zonal har- 
monics of cos 6, or to develop a given function of x in terms of the functions 
P,,(#), « lying between 1 and —1. 

The problem resembles closely that of developing in a Fourier’s series, 
which we have already considered at such length. 


Let SF(®) = AoPo(@) + AiPi(@) + AsPo(@) + AsPs(x) + °°: (1) 
for all values of « from —1 to 1 and let it be required to determine the 
coefficients. 

If f(a) is single-valued and has only finite discontinuities between 2 =— 1 
and 2=1 we may proceed as in Art. 19. 

Let us take »-+1 terms of (1) and attempt to determine the coefficients. 
Take n-+1 values of x at equal intervals Ax between x=—1 and x=1 
so that. (n+ 2)Aa=2; f(—-1+ Az), f(—1+2A2), f(—1-+ 3Az),-:: 
S([—1+(@+1)Az] will be the corresponding values of f(x). Substitute 
these values in (1) and we have 

Sgn ete Om) ote ete fy (op A) 

F(— 1+ 2Ax) = ApPo(— 1 + 24x) + A.P,(—1-+ 2Az) 

+ A,P.(— 1 + 2Az) am oO A,P,(— 1 a 2Ax) 


fa — Az) = A,Po(1 _ Ax) ae AP,(1 — Aa) + A,P,(1 uae: Az) és 
+ Ala as Ax) ’ 
that is, »+1 equations from which in theory the »-+1 coefficients 
Ay, A,,°** A, can be determined. 


(2) 
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Following the analogy of Art. 24 let us multiply the first equation by 
P,,(—1+ Az).Ax, the second by P,,(—1+ 2Am).Ax, the third by 
P,,(—1+3Az).Av, &c., and add the equations. The first member of the 
resulting equation is 

k=n+1 
DSH 1+ kaa) P,,(—1 + kAa).Ae, (3) 


k=1 


and the coefficient of any A as 4, in the second member is 


k=n+1 
> Pm(— 1+ kha) P(—1-+ kAa).Ag. (4) 
133 
If now x is indefinitely increased (3) approaches as its limiting value 
a 
SF@O)Pru(wee (5) 
= 
and (4) approaches if Pin(@)P; (a)da. (6) 
=i 


We have now to find the value of the integral (6) or as we shall write 
it for the sake of greater convenience 


f Pp, (8) by (aa. 


1 
ill 1 (ge? — m n (922 
89. P,,(®)P. adm(a? —1)™ aa? — 1)" 
ii m() n(x) dx = Qm+ nm! ay ae if da™ : da” s 


-—1 


by (1) Art. 83. 


LS — m ym d*(a0? —— a(x? — 1)" 7 =|" aE 1) ama ie — re 1 
dx n 


die Ce" 


=1 


1 
7 int Gz a De ae as ie 
Scere ee 


by integration by parts. 
Now if z= X(@?—1)" 


dz bs AX 
ae = 2naX (a2? == 1)%-* (a? = 1)" eae ee = (a? lea Eee a 1) =| : (2) 


Hence the pth derivative with respect to x of any function of x containing 
‘e*—1)" as a factor will contain (#?—1)"-» as a factor if VCR, 
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Ca a — 1) 


pani » then, contains (~?—1) as a factor and is zero when «=1 
and when x=—1, so that (1) reduces to 
1 
f-s a De a" (ac? ee A by fs ee nd +1(a2 — be a1 (x3 — 1) dee 
dx™ dae arm a : 
_ il 


It follows that 


sqm (a fee i a" (a? —1)" en Df = de) d(x? —1) Pi 
dam a” Ouaee. Cae? 
—1 = 
1 
ee oe et Wie qtt+p gn ails 
a ( 1) af dam—P a da eZ (3) 
== 


If m<n we get from (3) 


sd"? — 1)" d® xe? — 1)" BP ea . 2m 2 — 1 a qz-m™ a — 1)" 

oer (1) ee 
dx™ da” , hier 

—1 — 


da” —m™m 


= (—1)"@m)! [ye =o, 


dar—m™—1 
5 2g? = de 
since im = (2m)!. 
If m>n 
1 1 
m SD iy M—N/n2 4 )m JIn(o2®__ 4)n 
Pe <I IY, gy, RENT) OM HY 
ae dx” Cpe da™ 
= il 


dam—n—1 


1 
m—n—1/p2 1 m 
= (—1)"(2n)! =| =0. 
ail 


If, then, m is not equal to n 


f P,,(2)P,(x)dx = 0. (4) 


1 
If m==n we have to find fi [Pyn(a) Pade. 


—1 
1 1 
1 easel dete (Bare LY 
[Pn (2) Vda = 9) 2m mad dam da™ de. 
=a = 


. Ww oe ae 4 2m (m2 —_ m 
ee iy (ae aye 
da™ dx™ . dx 
1 
by (3), = (— 1)™(2m)! 4 (a? —1)"dx. 


=I] 


5 | 1 
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f (a? —1)"d2 = f (@ —1)"(@ + 1) "da = — <i ff (a —1)"—"(@ +1)" +1dx 


m! ae 


Q2m+1an | 


= Ce i) (m+ 1)(m +2) +++ (2m +1) 


, Sigua t (1)n(2m) ml 2 
Hence StPa@I dx = 2°"(m!)? (m + 1)(m + 2) +++ (2m +1) 


or if; [Pin(@) Pda = a , (5) 


90. The solution of the problem in Art. 88 is now readily obtained, and 
we have 


S(@) = Ap Po(a) + Ai Pi (a) + Ap Po(x) + SO0 (1) 
1) 
where A,, wae 2m a 1 S(@) P(x) dx 5 (2) 
=a 
The function and the series are equal for all values of x from x=—1 to 


x=1, and f(x) is subject to no conditions save those which would enable us 
to develop it in a Fourier’s Series. [v. Chapter III.] 
Of course (1) can be written 


J(cos 6) = Ay Po(cos 8) + A, P,(cos 6) + A, P,(cos 6) ++: 


2m 


where A= 


a *f Pees 6) P,,,(cos 6)d(cos 6) 
or if f(cos 6) = F(6) 


F (8) = Ay Po(cos 8) ++ A, P,(cos 6) + Ay P2(cos 6) + +++ (3) 
where ee a a i F(6)P,,(cos 6) sin 6.46 (4) 
0 


and the development holds good from 6=0 to 6=r. 
If f(@) is an even function, that is, if f(—«) = J(@) (A) and (2) can be 
somewhat simplified. For in that case it can be easily shown (v. Art. 77) that 


{PeP (x)de = 2(HeyPn (x)dx , 
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and that ff. F(®) Pox (a)dx = 0 
so that if f(— x) = f(«) > 

I(@) = Ao Po(x) + Aa Po(x) + Ag P(x) + Ap P,(x) +: (5) 
where Ay, = (4k +1) f f(x) Py (a) de. (6) 


If f(x) is an odd function, that is, if f(—«)=— f(x) it can be shown in 
like manner that 


SF («) = A,P,(a) + AsP3(x) + A;P;(x) + A,P;(x) +°°- (7) 
where Ag, 1 = (4k + 3) qf I) Poy (2) da. (8) 


If it is only necessary that the development should hold for 0<2<1 any 
function may be expressed in form (5) or (7) at pleasure. 


91. We can establish the fact that ii P,,(«)P,(x)da=0 by a more gen- 


eral method than that used in Art. 89. 
Let X,, be any solution of Legendre’s Equation 


£ [ aa % =| + m(m +1)2z=0 [v. (1) Art. 16}. 


which with its first derivative with respect to x is finite, continuous, and 
single-valued for values of x between — 1 and 1, —1 and 1 being included. 


d aX, 
Then £ [a — 2!) Se | + mm $1) Xq=0 (1) 


and , “ [a — x) | + n(n + 1)X, =0. (2) 


Multiply (1) by X, and (2) by X,, and subtract and integrate and we get 
et aX 
ity —notanf atten [aft a 
-1 =f 


1 
d dX, 
— a a Gl LD) ELLY 
ike ane Oye Jee. 
=a 
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Integrate by parts, 


: : dX, "=! 
[m(m + 1) — n(n + a) ee LGR — | * CUS at) — X,(1 — 2”) a ie 
il 
X, IX mn aA OX, 
ae or Ge efi Dine FR (er 
Whence ie mn de = () (4) 
unless m=—=vn. 
(3) gives at once the important formula 
ao | x, Se— x, Se 
fi X,,X,de = i dar 
ae m(m + 1) — n(n + 1) (5) 


x 


from which come as special cases 
(1 — «) Ee EEN) a 55. ey AEN) 2 | 
f P,,(«) P(x) de = ican tia OR ae 
fe is m(m + 1) — n(n +1) (6) 
and since P,(«)=1 


xt) Pa) 
f Py (2)de = = eee (7) 


EXAMPLES. 


unless m=O. 


1 
1. Show that f Prnle)de =0 if m is even and is not zero. 
0 


ar eae ee 3 2. 
m(m +1) 2.4.6.---(m—1) »™'*® 
odd. v. Art. 91 (7) and Art. 77 (10). 
2. Show that 


1 
i P,,(@)P,(x)dx =0 if m and n are both even or both odd. 
0 


ye hoa m!n! 


2m+—lam —n)(m + 0 + ibys. 1) (= = Say 


if m is even and n odd. v. Art. 91 (6) and Art. 77 (8), (9), and (10). ef. J. W. 
Strutt (Lord Rayleigh) Lond. Phil. Trans. 1870, page 579. 


at 
3. Show that {[P,,(x)?de -__1 . Art. 8 
SlPa@Pte= Ev Art. 89 6), 
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92. Formula (4) Art. 91 can be obtained directly from Laplace’s Equation 
by the aid of Green’s Theorem (v. Peirce’s Newt. Pot. Func. § 48). 

Take the special form of Gireen’s Theorem [(148) § 48 Peirce’s Newt. Pot. 
Fune. | 


Sffov V—VV7?U )dadydz = (ic UD,,V —VD,,U)ds (1) 


where \/’ stands for (D?+ D?+ D2), D, is the partial derivative along the 
external normal, and the left-hand member is the space-integral through the 
space bounded by any closed surface, and the right-hand member is the surface 
integral taken over the same surface. (v. Int. Cal. Chapter ATV.) 

If U and V are solutions of Laplace’s Equation V?V=V?2U=0 and () 
reduces to 


i (UD,,V — VD,U)ds=0. (2) 
Now 7”X,, and r”X, are “solutions of Laplace’s Equation if «#—cos 6 
(v. Art. 16). 


If the unit sphere is taken as the bounding surface and U=r™X,, and 
V=r"X, (1) and (2) will hold good. 


D,, U0 = D7" Xn) = mr" Xs 
IDA st Oa 
ds = sin 6.déd¢, 


Qqr T 
and (2) becomes fi dd af (nX,Xq—mXy,X,) sin 6.d9 = 0 
0 0 


or 2a (n — m) f X,,X, sin 6.d0=0. (3) 
0 
Since x=cos 6, sin 6.d0=— dx and (3) reduces to 
1 
ft ‘X,,X,da = 0* (4) 
Su 


unless m=n. 

93. We can now solve completely the problem of Art. 10 which was in 
that article carried to the point where it was only necessary to develop a 
certain function of 6 in the form 


A)P,(cos 6) + A,P,(cos 0) + A,P.(cos @) -- -:* 


* Tt should be noted that this proof is no more general than that of the last article, for, in 
order that Green’s Theorem should apply to r™X,p, this function and its first derivatives must 
be finite continuous and single-valued within and on the surface of the unit sphere. (vy. Peirce, 


Newt. Pot, Func, § 48.) 
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given that (9) =1 from 6=0 to 0 == 
and J(6)=0 from 0= : to d=T. 
This amounts to the same thing as developing F(a) into the series 
F(x) = A,Po(a) + A:Pi(@) + 42Pa(x) + 4sPa(@) + °° 
where F(a) =0 from x«=—1 to x=0 


and F(z) =1 from x=0 to w=1. 
By Art. 90 (1) and (2) 


1 1 
1 
Ay= 5 f Palodae ve af a ae 
a. an 


1 
2m+1 
and any coefficient A,,= a if Py(X) ax. 
0 


By Art. 91, Ex. 1 


1 
f Pn(@ae =0 if mis even 
0 


ey | m= if Stem 
Agere m(m + 1) 2.4.6. +++ (m —1) 


Hence A,=9 if mis even 


= mt 2m +1 1.3.5.+::(m—2) . : 
laa eae pears at oes 


if m is odd. 


ei Ugh ALS} 
Then F(a) = 9 ae qb (@) — ° 8°2 P(x x) +. 12° 24 a P(x x) a (1) 
it, & i al Wl ks 
and w= 5 + A 7rP,(cos 6) — eo" ®P,(cos 0) + — how »P,(cos 6) +:: (2) 


for any point within the sphere. 


94, If ina problem on the Potential Function the value of V is given at 
every point of a spherical surface and has circular symmetry * about a diameter 
of that surface the value of V at any point in space can be obtained. 

We have to solve Laplace’s Equation in the form 


rD(r V) + a Do (sin 6 Do K) =='() (1) 


* See note on page 12. 
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subject to the conditions . 
V=f(6) when r=a 


AW) “ OO) 
We have JS(8) = ApPo(cos 6) + A, P,(cos 8) +- A,P2(cos 6) + +>: 


2 1 
where a amt 4 "10)P,, (cos 6) sin 6.d0. v. Art. 90 (4). 


0 
Hence 


Veit, (£) P,(cos 8) + A, (2) P.(cos yet ve (2) Ps(cos 6) tess (2) 


is the required solution for a point within the sphere, and 


v= 4,(5 )+a(2 ) P,(cos 6) + As (: *)"P,(c0s 6) -+ As (: 2)" P,(cos 6) +++ - (3) 
is the required solution for an external point. 


EXAMPLES. 
1. If on the surface of a sphere of radius ¢ V is constant and equal toa 
show that Va for any point within the sphere and y== for any 


external point. 

2. Two equal thin hemispherical shells of radius ¢ placed together to form 
a spherical surface are separated by a thin non-conducting layer. Charges of 
statical electricity are placed on the two hemispheres one of which is then 
found to be at potential a and the other at potential 6. Find the value of the 
potential function at any point. 


ans 


V= -+(6—a) [32 - P,(cos 6) — a 55 Palos 6) 


Lior 


wpe oR 5 Pe(cos #) — | 


for an internal point 


1 
yn ate 4 OR a) | $5 Pr(cos 6) 5 e: a5 P;(cos 6) 
TIS Loic: 


1 bra Pa(cos #) —-++ | 
for an external point. 
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3. If V,=f(cos 6) when r=—a and V,=0 when +=) show that for 


oT 0 

y= = (EAE) Palos 8) 
where 1.22 mt f f(a) P,,(a)der. 

4A, If V,—= (cos 6) when r a and V,=0 when r—=a then for 

a<r< b 

Foe ee) ( 2) eratcon 

nae 

where ja Hy F(a) P_(«)dav. 


5. If the value of the potential function is given arbitrarily on the surfaces 
of a spherical shell but has circular symmetry * about a diameter V= V,+ V/V, 
(v. Exs. 3 and 4). 

6. Two concentric hollow spherical conductors are insulated and charged. 
The inner one of radius a is at potential p, and the outer one of radius 0 is at 
potential g. Find V for any point in space. 


i fee ay 
i b 

ya (--1)+;" (1-4 if 2<7r 68 
r b—a tf 


yal idee 0 


7. If V=0 on the base of a hemisphere and V = f(cos 6) on the convex 
surface, show that for a point within the hemisphere 


k=a 


2k +1) 
oS. Py fabs t ) Py. 4 (Cos 6) 


1 
where Aya = (44+ 3) (FO) Paes (x)da [v. Art. 90 (8) ]. 
0 


8. If the convex surface of a solid hemisphere of radius a is kept at the 
constant temperature unity and the base at the constant temperature zero 


show that after the permanent state of temperatures is set up the temperature 
of any internal point is 


It 3 7 
6244 


* See note on page 12. 


37 tae 
w= 5 — P,(cos 6) — "P 3(cos 6) + —  Py(cos Des 
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9. A sphere of radius a and with blackened surface is exposed to the direct 


rays of the sun in air at the temperature zero. Find the stationary temperature 
of any internal point. 


Suggestion: D,u-+ hu — Mf(6)=0 when r—a, 


rm 
Let u = An _mPn(cos 6), and (6) =>) Bin Pm (COS 6). 
Then we have 


cA 
>™ oh P,(cos 6) +h > AmPin(00s )— MSBP (C08 é)=0, 


whence a Een . 
A+ mee 
a 


Here (6) =cos 6 if 0<a<5 and f(0)=0 if 5 OST. 


dle tk 5 3 
SO) =Z 15 Picos *) +76 P,(cos 0) — 39 Pa(cos 0) ++: 


4k +1)(2k)! 
(4k ed (2k evar P.,(cos 8) 4- ++ 


— L)Res 


v. Art. 91 Exs. (2) and (3). cf. J. W. Strutt (Lord Rayleigh), Lond. Phil. 
Trans. vol. 160, page 587. 


95. The formulas of Art. 90 enable us to develop a given function of a in 
terms of Zonal Surface Harmonics, the development holding true for values of 
x between —1and-+1. If, however, we can show by outside considerations 
that a given function of x can be expressed in Zonal Surface Harmonics, the 
development holding true for all values of a, the formulas of Art. 90 will give 
us the development in question. 

For example if is a positive integer x” can be expressed in terms of Zonal 
Surface Harmonics no matter what the value of #, and no Harmonic of higher 
order than 7 will enter. For the formulas giving the values of P,(a), P,(x),-** 
P,,(x) (v. Art. 77) may be regarded as n algebraic equations of the first degree 
in terms of «, 27, 2°,:--a" and P,(x), P.(«),°::P,(x). 

From these equations the »—1 quantities x, 7, a°,---a"~1, can be elimi- 
nated, and there will result an equation of the first degree in a” and P,(a), 
P,(x),°** P,,(«), which will enable us to express x” in the form 


Ay + A, P,(«) 7. A,P,(x) a ag mF A,P,(2) ; 


no matter what the value of #, and we shall have the same formula when 
=e <a (i asiwhen &- 1. or 2 — 1: 
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Let us obtain this development. By Art. 90 (1) and (2) 


at = ApPo(a) + A,P,(") + A,Po(@) +° °° (1) 
| 
2m +1 
— n % 9 
where ZA, 5 aft P(x) da (2) 
1 
sa icaet th pis Ce 
Then Ar, a 9 area h dx™ da by (1) Art. 83. 


a integration by parts we get 


Se 0 Oe = n(u—1)(n— 2) (@— mF) farm — "de, (3) 


da™ d 
if m<n-+1, 
==0.if 77m 2a, 
By integration by parts we readily obtain the reduction formula 
1 9 Z 
EL tid eee Le) ome whence 
J ( ee pl 
—1 =i} 
1 1 
esd 2™m! 
oa WSS: ra As ri = ee seein Dee a nee ena es aS Obes f 
£ ( ) (yt Ah) eet 3) iy cir) ane 
1 9 aa 
n+m a ee j f 1 
{P da eee if n-+m is even, 
=0 if n+m is odd. 
Teens A (2m + 1)n(n —1)(n — 2) *+: (a —m +1) 
De (n—m+1)(n—m+3)(n—m+5)--(n +m +1) 
if m<n+1 and m+ is even, 
=0 if m>n orif m+n is odd. 
Therefore 


n! bef 
Tae Oa ey Cte D Ene) + Cm 8) pam ane) 
+ (2n—7) Gat oGn—) Me 


2n + 1)(2n — n— : 
Stamens) (Qn+ “a P,_4(2) + | (4) 


the second Nee ending with the term P(x) 


57 i 
the term Ss 5 P,(v) if nm is odd. 


if m is even and with 
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For convenience of reference we write out a few powers of a. 
x = 1 = P,(a) 


x= P,(x) 
w= 5 Pale) +3 Pol) 
2 a) 
a3 3(£) += 5 Pi) 
Tes 35 = Pua) ee 7 P22) aa : P,(a) 


(5) 
=e Ps(@) + : P3(x) + : Fi) 


16 2A 10 
Ao 231 P(e) -- i P(x) + 4 P,(x) + u 7 Po(@) 


16 
ag! 499 P, (2) 458 39 P;(x) ane 33 a 3(2) ins 3 Fi) 


128 48 40 1 
# ag Pa) + ie Pele) + Tag Pa@) + 55 Pale) +5 Pole) ; 


If a given function of x can be expressed as a terminating power series it can 
be developed into a Zonal Harmonic Series by the aid of (4). Given that 
K(@) = a + a0 + agx? + agz?+---, 
let S(@) = Bo + BP, (x) + BP,(x) + ByPs(a) ++ +>; 
then picking out carefully the coefficient of P aa we have 


eee 13'S eae io 
4 MAM m+ 2) (MAM |. (6) 


B 


2.4.(2m + 3)(2m + 5) 
96. The development of 2.@ is useful and is easily obtained. 
Let Pl) — APy(x) + 450) ot AP,(z) oe 
| 2 1 
Then An=— + P,(2) ue) dee (1) 


-—1 


by Art. 90 (2); 
Sf Pale) F2® de = [Py PT —fPae) 22 ae, @) 
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(PPL = 0 if m+n is even 

=2 if m-+7 is odd. 
Since P,,(x) is an algebraic polynomial of the nth degree in a, oP) is an 
algebraic polynomial of the — 1st degree in #. Therefore in (1) m is less 


than n; consequently PD is an algebraic polynomial in « of lower degree 
ae 


than n and 1 
f P,,(@) se) da = 0 by Art. 95 (3) 
=i 
We get then A,=2m+1 if m+n is odd and m<n, 
=0 if m+n isevenor m>n—1; and 
oP) == (20 —1)P, 5 @) + 21 — 5), 2, @) - Cn — 9) Poe) Joo) 
the second member ending with the term 3P,(a) if n is even and with the 


term P,(x) if m is odd. 
From (8) a number of simple formulas are readily obtained. For example 


da 
Palade = os [Pa —21@) — Pee) (5) 
(2n + 1)a ee) — se eepeeah) aoe) 6) 


[v. (4) and Article 77 (12)]. 
al) oe) = naP,(x) — nP,,_,(a) (7) 
[v. (5) and Article 91 G ys 


97. By the aid of the formulas of Art. 96 a number of valuable develop. 
ments can be obtained. 


Let us get cos n@ and sin 6 n being any positive real. 
z= cos n@ and z=sin7@ are solutions of the equation 


d? 
on + n?z=0 
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or if we let a= cos 6, of the equation 


ot) a Eh temo, ql) 
Let AgPo(x) + a4Py(@) + a2 P2(x) +++ 


be the required development of cos 76 or of sin 6. 
Then x [a-2 2) @ = oe) — 2 Zn) oe Rae, nz) |= =0 by (1). 


z= P,,(x) is a solution of Legendre’s Equation (v. Art. 77). Hence 
CEs) DE? (0) adP,,(£) 
(aw) ee = pen = ee —m(m +1)P,,(2) , 


and (1) becomes g 


Sin 2 Fal) + [nt m(m-+ 1), @ |=. (2) 


m=0 
Formulas (4) and (6) of Art. 96 enable us to throw (2) into the form 


m=oa2 


3 m—m? dP, \(%) 0? x (m +1)? dP,—1(@) 7 _ 0. (3) 
™1 Im +1 dx 2m+1 dx 


; aP. 
(3) must be identically true. Therefore the coefficient of Pan) must 


equal zero, and we have 


__ 2m +5 n* — m? (4) 
~ 2a +1 n 7 —(m-+3)3°™ 


If we are developing cos 0 


Crs 


wv 


ao =; cos n@ sin 6.d0 by Art. 90 (4), 
0 


= iftsin (n+ 1)6 — sin (n —1)0)d6, 


1 1-+ cos nr, 
ES ae @) 
and Ce » feos nO cos 6 sin 6.40 by Art. 90 (4), 
0 
3 1— cos n7r : 
coealae? ee aa ©) 
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(4), (5), and (6) give us 


1-+ cos nr 


cos 26 = — We ay [ Pa(cos 6) + 5 3 33 Po(cos 6) 


n?(n? — 2 


( ”) 
(= 3 (nt — a ei( COs 0) tae | 
1 — cos nr 


ot Wat — 2 [ sPr(eos 0) + tes a P4(c0s 6) 


+9 


++i a o P,(cos 6) +++ |. 


If n is a whole number 1+ cosnar or 1—cosn7 will vanish and the series 

will end with the term involving P,,(cos @). For this case (7) may be rewritten 
1 2.4.6. ° 

Bos nO = 3° ae ee [ en -+- 1) P,,(cos 0) 


a CLO nes P,,2(cos 6) 


vor n +1)? —(n—1 
Cte) rere ane re  e 
If we are developing sin 76 


v 


1 1 
cer sin 76 sin 6.d9=— 5. SRT, 
n= D sin 26 cos 6 sin 6.d6 =5. i and 
‘ pee LV sins n 
sin 26 = — rT | Pa(eos 6) + Ear P,(cos 6) 
n Xn —2 m . 
+9 n= ¥ (Ge ve P,(cos 6) + +++ 
1 sin sin nr 
+ 3° Pa OE nn | 8P.(cos 6) + i P;(cos 6) 


GS ve a a 
+11 (a — 2) (ni — 6) P;(cos 6) + | ; (9) 
If mis a whole number sin x7 =0, and all the terms of (9) vanish except 


those involving P,_,(cos 6), P,, ee 6), P,,.(cos 0) &e., which become inde- 
terminate. For this case it is necessary to compute a,_, independently. 
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We have 
a Hae = frsin nb P,,_,(cos 6) sin 6.d6 
= elie = { [eos (n — 1)@—cos (n+ 1)6]P,,_,(cos 0)d0. 
_2n — 1 1.3.5.+++(2n — 38 : 
and 
ose 
sin 26 = re erm 8 | en— 1)P,, (cos 6) 
+ (2n-+ 2) a oe aa n+1(COS 6) 
Lies —(n—1)?][n ea at 
+ (2n- 7h [n®— (nF 2)" In? (nb 4) P,, 4. (G08 6) —|-°* |. (10) 
EXAMPLES, 
1. Show that 


escd= 7 [4 +5 (5) Pa(cos 6) +9 ($5) Pacos 0) +13 (em i °)’ P.(cos 6) +: | 


whence 


7 [tts Or. t9 E)2.@ +1923) ro +] 


[v. Art. 90 (4) and Art. 821. 
2. Show that 


ctn 6=— z [3 (5) Paveos 0) +-7 ()(5 i) P;(cos 8) +11 alee “) £;(c0s 6) --« | 


whence 


aI Oro+OOro+n OE) r0+-] 


[v. Art. 90 (4) and Art. 82]. 
3. By integrating the result of Ex. 1 and simplifying by the aid of Art. 96 
(5), obtain the development 


sn 2 = 5 Z1 3 (5) Pie) +7 (Fz) Px) 


+11 (a 7 ss) P;(2) 15 (>) re + | 
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h ™ | P,(cos 6) — 3 5) B )—1 (54) P 6) 
whence g=F (cos 6) — E 1(COS 6) oA 3(COS 


—11 (<5) P,(cos 6) — | 5 


4. By integrating the result of Ex. 2 and simplifying by the aid of Art. 96 


(5) obtain . 
vi=#=5 [3-5 DG) 2-9 (a) BO 
ae (3) Gee: 4, sa) Oa a] 
whence 


sind== aE P,(cos 6) — 5 GG ) P,(cos 8) —9 (ler =). P,(cos 6) — | : 


To make clearer the analogy of development in Zonal Harmonie Series with 
development in Fourier’s Series we give on page 185 a cut representing the 
first seven Surface Zonal Harmonics P,(cos 8), P.(cos @),++-P;(cos @), which 
are of course somewhat complicated Trigonometric curves resembling roughly 
cos 6, cos 26,-+-cos 70; and on page 186, the first four successive approxi- 
mations to the Zonal Harmonic Series 


aS Tea ities 
9 1 7 Fi(cos 6) iy 5 Ps(cos 0) 5° a4 P5(cos 0) era {7] 
[v. (1) Art. 93], and 
2 2 
= | Pa(cos 0) —3 () P,(cos 6) —7 (=) P;(cos 6) 


1.3.\2 
= it (<5) P,(cos 6) — | [rr] 
(v. Ex. 3 Art. 97). 


[1] is equal to 1 from @=0 to O=5 and to 0 from == to 6= 7; and 


[11] is equal to 6 from 6=0 to O==7. 
The figures on page 186 are constructed on precisely the same principle as 
those on pages 63 and 64, with which they should be carefully compared. 


98. By applying Gauss’s Theorem (B. O. Peirce, Newt. Pot. Fune. § 31) or 
the special Form of Green’s Theorem, 


SS SV Vdadyde =D, Vis =— 4 ff [ paxdy de, 


/\ 


\/ 


Wa 


ZONAL 


v. page 184. 
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[Peirce, N. P. F. § 49 (149)] to a box cut from an infinitely thin shell of 
attracting matter by a tube of force whose end is an element of the surface of 
the shell we readily obtain the important result 


4arpK = D, V,— D,, V2. (1) 


where p is the density and « the thickness of the shell, VY, the value of the 
potential function due to the shell at an internal point and V, its value at an 
external point, and where D, is the partial derivative along the external normal 
to the outer surface of the shell. 

If we have to deal with a surface distribution of matter we have only to 
replace pk in (1) by o where @ is the surface density, whence 


(v. Peirce, N. P. F. §§ 45, 46, and 47). 

Formulas (1) and (2) enable us to solve problems in attraction when we 
know the density of the attracting mass, and problems in Statical Electricity 
when we know the distribution of the charge,by methods analogous to that of 
Art. 94. 

For example let us find the value of the potential function due to a thin 
material spherical shell of density p and radius a. 

Since V must be a solution of Laplace’s Equation and must be finite both 
when r=0 and r=o we have 


V, =>) A,0"P (008 6) 


‘ 
V, => Bn rai P,,(cos 6). 


V, and V, must approach the same limiting values as r approaches a. Hence 


B,, ioe 
amtl m 
aS 2m+1 
or B= A,a a 


DAV ae => mr-14,,P,,(cos 6), 


a 


A q*mtil 
D,V,=D,.V,z=— > (+1) sar P,,(008 8). 
Therefore by (1) 
4mrpk =>) (2m + 1)4,,0"-1P,, (cos 6) 


if K is the thickness of the shell. 
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Let = f(cos 6) = 2c mE m(CO8 8) 
ie eee = : ( “#() Py (dee by Art. 90 (2). 
= 
Then dark C, = (2m +1)A,,a"—* , » and 
Oeoaea ae and B,, =a Om Cts. 
and V,=4ak > = i P,,(€08 6) ; (3) 
and y= AmraK Sx 7 _ i a Pn(cos 8). (4) 


99. We can now get the value of the potential function due to a spherical 
shell of finite thickness, provided that its density can be expressed as a sum of 
terms of the form C?*P,,,(cos @). 

Let a be the radius of the outer surface and 6 be the radius of the inner 
surface of the shell. 

1st. — Let p= Cr*P,,(cos 6). Then for the shell of radius s and thickness ds 


Os ke 
V, =4rsds Om Pera 7 — P,(Cos 6) by (3) Art. 98 
Css 
and V, = 41sds -—— Im fi P,,(Cos 8) by (4) Art. 98. 


Then if r<id 


_ fy — Ar (atm t8— emt) 
ol Aeron, mtd 1” Pm(eos 8), (1) 


ft r>a 
A Am (aktm+9— ptm+s) P cos 6) 
YY = ( 
Svs (2m +1) (A+ m+ 3) pps (@) 
andif b<r<a 
A4rC pk +m+3 __ Bk+m+3 
V={ J, 
f Hf t= 2m +1 L(k+ m+ 3)r"43 
qk—m+2 __ ~k—m+2 
te ee | C08) 3 
(k—m +2) m » 2 (3) 


2d.—If p => Crm” P,,(cos 8) the solutions will consist of sums of terms of 
the forms given in (1), (2), and (3). 
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EXAMPLES. 
1. If the shell is homogeneous 
V= pie eA ER Vp ee 
M 


ae 3 TP (a = wt = Lint a, 
20e 
Pee bee BE ERK fhe 


2. If the density is any given function of the distance from the centre 


y= if r>a, and V=aconstantif r<o. 


3. If the density at any point of a solid sphere is proportional to the square 
of the distance from a diametral plane 


ya=|* ete ; P,(vos 6) | ise a. 


4, If the density at any point of a solid sphere is proportional to its distance 
from a diametral plane 


as 1 a ile 
a | a +e © P,(cos 8) — a 5 5 Pa(oos 0) + eo) 4 Py(cos 8) — | 


if r>a. Compare Ex. 2 Art. 80. 


100. We have seen in Art. 18 (c) (3) that 


da 
Cale) = OFS TROP @ 
; : dx 
no aa term being understood with f ==) Pot 
G— 22, oF is a rational fraction and becomes infinite only for «=1, 
g==—1, and for the roots of P,,(x)=0, all of which are real and lie 
between — is and 1, as can be proved by the aid of the relation 
qm — |)” 
Pp ee ate 
fgle 


Tf «>1 fi fs is finite and determinate and contains no 


constant term. Hence if 2?>1 


pr dx - ei 2 
Qn(2) =— Pu) TPT = Pal) S Ge = DIP Tt ( ) 


for the constant factor of Q,,(w) has been chosen so that C=—1. 
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If #2<1 the second member of (2) is not finite and determinate, and we 
are thrown back to the form (1), and C proves to be unity. 
(1) gives us readily 


Qo(@) = L 3 los ie am! (3) 
is 1 
Qu(e) =—1 +S log * (4) 
Wie er ee he 
(2) gives us Qo(x) = 5 log : a 7 (5) 
Jame : 
Q(z) =—1 +2 og (6) 
Lie. ae 


From Art. 85 (10) it follows that 


dm * da : 
Q(X) — Cam [ @ = "(Goan | oe gee< al > 


agate (eee ee 
=02 | @ 1) Aes if a >t. 


: (yn : 
C can be determined and is equal to if a?<1, and is equal 


ae 2m)! 
to ae 

(2m)! 

ae 1)m+lgm { qin 
Hence Qn(2) = oa os in| 2 akin (a? — aad C 
he eal 
mm! qm 

atl a Sa Bae [ nate as | (8) 
be ae Ik 


(7) and (8) give us for @ (x) and @,(a) the values already written in (3), 
(4), (5), and (6). 
By the repeated application of the formula 


(m +1) On 41(@) — (2m + 1)2@,,(x) ++ m Qm—1(#) =0, (9) 


which may be obtained for the case where #?<(1 from Art. 16 (13) and (14), 
and for the case where 2? >1 from Art. 16 (9), any Surface Zonal Harmonie 
of the Second Kind can be obtained from @(#) and Q,(x) as given in (3), (4) 
(5), and (6). 
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Analogous formulas for p,,(#) and q,,(x) can be obtained without difficulty 
from Art. 16 (4) and (5). They are 


(+ 1)24m4 (2) — (2m + 1) ary (2) — m2 qq r(0) = 0 (10) 
and Pin +.1(%) + (2m + 1) LYm(X) = yh) — 0 (11) 
and they hold good for any value of m. 


EXAMPLES. 


1. Confirm the values of Q(x) and @(«) given in Art. 100 (3), (4), (5), and 
(6) by expanding them and comparing them with Art. 16 (13), (14), and (9). 

2. If the value of V on the surface of a cone of revolution can be expressed 
in terms of whole powers positive or negative of 7, V can be found for any 
point in space, cf. Art. 81. 


If V=>(4n0™ + 52) when 6=a then 


V=S,(4ar + ats) Beara) 


n(COS a) 


3, If T=) (40-5) Bice Ashe, cee Pan ois (yd. 


m1. Pm \F Om(608 B)-Pm(C08 8) — Pm(cos 8) Qm(Cos 8) 
V=), (400 ae al ee @) Qn (COS B) — Pn (COS B) Ym (COs a) | ” 


4. Find V for points corresponding to values of @ between a and 8 when 
V can be given in terms of whole powers of r for 6 =a and for 6= 8. 

5. Find by the method of Art. 16 solutions of Legendre’s Equation of the 
form 


Zz m(m in m —1)m(m m+ 2 eee 
2= Pale) 1+ BED Go — 1) 4 CaO 1) 


“1 (m — 2)(m Sey eels 3) (w@—1)P+-, 


m(m m —1)m(m m ' 
p= Poa) =1 PED (e 1) ¢ Oo ety 


i m — 2) a m + 2)(m + 3) (w@+1)8+-, 


If m is a whole number, ,P,,(*)=P,,(~) and _,P,(«)=(—1)"P,,(“). No 
matter what the value of m, ,P,,(x) is absolutely convergent for —1<a<3, 
and _,P,,(x) is absolutely convergent for — 3 ee ah 
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6. By the aid of (7) Art. 16 show that 
v= a sin (n log 7)k,,(cos 8) , v= a sin (n log 7)Z, (cos 8) , 
‘ Vr 
1 1 
V= te cos ( log 7)k, (cos 6) , i ie cos (n log r)l,(cos 6) , 
ie ” 


are solutions of Laplace’s sea 


rD(rV) +, Do(sin 6 DoV) =0, if 


fey (22) = p_44u(@) = 1+ —z, — aa eh altse)allngate a a 
OTOH, 

Aenean G) Le +@) II a @) | ea (3) J ms 

OL O10 


k, (x) and U,(x) are convergent if x?<1, but are divergent if 2?= 
¢. Show by the aid of Example 5 that 


gies, 


iL al 
Vs ‘© sin (n log r) K,(cos @), v= iF sin (n log r).K,(— cos @), 


ai 1 
Y= s cos (n log r) K,,(cos 6), Vi ce cos (n log ) K,(— cos 6), 


are solutions of rD(rV) ab Sy. *, Da(sin 6 DV) = 


if KE, (@) = .P_44,(2)=1— = 


eG N2 («@—1)? 


*o (@— 1+ 


(@—1) 
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and 


K,(— 2) = _,P_ ee Os, +4) 


OTe 07 


20) Care 


Lt @ I+ Te+ 7 


ae 12 (x + 13 + 


K,,(cos 6) is convergent except for 6=7, and K,(—cos 6) is convergent 
except for 6=0. 

k,(a), l,(x), K,(x), and K,(—«x) are sometimes called Conal Harmonics. 
They are particular values of z which satisfy Legendre’s Equation written in 
the form 


dz dz 
Be 2\ Nene) ee ae 
@ ) a 2a (w + i)e= 


For an elaborate treatment of them see E. W. Hobson on “A Class of Spherical 
Harmonics of Complex Degree.” Trans. Camb. Phil. Soc., Vol. XIV. 
8. If V=f(r) when 6=8, 


A Cd oy Kalcos 6 ke 
v= sal Mies age = cos[a(A—logr)]da; if 0<8£. 


9. If V=f(r) when 6=B and r<a, and V=0 when r=a, 
RO Ge 
meee Me (COs @) ( ) re 
=e 2 [ar feb fae) ieee sin ad sin a log = dd -aaitO 8; 
—o 0 


10. If V=f(r) when 6=8 and a<r<b, and V=O0 when r=a 
and when r=, 


Sey ee Km(cos 8)... [-mm(log r — log a) 
rays SD ee ‘(cos B) © a log 6 — log a 


MT 


ee and 
log — log a 


where m= 


log y 


a 


An = agree Ve f N00) nag eae de; if 0<£. 
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11. If 6> 8 cos 6 must be replaced by (— cos @) in examples 8, 9, and 10. 
12. If V=/j(r) when 6=f, and V=0 when 0=y, 


reps yy Ha(COs 4)2,(COS ¥) = ka(C0s y)la(Cos 4) = 
i fase (e) q(cos B)/,(C08 y) — kq(608 )la(C08 B) B) cos [a(A — log 7) |da; 


LER Oe 


13. If V=f(r) when 06=6 and a<r<b, V=O0 when 6=y and 
a<r<b, and V=0 when r=a and when r=—d, 


m 


r=34 Kim'(COS 9)Em(COS y) = Kmi(COS y)bm'(COS 8) _. ein em log r — log a) : 


” Km(CO8 B)lm (oe: ¥) — Km:(CO8 y)ln'(COS B) ae logs —loga 


where Fee ae 
it log 6 — log a ane 


THX 


2 af: * . Mm 
eres ese oe yf eaf(ae*) sin Se — og a 3 
0 
if B<O0<y and a<r<b. 


14. If V=/f(r) when 6=6 and axr<b, and V=O when r= a 
and D,.V+AV=0 when r=d, 


a =Yi z aS mi n (a, ee *) where 


log y 
a 


2(a2 + hb?) 3 2 ; 
= RES Sip eae af aa (05 ) sa ede 
0 


and a,, is a root of the equation 


a Cos (a log *) + hb sin (a log - £) 0 v. Art. 68 Ex. 5, 


CHAPTER VI. 
SPHERICAL HARMONICS. 


101. When we are dealing with problems in finding the potential function 
due to forces which have not circular symmetry * about an axis and are using 
Spherical Coédrdinates, we have to solve Laplace’s aes in the form 


rDi(rV) + =~ Da(sin 0 DV) +=, DIV=0 (1) 


n? 5 $ 
[v. (x1r1) Art. 1]. 
To get a particular solution of (1) we shall assume as usual that V is a 
product of functions each of which involves but a single variable. 
Let V=£&.@.6; where & involves r only, © involves 6 only, and ® ¢ only. 
Substitute in (1) and we get 


a(sin 0 =) 

Prk 1 dé 1 dad 

2 es Ss cea oe eye cal RE WC Cae (2) 
i -dr @ sin 0 dé ® sin? Odd 


rsin?@d*(rR) | siné asi ew a 1d 


R dr? oO dé Odd? 
As the first member does not contain ¢ the second member cannot contain 
¢, and as it contains no other variable it must be constant; call it n% Equa- 
tion (2) is then equivalent to the two equations 


or 


ae an ee 3 
Rp (ey ( ) 
i{ sin | 
F zie 
GLO) pe, Se NEE oa Cell 4 
end R. dr @ sin 6 dO sin? 6 9 @) 


(3) has been solved before and gives us 


&= Acosnd+ B sin nd (5) 
[v. Art. 13(@)]. 
The first term of (4) does not involve 6 and the second and third terms do 


not involve 7. 
* See note, page 12. 
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eos) must, then, be a constant; we shall call it m(m +1) as in Art. 
i 


13(c). Then (4) breaks up into 


uae) =m(m +1)Rk (6) 
Fe 
1 d [ sin 0 = | n? 
: 4 — i (() 7 
and ay 76 + | mon +1) eC ; |e 0 (7) 


(6) was solved in Art. 13(¢) and gives 
Wires 57 Egplites STORY pee (8) 


If in (7) we replace cos 6 by « we get 


Verano © 


the equivalent of 
Ca Hae S| mom tt) pHs |e=0 (10) 
dx? dx re 
[v. (17) Art. 85], which was solved in Art. 85 for the case where m and n are 
positive integers and n<im-+1. v. (18) and (19) Art. 85. 
From (19) Art. 85 we get as a particular solution of (9) 


Oo (1), “Gas 6 re (41) 


if we restrict ourselves to whole positive values of m and n, as we shall do 


hereafter unless the contrary is explicitly stated, and suppose m not less 
than n. 


A second but less useful particular solution of (9) is 


n a" On liad 
@=(1—p’); a ie 


Combining our results we have as important particular solutions of (1) 


V=r"(A cos np + B sin nd) sin” 6 ae ? (12) 
il n 
and V= ar (A cos np + B sin nd) sin” 6 ae 5 (13) 


where m and n are positive integers and n<m-+1. 
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n n 
102, sin” poe peal pe 
of cos 6, and we shall represent it by P,?(u)* and shall call it an associated 
Junction of the nth order and mth degree. It is a value of © satisfying 
equation (9) Art 101. 
By differentiating the value of P,,(x) given in (9) Art. 74 we get the formula 


bey = (2m)! sin” 6 Eee _ (=n (n—n= Le a 


2™m!(m —n)! 2.(2m — 1) 


Gif) (nn — 1) 2) (m—n—3) ee ee 
a 2.4,.(2m — 1)(2m — 3) jo 


is a new functicn of p, that is 


the expression in the parenthesis ending with the term involving p° if m—~n is 
even and with the term involving p if m—vn is odd. 
For convenience of reference we give on the next page a table from which 
P.2(“) can be readily obtained for values of m and n from 1 to 8. 
cosnpP,*(m) and sin nd eh that is, 


, ‘ ih me 
cos np sin” 6 dF aH) and sin 2 sin” 6 BPH) 
an dp” 


are called Tesseral Harmonics of the mth degree and nth order, and are 
values of V which satisfy the cae 


m(m + 1)V + —= De(sin 6 DeV) + 55 DZV=0 (2) 
or its equivalent 
mm +1) + DLA — vw )D.V 1+ 73 DIV =0. (3) 


There are obviously 2m-+1 Tesseral Harmonics of the mth degree, namely 


9 IPn(H) EAD) 
Pr), cos sin ae , sin ¢ sin a 


z eae) 
cos 2 sin’ 6 2 ee sin 2¢ sin? 6 ; ae 


cos 3¢ sin? @ ae sin 3¢ sin? ee ae 


? 


cos mq sin” 6 Pale, sin md sin” 0 OP), 


m 
dys 


Tf each of these is sane by a constant and their sum taken, this sum 
is called a Surface Spherical Harmonic of the mth degree, and is a solution of 
equations (2) and (3). We shall represent it by Y,,(@, $) or by Y,,(9 ¢). 


* Most of the English writers represent this function by T7)(«). 
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Table for 
= at) 
im sik, (i) SS (i = 3h 
1 1 
2 By 3 
3 3 (5u2 — 1) 1lb5u 15 

5) Ms 
5 15 
2 eS = (Tp? — 105 
4 5 (TH — 3m) (tw — I) He 
15 105 _, 105 
5 me (214 — 14p2 + 1) = (8x? — w) =a Ore an) 
21 — 105 315 
6 ] (BBus — B08 + By) =z (B8ut — 182 + 1) —Z (llue — 8x) 
7 634 Ne 315 
7] 54, 429u° — 495u4 + 1354? — 5) (14308 — 110.3 + 15) “ge (148ut — 664? + 3) 
915 
8 - (7157 — 10015 + 385p3 — 35z) a (143. — 143u4 + 3342 — 1) ae (3945 — 26u2 + 3u) 


rm YV(M, p) and a Vin(Hy >) are called Solid Spherical Harmonies of the 


mth degree, and are solutions of Laplace’s Equation (1) Art. 101, 
To formulate : — 
Yin(Hs ) =>| + Cos np sin” 6 ee + B, sin n¢ sin” 6 ee | (4) 


or Yin(Hy $) = AP n(H) Ee cos np Pi(m) + B, sin nd Pr(w) | (5) 
n= 
is a Surface Spherical Harmonic of the mth degree. 
A Tesseral Harmonic is a special case of a Surface Spherical Harmonic, and 
a Zonal Harmonic a special case of a Tesseral Harmonic; P,,(«) being the 
Tesseral Harmonic of the zeroth order and the mth degree; it might be 
written P2(H). 


EXAMPLES. 
1. Show that 


d®z dz n? 
reduces to 


(1a) 420 1)0% + [mem +1) — n(n $y =o 


if we substitute (1 —*)>y for z, even when m and n are unrestricted, 
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csc” 6 P*(u) = orate : 


n— 4, 


045 
2 


(1142 — 1) 


M165. tna a0 Oia a > > i aaa Pea 
: = (1348 — 3u) me (1842 — 1) 135135 135135 


10: : 351: Dyan aan 
a (65y4 — 26? + 1) rae (543 — p) me (15u2— 1) | 20270254 | 2027025 


2. Show that if in the second equation of Ex. 1 we let y= a,x" we get 


__ (m—n—k)(m+n+1+h) 
coe (e+ 1) (k-F2) - 


whence z=py(a) and z=q(x) are solutions of the first equation of Ex. 1, 
no matter what the values of m and n, if 


pie) = (1-09 [1 -GE VOTED op 
ie m — n)(m — n — 2) weet) m + n+ 3) ata. | 


(v. Art. 16) 


and 


q(x) = (1 — x)3 [.— eee eee 2“ 
+ Gan DM mF at Dents Sl} 


If m—n is a positive integer, p(w) or gf(x) will terminate with the term 
involving «”—”, and in that case 


Bee) age ea) salt ree) (i 8) Oe cana ‘, 


2.4.(2m — 1)(2m — 3) 
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the parenthesis ending with a term involving «° if m—~n is even and x if 
m—vn is odd, is a solution of the first ce of Ex.1. If m and n are 


: _ 2™m'!(m — n) 
integers this value of z 1s a (2m)! : Pr * 


103. We have seen in the last chapter that in many problems it is import- 
ant to be able to express a given function of cos 6, that is of mw, in terms of 
Zonal Harmonics of w. So it is often desirable to express a given function of 
je and ¢ in terms of Tesseral Harmonics of » and ¢. 

If, for example, we are trying to find the Potential Function due to certain 
forces and have the value of the function given for some given value of 7, 
that is, on the surface of some given sphere whose centre is at the origin of 
coordinates, of course the given value will be a function of @ and ¢ and if we 
can express it in terms of Spherical Harmonics of 6 and ¢ we have only to 
multiply each term by the proper power of r to get the required solution of 
the problem. For we shall then have a value of V satisfying Laplace’s 
Equation and reducing to the given function of @ and ¢ on the surface of the 
given sphere. 


104. Suppose that we have a function of w and ¢ given for all points on 
the unit sphere, that is, for all values of « from —1 to 1 and for all values of 
¢ from 0 to 27, w and ¢ being independent variables, and that we wish to 
express it in terms of Surface Spherical Harmonics. 

Assume that 


m= ow rn=m 


S (Hy b) De E ne Ee) +34. m COS NPP2(m) + B,,, Sin noPxu)) | = (1) 


Let us consider first a finite case, and attempt to determine the coefficients 
so that 


m=p 


Fb 8) =| AaePal) #2(40 cos nbPa(H) + Bum sin ngP3(H)) | 2) 


m=0 


shall hold good at as many points of the sphere as possible. The expression 
in brackets in the second member of (2) is a Surface Spherical Harmonic of 
the mth degree and contains 2m -+ 1 constant coefficients. The whole number 
of coefficients to be determined is then the sum of an Arithmetical Progression 
of p+ 1 terms the first term of which is 1 and the last is 2n-+1, and is 
therefore equal to (p+ 1)* 

Let the interval from » = — 1 to w=1 be divided into p+ 2 parts each of 
which is Ap so that (p+ 2)Au = 2, and let the interval from ¢=0 to d6=27 
be divided into p+ 2 parts each of which is Ad so that (p + 2)A¢ = 2r. 
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Then if we substitute in equation (2) in turn the values (eA Aa) 
(— 1 + 2am, 44), ++» [—1 + (p + 1am, Ag]; (1 + Ap, 249), 
(— 1+ 2Ap, 204),-+-[—1+ (p + 1)Ap, 29]; --- (—1 + Ap, (p + 1)A¢], 
[—1 + 2Ap, (p + 1)A¢),:-- [—-1+ (p + 1)dg, (p + 1)A¢]; since the first 
member in each case will be known we shall have (p + 1)? equations of the 
first degree containing no unknown except the (p + 1)? coefficients, and from 
them the coefficients can be determined. When they are substituted in equa- 
tion (2) it will hold good at the (p +1)? points of the unit sphere where ae 
circles of latitude whose planes are equidistant intersect p-+1 meridians 
which divide the equator into equal arcs. If now p is indefinitely increased 
the limiting values of the coefficients will be the coefficients in equation (Ly 
and (1) will hold good all over the surface of the unit sphere. 

To determine any particular constant we multiply each of our (p +1)? 
equations by Aw A¢ times the coefficient of the constant in question in that 
equation and add the equations and then investigate the limiting form 
approached by the resulting equation as p is indefinitely increased. 

As p is indefinitely increased the summation in question will approach an 
integration; and since dud?=— sin 6.d6d¢ is the element of surface of the 
unit sphere, and as the limits — 1 and 1 of w correspond to 7 and 0 of 6 the 
integration is a surface integration over the surface of the unit sphere. 

In determining any coefficient as A,,, in (1) the first member of the limiting 
form of our resulting equation will be 


20 1 
Set [Ae 9) 008 mb Pa(w)ap. 
0 —1 


In the second member we shall come across terms of the forms 


vis 1 or al 
fae fsin Ip cos np P,i(m)Pr(m)ae, fas feos ip cos np P.i(u) Pr(m)dm, 


Qn 1 Qn 1 
fu sin np cos np[P2(u) Pde, fae f cost nb [Pr(M) Pde, 
-—1 0 —1 


0 


and other terms all of which come under the form 


ii db f V,(; $) Yin(Hs P/U 


where Y,,(u,@) and Y,(u, p) are Surface Spherical Harmonics of different 


degrees. . 
If we are determining a coefficient B,,,, the only difference is that sin nd 


and cos n@ will be interchanged in the forms just specified, 
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105. The integral over the surface of the unit sphere of the product of two 
Surface Spherical Harmonies of different degrees is zero. 


Qr 1 
That is f dd f Y,(4, ) Yn(H, ¢)du = 0. (1) 


For as we have seen U=7'¥,(u,¢) and V=r™ Yn(M,) are solutions of 
Laplace’s Equation. Hence by Green’s Theorem 


[UDV— VD, T)ds=0 v. Art. 92. 


D,V = D,V = mr" Yn (by) » 
D,U = D,U=l'-V(4, $) 5 
UD, V — VD, U = (m —D1'+™-1Y,(, &) Yin(by &)s 
= (m — 1) ¥i(4; &) Ym(Hs $) 


on the surface of the unit sphere; and 
or 1 
(m = 1) { ¥i(u, $) Yalu, #)as = (m ~1) [48 f Yl $) Ynlty $du =. 
Hence unless 7= m re 


or a) 
f dd fi Vu, >) Yn (Me, ody =0. 
0 —1 


EXAMPLES. 
1. Obtain (1) Art. 105 directly from the equation 


n(n $1) Vins 8) + DgLCL = Du Yolo 6) + Gp DS Yn (Hs #) =O 
v. (3) Art. 102, and Art. 91. 


2. Show that the integral over the surface of the unit sphere of the product 
of two Tesseral Harmonics of the same degree but of different orders is zero. 


Suggestion: 
20 Q0r 27 
fain ko cos lb.db = { sin ko sin 1p.dd = { cos kd cos lp.db = 0. 
0 0 0 
106. f Pr(u)P2(uw)de=0 unless l=m 
-1 
2 m+n)! 


= Bm Fl (m—n)! if J/=m, 
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For 


S Pea PaQ)An= (0 — py PE PE gy 


=(1 — ay Seal. = i(H) | 


dp) 


Sis a payne Hi lau, 


d?—1 n 
by integration by parts. 
ee n by n—1 in equation (2) Art. 84 and remembering that 
ad" P(x) 
aa 


is a possible value of z”— we get 


1 18) ee — amp TAO + Em(m +1) n(n — ty] Ea) 29, 


or if we multiply by (1 — ae 


(1 — 2)" DOP nH) 2np(1 — 2)" a" Pn(P) 


dpe tt dp” 


+ (m+ n)(m—n +1) = par? Tn = 


or 
a [a — 2)” ult) | =— (m+n)(m—n+1)(1 — 22)" Whe — nll), 
dp dp” apr} 
Hence follows the reduction formula 


1 
a"P(u) oP ale 
— u2)n yc Ld 
—1 
—= ge 
= (mt dna) fa pra e on. See ay. 
Using this formula m times we get 


f PRM Pade = a =a Pr(edp 


(m — m) i) 
== () ed C7) 
LU La 
— In #1 (m—n)! BS) 


v. Art. 89 (4) and (5). 
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107. We are now able to Pe the solution of the problem in Art. 104 
and since foes no.dd = cn npdop=m and fo= 27 we get as the 
coefficients in (1) Art. 104 
Aggy = EF ii 16 (Key $) Pla, (1) 
6 1 


Qr 1 
2 1 (m—n)! 
Ag = oe if ze, J: S(H; $) cos nPr(u)dp, (2) 


Bn = ao EE =] f vf Tbr b) Si Ea Ba ©) 


whence 


m= CO =m 


F459) =| mPa) + Zan nb + Basin ng) Pau) | (A) 


m= 0 


and the development holds good for all values of mw and ¢ corresponding to 
points on the unit sphere, provided only that the given function satisfies the 
conditions that would have to be satisfied if it were to be developed into a 
Fourier’s Series. 

If we use #, and ¢, in place of w and ¢ in (1), (2), and (3), we can write (4) 
in the form 


f(b $) = =e 2m +1) | 5 fads {Pee bo) P(t) Prater) 


> ee fi ah (i (H1, $1) P2(“)P2(M1) cos m(b— di)dan |. (5) 


Formulas (1), (2), (3), and (4) are convenient for actual work; (5) is rather 
more compactly written. 


108. As an example let us express sin?@cos?@singécosq@ in terms of 
Surface Spherical Harmonics. 


Here Sb; bo) = ; (1 — p?) sin 2g. 


1 
2m +1 n 
A= os M721 — uw?) P,(u)du ( sin 2¢.d6=0, 
-1 0 


Crap. VL] 
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20 
Aun = “tt ta aEEO of w(1 — w)P oan sin 26 ws no.do=0, 


_2m+1 (m 


G4” Gn rT n)! ih wed — p) Pp 20 f sin 2¢ sin n.do, 


=0 unless »=2. 


20 


27 
2 fi sin 2¢ sin n6.dd = { sin? 2¢.d¢=7, and 
0 


0 


B 2m +1 eur x11 Foe a a 


sm eirne A (m+2)1, 


1 2m+1 (m—2) d™+2 (42—1)m 
= 9amm! 4 ne fs "1 — pp a du 


1 
— im — 4 == 
fed — wp Te)" Salat! antliaa, 1)" 
Z 


pent? dp m—4 


by repeated integration by parts, 


=0 if m>4, 


1 
= 720 f (uw? —1)*du = a if m=4, 
al 


1 9 2! 4096 1 
a Buna a 6! 7 108 
By a like process we find 
1 
B.,=0 and Bo.= 1" Hence 
: : L : ae, : 

sin? 6 cos? 6 sin ¢ cos ¢ = 0} P}(m) sin 26 + ioe P3?(m) sin 2, (1) 
1 2 Pee) + 2 BP4(M) y) 

=o sin 2¢ sin? 6 1? +s sin 2¢ sin? 6 ane © (2) 

p= 1 2 aD 3 Oh) 1 as (5) 38 

ay sin gsin 26-+— sin 6 (Tu? — 1) sin 24. (3) 


The required expression might have been obtained without using the 
formulas of Art. 107, by a very simple device, as follows: 


1 : ; 
sin? 6 cos? @ sin ¢ cos $6 = 3 bw? sin? 6 sin 2p. (4) 
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ae, 
If now we can express p? in the form ae the ~vork will be done. 


2 1 du’) 
eT 


ui = 5R = Pay) the 7 Po) oe + Po(u) ’ (5) Art. 95 


us) _ 8 PPUu) , APH), 


du? 85 du? 7 ap? 


22 @P(u) 14 *Px(u) | 


wince 105 du? ' 21 dy? 


and substituting this value in (4) we get (2). 


EXAMPLES. 
1. Show that 


cos® 9 3in® 6 sin ¢ cos? ¢ = | a P3(o) + an Few) | sin 34 


2 1 1 : 
ai E- Ps(H) — 779 Pal) — 63 P3(u) |sin op: 
2. Show that 
13.4! 


cos 2g =2 c08.26 | 2 Pau) +2! Pe) + SE Pr) + |. 


3. If in a problem on the Potential Function V=jf(u,¢) when r—=a, we 
shall obviously have 


n=m 


r=y [ ome) +E am 608 0b + Bam sin nd) Pa) | 


at an *nternal point and 


m=o 


Oo [an Pal) FE nm 008 18-+ By sin n6)PH) | 


n=1 


at an external point, where A,,,, 4,,,, and B,,, have the values given in (1), 
(2), and (3) Art. 107. 

4, Solve problems (3), (4), and (5) of Art. 94 for the case where V is not 
symmetricai with respect to an axis. 


109. Any Solid Spherical Harmonic r”Y,,(u,¢) being a value of V that 
satisfies Laplace’s Equation in Spherical Coérdinates will transform into a 
function of «, y, and z satisfying V*?V =0 if we change to a set of rectangular 
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axes having the same origin and the same axis of Xas the polar system. 
Moreover the new function will be a homogeneous rational integral Algebraic 
function of x, y, z, of the mth degree. 

For each term of 7” cos n#P*(m) is of the form 


Cr™ cos” —* ¢ sin® & sin” 6 cos™-2—* @ 
where 2k<n+1 and 2<m—n-+1. 
This may be written 
Cr* r—2—* cos™—4—* 9, 12% sin* —* 9 cos*—* ¢. 7 sin * 6 sin® d 
which becomes COC a ya 2) ie 20 4/8 2k aie 
and is a homogeneous rational integral Algebraic function of a, y, and 2 of the 
mth degree. The same thing may be shown of each term of 7” sin npPr(“). 


Consequently r”Y,,(u, @) is a homogeneous rational integral Algebraic func- 
tion of the mth degree in a, y, and z. 


110. Any homogeneous rational integral Algebraic function S,,(a, y, 2) of 
the mth degree in a, y, and z, which is a value of V satisfying V?V =0 con- 
tains 2m -+1 arbitrary constant coefficients. 

1 2 

For S,,(#, y, 2) will in general consist of is mt ) terms and will 


(m+1)(m +2) 


coefficients. 


therefore contain 

V?Sin(@, Y, #) will be homogeneous of the (m — 2)d degree and will contain 
mn — 1) coefficients, which, of course, will be functions of the coefficients in 
Sn(X,y, 2). Since V7S,,(ax, y, #)=90 independently of the numerical values 


m(m — 1) coefficients in V/?S,,(a, y,) must be separately 


m(m — 1) 


of x, y, and z the 


zero, and that fact will give us equations of condition between the 


Hae {mn ak original coefficients and will leave as aie me Ls) 


or 2m +1 of them undetermined. S,,(a, y, 2) contains, then, the same number 
of arbitrary coefficients as r” Y,,(M, ). oo 

We can then choose the coefficients in 7” Y,,(m, @) so that it will transform 
into any given S,,(a, y, ). . 

Consequently a Solid Spherical Harmonic of the mth degree might be 
defined as a homogeneous rational integral Algebraic function of x, y, and z, 
S,,(@, Y, #), of the mth degree satisfying the equation \/*S,,(a, y, #)=0; and a 
Surface Spherical Harmonic of the mth degree as such a function divided by 


(+ y+ 2)5, that is by 7. 
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EXAMPLES. 
1, Show that if S,,(x, y, 2) is.a Solid Spherical Harmonic of the mth degree 
VW Lr" Sn (8 Y) %) ] = n(2m + 0 + 1) 7S (a, Y; 2). 
Suggestion : 
T7857 — 02 aN 


Mn 


[bo 


DS = Or) (Der) Dr) as 


~ 


~ 


2. Show that if 7,(a, y, 2) is a rational integral homogeneous function of a, 


ade 


y, and z of the nth degree it can be expressed in the form 
Sn(® Ys 2) = S,(2, Y, 2) + Te n—2(Xy Ys Dao n—4(Ly Y; Dap oo 02 (1) 
terminating with 7"—1S,(a, y, 2) if m is odd, and with r”S,(a, y, z) if m is even. 


Suggestion: If a term rS,_, were present in the second member of (1), and 
we were to operate with V/? on both members we should by Ex. 1 have a term 


an S,_, which would be irrational when all the other terms of the resulting 
r 


equation were rational. No such term, then, could occur. In the same way 
it may be shown by operating twice on (1) with \/? that there can be no term 
rS,_, in (1); and thus step by step we can reach the result formulated in (1). 

3. Express xyz in the form S,-+ 77S, + 748). 

Suggestion: let xyz = S,+ 2S, + tS 
and take V’? of both members we get 

2yz = 14.8, +4 2072S). 

Operate again with V2. 0 tZ0isoe Whence 


al al 
Do OF Sa= 7 ye; and Se 7 (Ga? — yf? — aye. 
4. Express sin?@cos’@ sin ¢ cos ¢ in terms of Surface Spherical Harmonics. 


xyz 
y* 


Suggestion: sin? 6 cos? @ sin ¢ cos ¢ = 


For result v. Art. 108 (3). 


111. A transformation of coérdinates to a new set of axes having the same 
origin as the old set will change a given Surface Spherical Harmonic into 
another of the same degree. For such a transformation does not change the 
form of Laplace’s Equation V/?7V=0 if both sets of axes are rectangular, 
and it is effected by replacing z, y, and z in the Solid Harmonic correspond. 
ing to the given Surface Harmonie by « cos a, + y cos a, + 2 cos as, 
x cos 8B, +ycos B,+2cos B;, and «cos y+ Y Cos y2 + 2 cos Ys respectively, 
where the cosines are the direction cosines of the new axes, and it will leave 
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the function a homogeneous function of the mth degree in the new variables, 
and on dividing this by the mth power of the unchanged radius vector we shall 
have a Surface Spherical Harmonic of the mth degree. 


112. We have seen in Art. 75 that if (%1, %, 21) are the codrdinates of a 
given point 
1 


= ————$—$_—_—_—=_=—===>>=>=>==_[_=[=_—_—_—_—_—=——= 1 
Ve= n+ Yn t+ ea) (1) 


is a solution of Laplace’s Equation V?7 =0, and transforming to spherical 
coordinates that 


7p cl 
V7? — 2rr,[cos 6 cos 6, + sin 6 sin 6, cos (6— di) | +7? 


is a solution of 


rD(rV) a ae p Po(sin CDV) - = D3 V=0. (3) 


If y is the angle between the radii vectores 7 and 7, of the points (a, y, 2) 
and (#1, ¥1, #1) (1) can be written 


V 1 


ee 4 
Vr? — 2rr, cos y +r? © 
which must be equivalent to (2), and hence 
cos y = cos 8 cos 0, + sin 6 sin 6, cos ( — i). 


(4) which is a solution of (3) is of the same form as (5) Art. 75 and by 
developing it as we developed (5) Art. 75 we find that 


V = P,,,(c08 y) 
is a solution of the esa 
m(m+1)V caer ng Pasin 6 DeV) fiers ree V=0 (5) 
and that V=r"P,,(cosy) and V= a P,(COS y) 


are solutions of (3). 
If we transform our codrdinates keeping the origin unchanged and taking as 
cur new polar axis the radius vector of (1, 1, 2,) y becomes our new 6 and 
P,,(cos y) reduces to P,,(cos 8), a Sur face Zonal Harmonie, or a Legendrian,* of 
the mth degree. It is then a Legendrian having for its axis not the original 
polar axis but the radius vector of (#1, Y1, 2). Since a Legendrian is a Sur. 
face Spherical Harmonic, 


P,,(cos y) = P,,[cos 8 cos 4 + sin 0 sin 6, cos (pb — $1)J 


is a Surface Spherical Harmonic of the mth degree. 
*y, Art. 74. 
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It is, however, of very special form, since being a determinate function of 
Ly , #1, and ¢, it contains but two arbitrary constants if we regard it asa 
function of » and ¢, instead of containing 2m + 1. 

It is known as a Laplace’s Coefficient, or briefly as a Laplacian, of the mth 
degree. 

We shall soon express it in the regulation form of a Surface Spherical 
Harmonic. 

The radius vector of (a, 71, #1) is called the axis of the Laplacian and the 
point where the axis cuts the surface of the unit sphere is the pole of the 
Laplacian. 

We shall represent the Laplacian P,,(cos y) by Lm(M@, 6, #1, 61). Of course 
Em(Hy $y 1, $1) = Pn(M) = Pp(cos 6), and is really independent of ¢. 


1138. If the product of a Surface Spherical Harmonic of the mth degree by a 
Laplacian of the same degree is integrated over the surface of the unit sphere, the 


: 4 ek 
result is equal to oa multiplied by the value of the Spherical Harmonic at 
the pole of the Laplacian. 
iThateas, 
2a 1 
4or 
feel Vin(Hs bs) Lim (M, p; P15 $id = 2n +1 Yin(Hay $1) . (1) 


Transform to the axis of the Laplacian as a new polar axis, and let Z,,(u, $) 
be the transformed Spherical Harmonic. L,,(4, $, Hi; $1) will become P,,(), 
and (1) will be proved if we can show that 


[18 [Anus b)Pm(m dp = rae Z,,(1, 0). (2) 
Zn (By b) Pm(M) = Aol P(e) }? +> cos np -F B, sin np) PR(M) Pn (HM) 
(v. (5) Art. 102). — 
SFonles 6) P,,(m)dp — 2m Aol Pin(u) }? and 


SUS Zale, PPn(wdd = 5 Ts do (vs (B) Arts 89). 
-1 0 


But Z,,(1, 9) = Ay, since P,(1)=1 and P7(1) contains (1 — 1)} as a factor 
and is equal to zero. : 
Hence (2) is proved. 
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114. We can now express a Laplacian in the regulation form as a Spherical 
Harmonie, by the formulas of Art. 107. 


Lins b; May $1) = P,,(cos y) = P,, [cos @ cos 6, + sin 6 sin 6, cos ($— 41)] 


k=o 


=2 L* aPy(u) +, 2 cos nd + B,, sin ng) Py (a) | 


eal oe 
where Page — te S bf Ele d, H1; $1) Pin(m) ab. 
0 -1 


2n+1 4 
= har 2n+1 P(t) = P(e) 


by (1) Art. 113 


Qn+1(m—n)! 7. 
Asn es a aa if a Jf Lin(Hy b; Hay $1) Cos nPP2(u) dpe 


2 
= eee nd,P2(pn) by (1) Art. 113, and 


3 


Qn+1(m—n)i m7 . 
Bam = at aoe fas {L(y $y May $1) Sin np Px(u dy 
0 -1 


2(m—n)! , 
- at sin np, P(u) by (1) Art. 113, 
and. 4),=4,,=6,,=0 by Art. 105 unless km. Hence 


Lin (Hy $, Pa, pi) = Pr(H)Pm(H1) os 2y = Bi 2 1 Pip) P. m( M1) cos n( — >) : (1) 


Each term of a Laplacian involves a numerical coefficient, a factor which is 
a function of 4, a second factor which is the same function of m,, and a third 
factor which is of the form cos k(¢ — ¢,). We give on the next page a table 
of the first few Laplacians,taken from Minchin’s Statics, omitting in each term 


for the sake of brevity the function of py. 
By the aid of (1) we can write (5) Art. 107 more compactly. It becomes 


m=O 


Sl (H, o) = = dem oe » fe va (i (Ma; di) Ln (My py Pry i)E My (2) 


Cap 


m=O 


or F(6, ¢) =7 i (2m +- » fis HO, & $1) P,, (cos y) sin 0,d0,. (3) 
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(to — ¢)p809 Jo ‘ya00 | (If — $)g 800 Jo *Ja00 
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V 
iii 
t J GT 


vt 


(t@ — )Z 909 JO *Ja00 


*SNVIOVIdVT 


(rig — ot) (er! — T) : 
(t—ar@)e(et — D 


a (cr — 1)" 


a (gt — 1) 


(Id — ¢)s00 Jo ‘Je0o 


(g + log — se) 2 


(ig — rig) © 


(I~ rig) 


a 


(I — ¢)Q 800 Jo *Ja09 
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EXAMPLE. 


Work the problems of Art. 108 and Art. 108 Exs. 1 and 2 by the aid of (3) 
Art. 114. 


115. Such problems as we have handled in Arts. 98 and 99, and also prob- 
lems differing from them in not having circular symmetry about an axis, can 
now be solved by direct integration. 

For instance let it be required to find the value at an external point of the 
potential function due to the attraction of a solid sphere whose density at any 
point is proportional to the product of any power of the radius vector by a 
Surface Spherical Harmonic. 


Let P= Crt VY in(My b1)« 
Then using our ordinary notation we have 


a QT 1 
v= far (dds Cri 1s M1 i) r7duy 
But by (3) Art. 77 
us 1 


ay 
= = | PP aS 2) 
Vr2—2rr,cosy+rze 7 I NES aw ACES) 


2 am 
+ P,(cos y) ++++-+ = P,(c0s y) + | 
if r> Ti. 


Consequently since 


Qa 1 
Stef Yn(My $1) Y, n( M1) $id, = 0, 


V reduces to the single term 


1 


a on 
v= r ae fret tt tdn dd, Vin(H1 $1) P,(C08 y)duy 
0 0 ai 


= oe if bias (= er Yin(Hs $) dr by Art. 113 
Ye / 
6 


Aor C0 qmt+k+3 Yin( My ) , 


eo 4 eo ee 
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EXAMPLES. 


1. Solve by direct integration the problems worked in Arts. 98 and 99 and 
Examples 1, 2, 3, and 4 of Art. 99. 

2. The density of a solid sphere is proportional to the product of the 
squares of the distances from two mutually perpendicular diametral planes; 
find the value of the potential function at an external point. 


Ans. p= kr} cos?6, sin?6, cos? 4, 


i if i 
= kt | Se Pola) + oq Pale) + Gy 008 2h PH) 


4 1 
— 35 Pa(tn) T Ip5 08 2dPi(u) | ; 


M val 1 
va=E[ +S (§ Paw + 7g 008 2672) 
a® 


—2 (5 Paw) — Fos 26P20) | 


3. Solve Example 2 by an extension of the method of Arts. 98 and 99. 

4. A conducting sphere of radius a connected with the ground by a wire is 
placed in the field of force due to an electrified point at which m units of 
electricity are concentrated. Find the value of the potential function due to 
the induced charge. 


Suggestion: Let V, be the potential function due to the point, and V, that 
due to the induced charge, and let 6 be the distance of the point from the 
centre of the sphere. Then 


m 


————— 
* V2 = br cos OF 7? 


7 , 
= : [ Paveos 6) + ; P, (cos 8) + 5 P2(cos 6) -+ | if r<b. 
="(P 6 +2 p ie if r>b 
eae ‘9(COS 4) Arte i(cos 6) + 2 2(Cos 6) ++ | Lee . 
V,= A)P,(cos 6) + A, - P,(cos 6) + As q P3(Coste i272 Sileas <a. 


2 3 
= Ay Po(cos 6) + Ai 5 Px(cos 0) + Ay = Px(oos O) pss ten a 


When r=a JV,+V,.=0. Hence 
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and 


V,=—7;[ Pa(cos 6) +7 Py(00s 6) +5 Pa(oos 6) +s | if <a 


man a? at : 
re P,(cos 8) + ie P,(cos 6) + pp P,(cos 6) +- | if r>a. 
Hence the effect of the induced charge is precisely the same at an external 
point as if the sphere were replaced by = units of negative electricity con- 
2 
centrated at the point r=, 6=0. v. Peirce, Newt. Pot. Func., § 66. 
116. If the two points P and P' are taken on the line OH whose direction 
cosines are A, uw, andy, and if w and w! are the values at P and P' of any con- 
limit roe 
Pp ann 0 = P =| is called the 
partial derivative of u along the line OH and will be represented by D,w. 
Let x, y, z be the codrdinates of P and «+ Az, y + Ay, z-+ Az the codrdinates 
of P'; then 


tinuous function of the space coérdinates, then 


u'—u=D,u.Ax + D,udy + D,u.dz + € 


where € is an infinitesimal of higher order than the first if Aw, Ay, and Az are 
infinitesimal (v. Dif. Cal. Art. 198). 


i ON Ax Ay Az € 
Hence PP" = Du. PP a Du. PP ae 1Dp. U. PP PP 
cal tay a ae Ee 
But pp ppm and ppm 
Therefore Du =AD,u + wD, u + vD,u. (1) 
If V?u=0, D?DiDzu is a solution of Laplace’s Equation. 
For V?(DP Di Dru) = DEDID (V7 ?u) = 9. 


Hence if V2u=0 D,u is a solution of Laplace’s Equation, and if OM, 
OH,, OH;,,:** are a set of lines through the origin D,D,,D,,°*'u is a solution 
of Laplace’s Equation. 


117. If H,is a rational integral homogeneous Algebraic function of a, y, 
and z of the Ath degree 


Jif H,, il 
D, (=f) = D, (=P) Der +5 DaHh) 


loli Hye el, Hy, 
lea aeey a 9 i git? gt +8 


H, 
and is of the form rey s 
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feb, TE 
The same thing can be proved of D, (=) and D, (=) and therefore holds 
H, 
good of D, (e 5 
If wis a homogeneous function of a, y, and 2 of the degree —m— 1 and 
V2u=0 then WG lu) = 0. 
V2" +1 u) = (2m + 1)(2m + 2) 7 
+ 2(2m-+ 1)" (@D,u + yD, u + 2D,u) + r'e* 1/74 
=0, 
since eD,u + yDyu-+ 2D,u=— (m+ 1)u 
by Euler’s Theorem (v. Dif. Cal, Art. 220). 
ee 
, Va? + y+ 


Jal 
and is of the form oR : 


118. is a solution of Laplace’s Equation (v. Art. 75) 


DD Diaee e (=) is then a solution of Laplace’s Equation by Art. 116; 


m 


pam+t 


it is of the form by Art. 117 and is a homogeneous function of the 


degree —m —1- 
Wherefore 78" 2D De (=) is a Solution of Laplace’s Equation, 


and is a rational integral homogeneous Algebraic function of a, y, and z of the 
mth degree, and is consequently a Solid Spherical Harmonie of the mth 


MNS : 
degree (v. Art. 110); and 7™*7°D, D,D,-**D,,, (—) is a Surface Spherical Har- 


monic of the mth degree. 
Moreover since the direction of each of the lines OH, OH2,::- OH,, depends 
upon two angles which may be taken at pleasure, these angles and M are 


2m -+ 1 arbitrary constants and may be so chosen that DS Da (=) 
may be any given Surface Spherical Harmonic. i 


Consequently any given Surface Spherical Harmonic may be regarded as 
; ay eae ; ‘ : 

formed by differentiating re successively along m determinate lines OH,, OH,::- 
OH,,, and is given except for the undetermined factor M when these lines are 
given. 

The lines OH,, OH, OH;,++-OH,, are called the axes of the Harmonie, and 
the points where they meet the surface of the unit sphere the poles of the 
Harmonic. The m axes of a Zonal Harmonic coincide with the axis of coérdi- 


nates (v. Art. 86) and consequently the m axes of a Laplacian coincide with 
what we have called the axis of the Laplacian (v. Art. 112). 
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119. Any Surface Zonal Harmonic P.,(@) is equal to zero for m real and 
distinct values of «4 which lie between —1 and 1; and any Associated Func- 


tion P”(m) is equal to zero for m—vn real and distinct values of b which lie 
between — 1 and 1. 


eS) — 1 GE Wiel) e Vv. Art. 83 a): 


Qmm! du” 


aa — ye : ; 
7 ae contains (u?— 1)"—* as a factor. v. Art. 89. 


From Rolle’s Theorem, “Tf f(x) is continuous and single-valued and is equal 
to zero for the real values a and 0 of a, we) is equal to zero for at least one 
real value of x between a and 0,” (v. Dif. Cal. Art. 126) it follows that since 
ne nent end then eet) ron at leant 
one value of w between — 1 and 1. “ee feast equal to zero for 


more than one value of w between —1 and 1, for it contains (u2—1)"—1 asa 
factor and is a rational Algebraic polynomial of the 2m — 1st degree. 


PY ary ex m 
In like manner we can show that Z “ap ee 0 has m— 2 roots equal to 
—1, m—2 roots equal to 1 and two real roots between —1 and 1 which 
hs ™m 
separate the three distinct roots of ae 7 » =0; and in general if k<m-+1 
at ile ad ys he? 
that aw" =0 has m—k roots equal to —1, m—k roots equal tol, 
bh 


ane Gime act) 
and & real roots separating the k-++1 distinct roots of SS ) ==), 
Jm Of ae m 
Hence P,,(“) =0 or meee el asl) =0 has m real and distinct roots 


27m! du” 
between — 1 and 1, and it has no more since it is of the mth degree. 


grrr Yt aie if ™m ‘ : 
The same reasoning shows that eee =0 has m—n distinct real 


Of eare 


roots between — 1 and 1, and therefore that P7(u) is equal to zero for m—n 
distinct real values of w between —1 andi. Since Py(u) contains sin” @ as a 
factor it is also equal to zero when » =— 1 and when p=1. 

cos np is equal to zero for 2n equidistant values of ¢, and sin nd is equal to 
zero for 2n values of ¢. Hence any TZesseral Harmonic sin nd Pim) or 
cos np P*(w) is equal to zero for 2n equidistant values of ¢, for w~=1, for 
p=—1, and for m—n real and different values of « between — 1 and 1. 

It follows that the value of any Surface Zonal Harmonic P,,(“) at a point 
on the surface of the unit sphere will have the same sign so long as the point 
remains on one of the zones into which the surface of the sphere is divided by 
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the m circles of latitude corresponding to the m roots of P,,(v) = 9, and will 
change sign whenever the point passes from one of these zones into an adjoin- 
ing one; and that the value of any Tesseral Harmonic sin n¢P2(u) at a point 
on the surface of the unit sphere will have the same sign so long as the point 
remains on any one of the tesserae into which the surface of the sphere is 
divided by the m—n circles of latitude corresponding to the roots of Pi(“) =0 
and the 2n meridians corresponding to the roots of sin n¢ = 0, and will change 
sign whenever the point passes from one of these tesserae into an adjoining 


one. 


leeds Yao es. 
CYLINDRICAL HARMONICS (BESSEL’S FUNCTIONS). 


120. In Arts. 11 and 17 we obtained 


z= AJ,(x) + BK, (2x) (1) 
as the general solution of Mourier’s Equation 
as , 1 dz 
Te” ea toed (2) 
oe oF 
where I(x) =1— poh p= ae (3) 


and is called a Cylindrical Harmonic or Bessel’s Function of the zeroth order; 
and where 


= ww (iid w® fil ly... 
geek) alee) 08 0 os pilshs) stole bot a) (4) 


and is called a Cylindrical Harmonic or Bessel’s Function of the Second Kind, 
and of the zeroth order. 


In Art. 17 we found that 2=d,(«) 
is a particular solution of Bessel’s Equation 
1 dz “) 
allie peta see 5 
z ee @ a) * NP @) 


where if nm is unrestricted in value 
PEPER | pee eee e 
2°0(n -+- 1) 23(n +1) © 262) + 1)(n + 2) 
go 

—FGEDarDerS + 
and is called a Cylindrical Harmonic or Bessel’s Function of the nth order ; 
and that unless n is an integer 

z= AJ, (x) + BJ_,(2) 


is the general solution of Bessel’s Equation. 


J,,(«) = 


a (6) 


* The student should re-read carefully Arts. 11, 17, and 18(d) before beginning this 
chapter. 
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If » is an integer it can be shown that 
Tye) = (—1)"T2)s 
(v. Forsyth’s Diff. Eq. Art. 102), and then 
z= AJ,(t) + BEK,(2)} 


is the general solution of Bessel’s Equation and 


{K,(2)} =T,(2) log 2 — 5 (5 y yoo () 


3) 3 Seal? +5 +5 oe +3 


ah oo dk i ae 
$14+5+5t-+—4 |(5) (7) 
v. M. Bécher, Ann. Math. Vol. VI, No. 4. 


121. <A useful expression for J,(x) as a definite integral can be obtained 
without difficulty from Bessel’s Equation [(5) Art. 120] by a shght modifica- 
tion of the method given by Forsyth (Diff. Eq. Art. 136). 

It was shown in Art. 17 that z=a"v is a solution of Bessel’s Equation if 
v satisfies the equation 


dv , Qn+1 z 
dae? ee. ae eM (1) 
b 
Assume v= | T cos (at)dt (2) 


where # and ¢ are independent, 7 is an unknown function of ¢, and a and & 
are at present undetermined. 


Then a= =— sin (at)dt 
b 
d* 
and = =— | ?T cos (at)dt. 


a 


Substituting in (1) after multiplying through by x, we have 


f (1 — #)Tx cos (xt)dt — f (2n + 1)t7' sin (at)dt =0. (8) 
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By integration by parts we find that 


b 6 
[A-#) Pe cos (wi)dt = [a —#)Tsin et) | 
: dT 
-f[a Se) Aa 2 | sin (at)dt, 
and (3) reduces to 


b b 

[a Tein (et) | —f [a — A) + en ier | sin (wf)dt=0. (4) 
If we determine 7’ so that 

Cie) “+ (2n —1)¢T=0, (5) 


b 
and @ and 6 so that [a ~#)Tsin (ot) | =0 (6) 


(4) will be satisfied and our problem will be solved. (5) gives 
T=CA—"-4, (7) 


and (6) will obviously be satisfied if ~=—1 andd=1. 


1 
ee PANG 
Hence v= of Sees is a solution of (1), 
—t 
—1 


opti ae Cae fe = t)" cos ae (8) 


Vi—# 


is a solution of Bessel’s Equation. 
If we let ¢=cos ¢ in (8) we get 


oC a” ('sin™ ¢ cos (a cos d)dd. 
0 
Expand cos («cos ¢) into a series involving powers of «cos ¢, integrate 
term by term by the aid of the formulas 
7 nm+1 
2 Va (= 
Bee ee ee | tnt. Cal. (1) Art, 99), 


0 Z 0(3+1) 


222 CYLINDRICAL HARMONICS. [Axt. 122. 


x m+ 1\ (~+1 
fe ; r( 2 ) x( 2 ) 
SHU MCA COS RONG) aS 
; or(“F" +1) 


(Int. Cal. Art. 99 Ex. 2), and compare with (6) Art. 120, and we get 
mee ff sin® ¢ cos (a cos p)dd. (9) 
oar r(n L yi 


on 


J, (x) = 


If » is a positive integer (9) reduces to 


wT 
gt 


1 a . 

J,(@) = eat ene ae een sin™ ¢ cos (x cos })dd. (10) 
0 . 
Let »=0 in (9) or (10) and we get 
al Tv 
Jo(a) = = J 00s (x cos h)dd. (11) 
0 
EXAMPLES. 


1. Obtain Formula (11) directiy from Fourier’s Equation, (2) Art. 120. 
2. Prove by integration by parts that if n > ~5 


wv 


_frsin® $ Cos > Sin (x cos d)dd = as sin” +? & cos (a cos d)dd. 


0 


8. Prove by integration by parts that if n> 


us 


fein $ vos ¢ Sin (a cos )dd 


0 
== { [2m sin® ¢ — 2n—1) sin? 4] cos (w 00s $)d¢. 


122. We can now readily obtain a number of useful formulas. 
Diiferentiate (11) Art. 121 with respect to x and we get 


aCe) =— = feos $ sin (x cos d)dp 


Tv 


=— 2 sin’ cos (x cos f)dp by Ex. 2 Art. 121. 


) 
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aS,(x 
Hence by (10) Art. 121 aie) =—J,(a). (1) 


In like manner by the aid of Exs. 3 and 2, Art. 121, we can obtain the 


relations 
dix" J,(x) | 


i fe = x"J,,_ (x) (2) 
Nb eee 
sa aa (x) | ae 
1 ae] = — £ "J, 41(2) (3) 
ifin>— 5 Z 
(2) can be written 
Ione (x dx = «J, (x) (4) 
0 - 


ifn > 5° 


(2) and (8) can be written 


e aJ, — + nx" —*J,,(2) = 2"J,,_,(a) 
and gn Bale) — na "1S, (@) = — BS 4 1), 
or ae = J,,_\(@) — ~J,(2) o 
dJ, oo = 
and - = — Ji 41(%) +  J_(2) tals ©) 
whence EEO = ai (x) —« () ¢ 
=a Ron ies 
and = Jn (2) = J, —- \(#) +d, as tC we 


The repeated use of formula (8) will enable us to get from J,(x) and J,(a) 
any of Bessel’s Functions whose order is a positive integer. For example, we 


have 


Tul) = 2 Ie) — Toa) 


J,(") = (= — 1) J) = 0(2). 
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From a table giving the values of J,(~) and J,(#), then, tables for the 
functions of higher order are readily constructed. Such a table taken from 
Rayleigh’s Sound (Vol. L., page 265) will be found in the Appendix (Table VI.). 

By the aid of (5) and (6) any derivative of J,(x) can be expressed in terms 
of J,(x) and J,,,(w). For example 


27 (x n(n —1 1 


If we write J,(x) for z in Fourier’s Equation [(2) Art. 120], then multiply 
through by xdx and integrate from zero to x, simplifying the resulting equa- 
tion by integration by parts, we get 


ay Ke) + fe Foa)ae == (is 


dx 


x 


whence by (1) fe Jo(ale = rJ\(x). (9) 


0 


If we write J,(~) for z in Fourier’s Equation, then multiply through by 
op oe) dx and integrate from zero to «, simplifying by integration by parts 


we get 
2 [eS (Fea)? | + Jf x(Jo(x))*da = 0 ; 
whence by (1) feo@))*ae = . [(Jo(w))? + (F,(@))*]. an 


0 


In like manner we can get from Bessel’s Equation [ (5) Art. 120] the formula 


fi a(J,(a))*da = ; E (SO) (a? — n?V(I(0))* | (11) 


0 


which (6) enables us to reduce to the form 


x 


Se Tuloite =F LIMO + ner)! meIy(OTuaxla). (12) 


0 


Formulas (9), (10), (11), and (12) will prove useful when we attempt to 
develop in terms of Cylindrical Harmonics. 
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Values of J,(x) for larger values of x than those given in Table VI; 
Appendix, may be computed very easily from the formula 


seen Z[ 1 tte 


21(8x)* 
(1? —4n?) (3? — 4n?) (5?— 4n*) (7? — 40?) Wa or. 
“i 4! (8x)# —+++ Jeos(«—-F—n3) 


[2 1?— 4n? 
Ti Leo 


__ (2 4nt) ee + |sin(o—Z—n3). as) 


v. Lommel, Studien iiber die Bessel’schen Functionen, page 59. 


The series terminates if 27 is an odd integer, but otherwise it is divergent. 
It can be proved, however, that in any case the sum of m terms differs from J,(x) 
by less than the last term included, and consequently the formula can safely 
be used for numerical computation. 


EXAMPLES. 


1. Confirm (1), (2), and (8), Art. 122, by obtaining them from (3) and (6), 
Art. 120. 

2. Confirm (1), Art. 122, by showing that Fourier’s Equation will differ- 
entiate into the special form assumed by Bessel’s Equation when n= 1. 

3. Show that (9), Art. 122, is a special case of (4), Art. 122. 

4. Show that the limit approached by J,(a) as m increases indefinitely is 
zero, and by the aid of this fact and of (8), Art. 122, prove that 


J, .1(&) == [nJ,(2) SUP 2) golf) 4 (t+ 4) Tn 4 4(X) tee], 
5. Prove that 
dd ,,(X) = [ynJ,(z) —= (n+ 2) J, 4.5(@) + (4 4) J, 4) —* °°]. 


dx 
2) 3 ; 
6. Show that the substitution of (1 —") for « in Legendre’s Equation 


will reduce it to the form 


be 2) d*z C +) dz (1 7) = 
(1 mn} dy? a ie Lay | r n) © O, 
and that the limiting form approached by this equation as n is indefinitely 
increased is Fourier’s Equation, and hence that J,(x) can be regarded as some 


Oy JOE 
constant factor multiplied by the limiting value approached by P,(1 —*) 


as is indefinitely increased. 
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123. To complete the solution of the drumhead problem taken up in 
Art. 11, we found that it would be necessary to develop a given function of 7 
in the form 

J(*) = A,J (M7) ae AxyJ (M2?) ar AgJo(Ms1) see? 
where [, /2, Hs, &¢., are the roots of the transcendental equation J)(ua) = 0 ; 
and in Art. 11, Ex. the development of unity in a series of precisely the 
same form was needed. 


(a) Let us consider another problem. 

The convex surface and one base of a cylinder of radius a and length 6 are 
kept at the constant temperature zero, the temperature at each point of the 
other base is a given function of the distance of the point from the centre of 
the base; required the temperature of any point of the cylinder after the 
permanent temperatures have been established. 

Here we have to solve Laplace’s Equation in Cylindrical Coérdinates 
([x1v] Art. 1). 

D?u+ ~ Dw + 2 Dju+ D2u=0 (1) 
subject to the conditions 
w—O “when —) 
(Al) Co PS wi 
u=f(r) “« #z2=4, 
and from the symmetry of the problem we know that D2u=0. 
Assuming as usual w= #.Z we break (1) up into the equations 


CZ 


de am 
2p 
whence u = sinh (uz)Jo(ur) (2) 
and wu = cosh (pz) Jo(mr) (3) 
are particular solutions of (1). 
If pz is a root of Jy(ua) = 0 (4) 


w = sinh (M,2%)Jo(M,7) 
satisfies (1) and two of the three equations of condition. 
If then J (r) = AwWo(mir) + AgJo (Mer) + AsJo(Mgr) +--+ (5) 
Hi, M2, Ms, &c., being roots of (4), 


sinh (4) sinh ({2) sinh (ue 
wm Ay ML T(r) Ag ee ptr ee ap 
‘sin, (40) “0") TAs Sin (ab) ORT) TAs i (a) a) 


satisties (1) and all of the equations of condition, and is the required solution. 
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(6) If instead of keeping the convex surface of the cylinder at the tempera- 
ture zero we surround it by a jacket impervious to heat, the equation of 
condition «= 0 when r =a will be replaced by Dw =0 when r =a, or if 


u = sinh (Mz)Jo(er), 


AST (pai 
by ae = 0 when 27— a, 
that is by PS! (pee) = 0 * or (v. (1) Art. 122) 
by Si(ua) =0. (7) 


If now in (5) and (6) #1, Me, Ms, &c., are roots of (7), (6) will be the solu- 
tion of our new problem. 


(c) If instead of keeping the convex surface of the cylinder at the tempera- 
ture zero we allow it to cool in air at the temperature zero, the condition «=0 
when r =a will be replaced by D,u + hu=0 when r=a, or if 


wu = sinh (uz)Jo(ur) 


by bed y'(er) + hJo(per) = 0 when r=a 
that is by pad y'(wa) + ahJ(pa) =0 or (v. (1) Art. 122) 
by pad, (wa) — ahJy(ma) = 0. (8) 


If now in (5) and (6) #1, Pe, Ms, &e., are roots of (8), (6) will be the 
solution of our present problem. 


124. It can be shown that J,(x) = 9 (1) 
J\(x) =0 (2) 
and xJy'(%) 4- AJo(x) = 0 (3) 


have each an infinite number of real positive roots (v. Riemann, Par. Dif. GL., 
$97). The earlier roots of these equations can be computed without serious 
difficulty from the table for the values of Jo() (Table VI., Appendix). 

The first twelve roots of J)(z)=0 and J,(x) =0 are given in Table IV., 
Appendix, a table due to Stokes. Large roots of J)(x) =0 and of A(x) =0 
may be very easily computed from the formulas 


ey 050661 = .053041 .262051 


Oi a 2 my = = 860 
ae £4 25+ TE MG 4s—1?! Gs—D? (4) 
ax) 5 151982 , .015399 245270 dy (5) 


eae ipa pecdetl T G@s+1? (4s-+1) 


given by Stokes in Camb. Phil. Trans., Vol. IX., «@ representing the sth root 
of J,(z) = 0, and a the sth root of J,(x) = 9. 


° y af (& : 
* We shall find it convenient to use the familiar notation of f(x) = nee) (v. Dif. Cal., p. 119). 
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125. We have seen in Art. 123 that 

U = sinh (¢,2)Jo(ur) and V=sinh (m2z)Jo(mr) are solutions of V?U=0 
and V2V=0 if we express Laplace’s Equation in terms of Cylindrical 
Coordinates (v. (1) Art. 123). 

Hence, if /dS represents the surface integral over any closed surface, we 
have 


JUDY — VD,U)AS=0 


by Green’s Theorem (v. Art. 92). 
If we take the cylinder of Art. 123 as our surface, and perform the 
integrations and simplify the resulting equation, we find 
; —1 
Sr Flmr)Ie(mir)ar = Sane. [ot To (Mit) So (Mat) — Pat o(Mn@) So! (Mit) 
k 


Oo. 


= aa [MAI (Mah (Mit) — Med y(M.@) Ai (Ma) ]- (1) 


Ky 
Hence if uw, and p, are different roots of 
J(ua) = 0, 
or of J\(ma) =0, 
or of Had,(wa) — AJ,(wa) = 0, 
then Srd(uar) Jo waar =0. (2) 
0 
EXAMPLE. 


Obtain (1) Art. 125 directly from Fourier’s Equation 
I(r) , 1dd, 
Peon) = afer) + wI,(ur) = 0. 


0 
dy 


126. We are now able to obtain the developments called for in Art. 128. 
Let F (7) = ASo(Har) + AaTo(Mar) + AgTo(Msr) + (1) 
Pi, Ho, Ms, &c., being roots of J\(ua) =0, or of J,\(ua) =0, or of 
Had, (ua) — Ad(wa) = 0. 
To determine any coefficient 4, multiply (1) by rJ\(u,r)dr and integrate 
from zero to a. The first member will become 


Sf OA(ma)ar. 


0 
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Every term of the second member will vanish by (2) Art. 125 except the 
term 


A il r(Ie(at) Pdr. 
Srnpytar= 1 (aide) SKC OE CAC ONS 
by (10) at 122: 
Hence A, az iciunenorn (2) 


BKCK(CO) CKO EF 
The development (1) holds good from r=0 to r=a (v. Arts. 24, 25, and 88). 
If p41, Me, fs, &e., are roots of J\(ua) =90, (2) reduces to 


9 a 
a rt (py af : ,. 
ae Heaps 7 ere ue 
Tf #1, Me, Ms, &e., are roots of J,(ua) =0, (2) reduces to 
As eee it (v7) Jy (myr)dr (4) 
* a(Sy(Mye))? . ak ite 


If p14, Me, Ms, &c., are roots of bad\(ma) —AJ)(ma) =0, (2) reduces to 


a 


=, Zhe ef dr. . 
Ae OFF Tas POV r)d ) 


For the important case where f(r) =1 


a a by 
i a 
SPOTL marae = Jrd)(mrdr = ii ed \(x)da = ry J, (My@) (6) 
k 
0 0 0 
by (9) Art. 122, and (3) reduces to 
2 
Ape (7) 
CAC) 


(4) reduces to 4,=0 except for k=1 when p,=0 and we have 4,=—1, 


2n 
= . 8 
(5) reduces to A, (2+ wpa) To(H.) ©) 
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EXAMPLES. 


1. Show that in (12) Art. 11 any coefficient A, has the value given in (3) 
Art. 126; and in the answer to Art. 11, Ex. the value given in (7) Art. 126. 

2. Show that if a drumhead be initially distorted so that it has circular 
symmetry, it will not in general give a musical note ; that it may be initially 
distorted so as to give a musical note; that in this case the vibration will be 
a steady vibration; that the frequencies of the various musical notes that can be 
given when the distortion has circular symmetry are proportional to the roots 
of A(x) =90; that the possible nodes for such vibrations are concentric circles 
whose radii are proportional to the roots of J,(7) = 0. 

3. A cylinder of radius one meter and altitude one meter has its upper 
surface kept at the temperature 100°, and its base and convex surface at the 
temperature 15°, until the stationary temperature is set up. Find the tempera- 
ture at points on the axis 25 cm., 50 cm., and 75 cm. from the base, and also 
at a point 25 cm. from the base and 50 cm. from the axis. 

Ans. 29°.6 3 47763 (1202578, 

4, Aniron cylinder one meter long and twenty centimeters in diameter has its 
convex surface covered with a so-called non-conducting cement one centimeter 
thick. One end and the convex surface of the cylinder thus coated are kept at the 
temperature zero, the other end at the temperature of 100°. Find to the nearest 
tenth of a degree the temperature of the middle point of the axis, and of the 
points of the axis twenty centimeters from each end after the temperatures 
have ceased to change. Given that the conductivity of iron is 0.185 and of 
cement 0.000162 in C. G. 8. units. Find also the temperature of a point on 
the surface midway between the ends, and of points on the surface twenty 
centimeters from each end. Find the temperatures of the three points of the 
axis, supposing the coating a perfect non-conductor, and again, supposing the 
coating absent. Neglect the curvature of the coating. 

Ans., 15°.4 ; 40°.85 ; 72°.8; 15°.33 40°.7 5 72°.5; 0°.0% 0°.0%91°3: 


127. If instead of considering the cooling of a cylinder as in Art. 123 we 
have to deal with a cylindrical shell whose curved surfaces are co-axial 
cylinders, we are obliged to use the Bessel’s Functions of the second kind. 
Let our equations of condition be 


u=0 when 2z=0, u=0 when r=a 
u=f(r) “ a6; u=0 “ i 


Then (v. Art. 123) 


Sele a he A tip@)) 
“= sinh (ue Sur) — ee : K,(u) | 
0 k 
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where y, is a root of the equation 
Jo(He) x 
T(ua) — K 9(He) Ky(ua) =0 (1) 


will satisfy Laplace’s Equation [(1) Art. 123] and all of the equations of 
condition except the second. 


Hence C= so eS) [ To (Mx) — Zon) K(u2) | (2) 


“sinh (u,b) Ko (M2) 


is the required solution if 


k= a 
SJ y( ize) 
ry= >A [ 4 . — Lola) r | 3 
J(7) > x} Jo(Mar) Kym) o( Mx") (3) 
The development (3) is easily obtained. 
Call the parenthesis for the sake of brevity B,(u,r). Then by the method 
of Art. 125 we get if we integrate over our cylindrical shell 


Sr Bo( my?) By(mr)dr = 0 (4) 


a 


if , and yp, are roots of (1); and by an easy extension of (10) Art. 122 


SL Bolwery Par = 2 {eT Bs (uae)? — PLB Ha) T- (5) 
Determining the coefficients in (3) as in Art, 124 and simplifying by the 
aid of (4) we have 


2 “| Fae) — aS R(t) Jar 


a SS Se 
La (Hx) — eae Kime) | = AAC ae ee Ki (m2) | 


EXAMPLE. 


Tf a membrane bounded by concentric circles of radius a and radius 4, and 
fastened at the edges, is initially distorted into a form symmetrical with respect 
to the centre, and then allowed to vibrate 


= 24 COs (M,C) [ % CUR) Pome ae Ky(me) | 


where A, is obtained from (6) Art. 127 by replacing ¢ by 4 
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128. If in the cooling of a cylinder w~=0 when 2=0, u= 0 when z=4, 
and w=f(z) when r=a, the problem is easily solved. 
If in (2) and (8) Art. 123 p is replaced by pi we can readily obtain 
z = sin (Mz) J)(Mrt) 
and z= 0s (Mz) J(Mrt) 
as particular solutions of Laplace’s Equation [(1) Art. 123]; and 


o® 


: a? a 
Jot) =11 55+ ga gat oa aaah © 


and is real. 


k= o 
. kwrez 
(2) = 2 A,, $in a 


k=1 
where (2) 
by Art. 31 (7) and (8). 
kor an) 
= in ; I) 
Hence u= S abe einy shila (8) 


krrai 
af b (=) 


EXAMPLES. 


is our required solution. 


1. If the cylinder is hollow and we have «=0 when z=0, «=O when 
z=b, w=0 when r=c, and w=f(z) when r=a; then 


a kari —(krri krrai —/(krrai 
= ein 2 IF) ) E(- ) | a D )- Ko -) 
a b Jn qa) K, (ie 5. (= EN Tr (Fe 


where 4, has the value given in (2) Art. 128, and 
K,(xi) = K,(ai) — J,(wi) log i 


2 5 a at o® 
= Tht) 108 — 53 — Sagat it ee ong pa ect aide eee 


[v. (4) Art. 120], and is real. 


2. A hollow cylinder 6 feet long whose inner surface has the radius 3 inches, 
and whose outer surface has the radius 1 foot, has its bases and outer surface 
kept at the temperature 0°, and its inner surface at the temperature 100°, until 
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the permanent state of temperatures is established ; find the temperatures of 
two points in a plane parallel to the bases and half-way between them, one of 
which is 6 inches and the other 9 inches from the axis. Ans., 49°.6; 20°.2. 


129. If in the problem of Art. 123 the temperatures of the points of the 
upper base of the cylinder are unsymmetrical so that w= J(7,¢) when z=6, 
we have to get particular solutions of Laplace’s Equation [(1) Art. 123] for 
the case where Dju is not equal to zero. We readily find that 


u = sinh (uz)[A cos nd + B sin np ]J,(ur) 
and u = cosh (u2)[A cos np + B sin nd ]J;,(ur) 
are such solutions, and that 
Sey sinh pz - | , 
c= > > aah [A,;, cos np + B,, sin np |p (Myr) (1) 


n=0 k=1 


is the solution of the given problem if 


S(14,¢) = > > (A,, Cos np + By, sin Mh) In (Myr) (2) 
n=0 k=1 
where pu, is a root of the equation 
“a(t = 0. @) 
EXAMPLES. 


1. Show that 


A a 
f PI (tar) HP) eT = a Coe n(Ma In! (Mat) — Ma Tn (Mit) I!) J 
k 
0 
a 
Me — by 


CHIH) In 4 1(Ha®) — FrIn (Ma ®)In 4 1(Ma®) J 


2. Show that 


a 


S rltn(war) Par =} [ t'ene))* + Ge _ a) (Tn (Ha) | 


t) 


_ ¢ [(Fn(Ha®))”? + Sn + 1(Hx))? | — 7 Tale) (Ht) 
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3. Show that in Art. 129 


Sep s fea Ilmeryar 


Se 
ae er OC) 
Bor = 0, 
2 a 
, fae fred) cos nbd, (pyr)adr 
= 0 0 
Aue = w Tn + 1(Ma®) J? 
29 a 
f dd Hi rf(r,p) sin nd, (Myr)adr 
Bes 2 u w ° 


7 In 4. 1(Ha®) |” 


4. Obtain the coefficients for the case where the convex surface of the 
cylinder is impervious to heat. 

5. Obtain the coefficients for the case where the convex surface of the 
cylinder is exposed to air at the temperature zero. 

6. Show that if in a drumhead problem of Art. 11 the initial distortion is 
unsymmetrical, so that we have to solve the equation [x1] Art. 1 subject to 
the conditions z=f(7,¢) when t=0, D,z=0 when t=0, =0 when r=a, 
the solution is 

n=20 k=0 


eo > > cos (u,ct)(A, , cosnp + B,, , sin nd)dJ,,(M,") 


a=0 k= 1 


where A,,, Boz, An,, and B,, have the values given in Ex. 3. 

7. What modifications do the statements made in Ex. 2, Art. 126, need to 
make them apply to the unsymmetrical case treated in Ex. 6 ? 

Show that any possible nodal system in Ex. 6 is composed of concentric 
circles and of radii whose outer extremities are equidistant. v. Rayleigh’s 
Sound, Vol. L., Arts. (202-207). 

8. Solve the problem of Art. 127 and of Art. 127, Ex. for the unsym- 
metrical case. Suggestion: AdJ,(a)+BK,(«) is a solution of Bessel’s 
Equation. 

9. Solve the problem of Art. 128 and of Art. 128, Ex. 1, for the case where 
u=f(z,6) when r=a. Suggestion: w= sin pz(A cosnd + B sin n)J, (mri) 
is a solution of Laplace’s Equation, and f(z,) can be developed into a double 
Fourier’s Series [v. (15) Art. 71]. 
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10. Show that in dealing with a wedge cut from a cylinder by vlanes 
passed through the axis, or with a membrane in the form of a circular sector, 
it may be necessary to use Bessel’s Functions of fractional or incommensurable 
orders. 

11. Bernouilli’s Problem (v. Chapter IX). In considering small transverse 
vibrations of a uniform, heavy, flexible, inelastic string fastened at one end 
and initially distorted into some given curve, we have to solve the equation 
Diy = («Dy + D,y), subject to the conditions D,y=0 when t=0, 
y=f(@) when t=0, y=0 when x=a; the origin being taken at the 
distance a below the point of suspension and the axis of X taken vertical. 


k=0 
Show that Oe > A, cos m,ct By(w zx) , 
k=1 
a oe ee 
a B@)=1— atte ion get 


= J)(2Vz) 
and mw, is a root of the equation 


By(w2a) = Jy(2uVa) = 0, 


Sf@ By (me x) dx Si@ Jol? Me Vet)der 


12. As asimple case under Example 10 consider the vibrations of a circular 
membrane fastened at the perimeter and also along a radius and then initially 
distorted (v. Rayleigh’s Sound, Art. 207). In this case we must modify the 
formula given in Ex. 6 by dropping out the terms involving cosn@ and by 


taking » =~. The required solution is 


2 
m=0 k=o ties 
2= > D> Brg COS Myct Sin a. niet) 
m=1 k=1 
YUE) 
where py, is a root of ae =0 
p2a2 


a 


Sie rf(r,p) sin Toys (ur )adr 
2 . “ee? 


a0 ) 


7 Tul (Hy) F 
2 


and Ba c= 
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For the terms in which m is odd, Jm(a) can be readily obtained from (13) 
2 


Art. 122, which will become a finite sum. 
For example, (13) Art. 122 gives the values 


Os y/o 
Jy(a) = Wi sina; oJ3(a)= NE sin x — cos n)3 
on 3) 3 
J;(x) = — — (1 +5) sin 2 += cos x ; &e. 


13. The question of the flow of heat in three dimensions involves a problem 


not unlike the last. 
Suppose the initial temperatures of ali points in a sphere of radius ¢ given, 
and let the surface be kept at the temperature zero. Then we have to solve 


the equation 


ie i : 1 
ID, uUu= a | P.02D.x) aa and Dg(sin 6 Deut) + RAY, Dje | (1) 


({1v] Art. 1) subject to the conditions 
i —) ee when —=«: 


u=f(r,9,¢) when t=0. 


If we assume w= 7.R.V where 7'is a function of ¢ only, & of x only, and V 
of 6 and ¢ only, (1) can be broken up into 


aT 22 — 
oT + va?T=0 (2) 
m(m + 1) Ue ose ~, Da(sin 0D,V) PRY DjV=0 (3) 
z ee 2dak m(m + 1) 
and ee sf 84.7 pa @ 


Hence 7 = eS, — Yin(My >) [v. Art. 102 (2)], and RF is still to be found. 
If in (4) we let e=ar and z= RVar it becomes 


2 paler a en 


lee 


which is satisfied by z=J,,4,(”). (v. Art. 17.) 


a 
Therefore k= ie Jn 4 4( OP). 
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1 mee 2r 7 
F(t, 9,4) = F— Di (2m+1) [dds (f(x, 61, 1) P,,(cos ) sin 6,4, by (3) Art. 114, 
m=0 0 0 


m=no n=m 


=D, d/l 4m wSnn (7) 008 2b + By, «ln, n(1) sin np] P2 (u). 


k=o0 


Vr finn) — >: Coe n, robs + 5(A,7) 
co 


where a, is a root of the equation 
Jin ae 4(ae) —0 
(ac) m+ 
2 Tif 2, n (7 ers + ,(A,7) dr 


) 


and Cn Sa 
oa 0S 4 (42) J? 


k=0 
Vr. Fra n(”) == >: Dr Lone 3(437) 


Bul 
2 TEE (Te ina (andr 
D ————— SS Ss 
ye CE 
The final solution is 
m=on=mM k=n 
il 
(O— Ap > >: [ Paw) WCE AOrs % GOS nb 
m=0 n=0 k=1 


. —a2a2t 
+ [Ep per dD, x Si ne eG m+ sav) | 


ef. Riemann, Par. Dif. Gl., §§ 72 and 73. 
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LAPLACE’S EQUATION IN CURVILINEAR COORDINATES. 
ELLIPSOIDAL HARMONICS. 


130. Orthogonal Curvilinear Codrdinates. 


If E(x, y, %) = pr 
Fy(@, Y; %) = pr (1) 
P(x, Y; %) = ps 


are the equations in rectangular codrdinates of three surfaces that are mutually 
perpendicular no matter what the values of p;, pz, and p;, the parameters p,, 
p2, and ps, may be regarded as a set of codrdinates for a point of intersection 
of the three surfaces, in the sense that when py, po, ps are given the point in 
question is determined, and when the point is given the corresponding values 
of pi; po» ps, can be found. 

From equations (1) #, y, and z can be expressed in terms of p,, pz, and ps- 
Suppose this done. If now «a,y,z2 are the rectangular coérdinates of the 
point pr=a@, pz=6, ps=c, the rectangular codrdinates of the points 
pi=a+dpi, p2= 2, pp=¢, are obviously «+ D,x.dp, ta, y+ D,y.dpite, 
z+ D,#.dp,-+¢,, where «, «, and e; are infinitesimals of higher order than 
dp,;. Hence the square of the distance between the points will differ by an 
infinitesimal of higher order than that of dp? from dn? where 


dn} = [(D,,@)? + (Day)? + (D,,2)? dp? 


1 
eo he = (D,,x)? + (D,,y)? + (D,,2)” 
Lean 
ig Prat) + (Daa)? + (Dot? (2) 
1 


sa (Doge)? + (Dy)? + (Dee)? 
o J 


Then if dn, is the element of length normal to the surface pi=a, dng 
normal to pp=6, and dns normal to p;=c 


__ aps d d 
Oty = ae r= fe hin = BD (3) 
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The element of surface dS, on the surface p, =a is easily seen to be 


__ Cp2tlps 
ds, — hols > (4) 
and the element of volume dv is 
dpidpotps 
ep ees 
hihehs (6) 
EXAMPLE. 
Show that h? = (D,p1)? + (Py pi)? + (P.p1)* 


hg = (Dz ps)? + (Dyp2)? + (Pps)? 
h? = (D,ps)? + (Dyps)? + (Dz ps)? 


D D D 
“gun eau Pi, ats are the 


Suggestion: If hy has the value just given F i 
1 y 1 
direction cosines of the normal at any given point of pp=a. (v. Int. Cal. 


page 161.) Then 


SVs sf Dy pr Dpy pe) 
dn, = he da + he dy + he dz= 7, Ue 


131. Laplace’s Equation in orthogonal curvilinear codrdinates. 
If we apply the special form of Green’s Theorem 


Hf] if V2 Viedyde= {D, Vas (v. Art. 98) 


to the space bounded by the surfaces pr=a, po=6, ps=c¢, pi=atdp, 
po=b+dps, ps=et+dps, we have 


2 
V?Vdpidpodps __ yep yieees iSO ioe 9) (Ga De V) dpxdpatos 
= Fifa hols hihs 


oad I 
— hyDp, yatees + haD, Pea i 1B, V) dprdpates 


dpxl dp,d hs 
eee el Tg tee V eer ole : ».V)Aprlpatps; 
1/°2 


whence 


h h 
v= hahahal Do (55 ua ie V) + Dp, ie D,,V) Ae Vv) |; (6) 
and Laplace’s Equation in our curvilinear system is 


i, h h 
Ayhghs [ul ae hat a) = iid ee v) ae id pet : Ps r) | = 0. (7) 
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If it happens that V%,=0, V=p, will satisfy (7) and we shall have 
h 
hahahs D,,( My )=0. In like manner if V%,=0 we have D,,( : ) 2a) 


hahs 4 hishy 
and if Vp; =0 we have Polar) =(); and therefore (7) reduces to 
1/v9, 
h?D2 V+ h2D2V + hgD,,V = 0 (8) 


when V%o,=0, V%,.=0, and V%,=0. 


132. If instead of having the value of the Potential Function V given on 
the surface of a sphere as in our Spherical Harmonic problem, we have it 
given at all the points on the surface of an oblate spheroid, and are required to 
find its value at any internal or external point, we can easily get a solution by 
methods in no essential respect different from those already employed, if only 
we rightly choose our system of codrdinates. 

If we take an ellipse and an hyperbola having the same foci, and revolve 
them about the minor axis of the ellipse, we shall get a pair of surfaces which 
are mutually perpendicular ; a plane through the axis of revolution will cut 
both the spheroid and the hyperboloid orthogonally. 

The equations of the three surfaces can be written : — 


2 aye a2 


x 2 z 
FA6%%)=G+ a a4 on ae (1) 
ee y? Pe 
Fe os t= iat apt ge 1=0 ”) 
F(x, y, 2,v) =z—ve=0, (3) 


where \? > 0?> pu’, 2b being the distance between the foci. 

For all values of A, w, and v consistent with the inequality above written 
the surfaces (1), (2), (8) intersect in real points and cut orthogonally. 

A, #, and v can be so chosen that the surfaces will intersect in any given 
point, and therefore can be taken as a set of curvilinear codrdinates, and 
Laplace’s Equation can be expressed in terms of them by the aid of Formula 
[xv] Art. 1. 

From (1), (2), and (3) we readily get 


et os v*) 
rye a) ey) 
fim 5 (4) 
2u2v? 
b2(1 + v?)’ 


2 — 


a 
@ 
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pb XN |b?— pe? v 
whence Dx =———, Dy =4/——_2 bas eel Sg 
ee me Ny 
rll r wat fi 
and he = Via (5) 
[v. 180 (2)]. In like manner we get 
il rn =e jie 
he 7 be — p2 (6) 
1 du? 
aod ha Bw” @) 
and [xv] Art. 1 becomes 
& r az 
1 D, [J \WVN?- — 1? D, V D,[ uve? — w?. DV 
b(1 + v9)Vo?— 2 al Af] Tia Bee 
b Pia arin) 
Se Gia a (8) 


AMV (A? — 0%) (0? — p) 


which is Laplace’s Equation in terms of our Spheroidal Codrdinates X, pw, and v. 

If now in place of A, uw, and v we can introduce some function of A, some 
function of mw, and some function of v which, therefore, will represent the 
same set of orthogonal surfaces, and if we can choose these functions a, B, 
and y, which of course are functions of x, y, and 2, so that V’a=0, 
V?B=0, and V/*y=0, equation (8) must reduce to the simple and sym- 
metrical form given in [xvr] Art. 1. 

These functions a, B, and y are easily found. Equation (8) is V?7V7V=0 
expressed in terms of A, w, and v. Assume that V is a function of d only ; 
then D,V=0, and D,V=0, and (8) reduces to 


D,PWd2 — b?. DV] =0 


Va 
whence AVA? — Ua =¢1, 
cdr 
dV =—!!) 
AVA? — b? 
Cc r 
and V=7 sec 15, 


and is a function of which satisfies Laplace’s Equation. 
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Take this as a leaving ¢, at present undetermined, so that 


da ee and a ao as 
Wr? — B? b b 


In the same way we get 


fe lala and B=—Fsech-1e, 
be 


(v. Int. Cal. Art. 46, Ex.) 


dy = oe and y=c,tan—'»v. 
Substituting these values in (8) and taking ¢,=—c,=06, and ¢,=—1, 
(8) reduces at once to 
2 2 
PoP op a Pt J, (9) 
or since A}=bseca, m=bsechB, and v=tany, (10) 
to cos?a D, V + cosh? B Dg V + (cosh? 8 — cos? a) DV =0 (11) 


which is Laplace’s Equation in terms of what we may call Normal Oblate 
Spheroidal Coordinates. 

In using (11) it is to be noted that the point whose codrdinates are (a, B, y) 
is the point of intersection of an oblate spheroid whose semi-axes are 0 sec a 
and #tana, an unparted hyperboloid of revolution whose semi-axes are 
bsech B and étanh B, and a plane containing the axis of the system and 
making the angle y with a fixed plane; and that if the axis of revolution is 
the axis of Y and the fixed plane is the plane of YY, the rectangular codérdi- 
nates of (a, B, y) are 


a—=bsecasech f cosy, y=6tanatanh B, =¢ seca sech B sin y (12) 
[v. (4)]. 
fe 
If now we let a range from 0 to 9? B from — « to «0, and y from 0 to 27, 
we shall be able to represent all points in space; and if we agree that negative 
values of 8 shall belong to points below a plane through the origin and 
perpendicular to the axis of revolution and positive values of B to points 


above that plane, not only shall we have no ambiguity, but also the rectangular 
coérdinates of any point as given in (12) will have their proper signs. 
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EXAMPLES. 


1. If the spheroid is a prolate spheroid, the ellipse and confocal hyperbola 
must be revolved about the major axis of the ellipse, and the plane must con- 


tain that axis. In place of equations (1), (2), and (3) of Art. 132 we have, 
then, 


ie y? Pe 
b eae 
vt poat pop 0 
~+—4,+-4,-1=0 
fied ee oe b 
= vy =0 
where Lee e Sy 


P Soci ay A Cy aaee 2 O21. 2\ 2 
pee ES patel Ee ie Or) oe 


2 — pw? 2 pe? 3 2 as b2) (0 am p?) ‘ 
Laplace’s Equation becomes 
il ' 1 ae 
o21 a v®) DL? To b*) Dy VA rt v1 ae v®) DL ie DP. Val 


AA 7 re 
+ RBG aw ET MPPI=0. 
Dev. Dg V ep? hoes 
(1) reduces to V—B me 2 pe? F Ae pw DV =0, (2) 
where Ge pa? Sears CAT Ta a? 


a=etnh— >, B=tank-'* and y=tan7!»v. 


Since A=bctnha, p=dStanhf&, and v=tany 


(2) can be reduced to 
sinh?a D2 V + cosh? B Dg’ V + (sinh? a + cosh? 8)D/V = 0. (3) 


In using (3) it is to be noted that the point (a, B, y) is the point of ae 
section of a prolate spheroid whose semi-axes are bctnha and bese s a 
biparted hyperboloid of revolution whose semi-axes are 6 tanh B a b sec ae 
and a plane containing the axis of revolution and making the angle y with a 


fixed plane. 
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If the fixed plane is that of (YY) the rectangular coérdinates of any point 
(a, B; y) are 
a—bctnhatanhp, y=beschasech Becosy, = cscha sech B sin y, 


and a may range from o to 0, B from —« too, and y from 0 to 27. 
Negative values of B are to be taken for points lying to the left of a plane 
through the origin perpendicular to the axis of revolution. 

9. Transform Laplace’s Equation in Spherical Coordinates [x1] Art. 1 


a. 


to the symmetrical form 


a? D2V + cosh? 8B Dg V + cosh? 8 DV =0 
uf 6 
where Giese? B= log tan 5> and y=@®. 


3. Transform Laplace’s Equation in Cylindrical Coérdinates [x1v] Art. 1 
to the symmetrical form 


D2V+ DgV + &D3V=0 


where a=logr, B=¢, and y=2. 


133. In each of the cases we have considered, it has been easy to pass 
from Laplace’s Equation in terms of the chosen codrdinates representing an 
orthogonal system of surfaces to the symmetrical form [xvi] Art. 1; and it is 
evident that our new codrdinate a is a value of V corresponding to such a 
distribution that the surfaces obtained by giving particular values to p, are 
equipotential surfaces; that B is a value of V corresponding to such a 
distribution that the surfaces obtained by giving particular values to pz are 
equipotential surfaces; and that y is a value of V corresponding to such a 
distribution that the surfaces obtained by giving particular values to p; are 
equipotential surfaces. a, 8, and y are called by Lamé “thermometria 
parameters.” 

The condition that these values should exist, for a given system of surfaces 
that is, that the distribution described above should be possible, is readily 
obtained. We shall work it out for a. It is merely the condition that V in 
Laplace’s Equation may be a function of p, alone. 

If V is a function of p, alone 

_w av 


dV 
dp; Pi) y dpy y Pi» ae AR oe 


a*V dV 
D2V =—, (D,pi)? +— D2 
gaan 4 p1) ap dp xP1 
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av dV 
2 = 
DiV= dp? (Dy pi)? = Ge 
aVv dV 
D2V=— (D.p:)?+— D2 
yee . P1) = age Pie 


d? V 
Therefore [(D,p1)? a5 (Dy 1)? + (D.p1)? ap + [D7 + Do; + Din) = 0 
1 


whence Dips + Dior + Deo os SE ONE 
(Dz pi)? + (Py p1)? + (Dz ps)? dpi ° dp, 
Vp 
or = File) 
ie 


where F(p;) may be any function of p, alone. Our required conditions are 
then 


V2 

he —7 1(P1) 
V2 

iz = #2(62) (1) 
V2 

he "= FF, 3(Ps) 


and when they are fulfilled the original curvilinear codrdinates Pi» Po» Psy 
correspond to possible equipotential or isothermal surfaces, thermometric 
parameters a, B, and y exist, and the reduction of Laplace’s Equation to the 
symmetrical form [xv1] Art. 1 is possible. 

134. Returning to our Oblate Spheroid problem of Art. 132 we can proceed 
as usual to break up our equation (11) Art. 132. 

Assume that V=L.M.N, where LZ is a function of a only, Mof B only, 
and WV of y only. (11) Art. 132 becomes 


cos*ad?L , cosh? Ble on [cosh? 8 — cos*a]@N __ 0 
L de®! M dp NV dp 
1 cos? a (SIG HN cosh? B eM Ine 


L cosh? B — cos?a da? ' Mcosh? 8 —cos?a dp? N dy? 


or 


The first member is independent of y, and the second member is independent 
of a and f, and the two members are identically equal. The second member 
is then independent of a, 8, and y and must be constant; call it n° We have, 
then, 


2 
or + n2N=0 (1) 
dy 
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and one a - e i — n(cosh? B — cos’ a) = 0. (2) 
(1) gives us N= Acosny+ B sin ny. (3) 
(2) can be written 
ow me + n? cos? a = n? cosh? B — ae ee m(m -+ 1), 
whence costa —— it [n? costa — m(m + 1)]L = 0 (4) 
and oneness = ai [m(m + 1) — n? cosh? B]M = 0. (5) 
If we introduce «=tanhf in (5) it becomes 
0 EN | mim +1) ps |= ©) 


where since «=tanh@ and £B may have any value from —« to o, # may 
have any value between —1and1. (6) is a familiar equation having fora 
particular solution 


= (1— «2 ea) = Pr(a) = Pj(tanh £). (%) 
(v. Arts. 101 and a 
If we introduce in (4) « = tana it reduces to 


CL aL : 
al + 2?) 7a + 2a aa | ean +1) | =o. (8) 


(8) is an unfamiliar equation, but it can be treated as (6) was treated if we 
take the pains to go back to the beginning and follow the steps of the treat- 
ment of Legendre’s Equation. 


This labor can be saved, however, by noting that if we let « =" (8) becomes 


OB = i + | mom +1) 3 Jano 
and is identical in form with (6). Hence 
nd” 
L=Pry) and L=(1—y7) ae) (v. Art. 101), 


where y=<tana, are particular solutions of (4). 
We can avoid imaginaries if we use the values 


L=(—1)"-* Pry) and L=imtnt 1 — y)2 nl). (9) 
yy” 
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Since we assumed V=L.M.N we have 
V=(Acos ny + Bsin ny) Pr(tanh ~)(— a)"—*P2(i tan a) 
and V= (A cos ny + B sin ny) P2(tanh B)im+ "+2 geo” a ae ey 
as particular solutions of (11) Art. 132. 


If the problem is symmetrical with respect to the axis of the spheroid 
DjV =0, n?=0 and our particular solutions (10) reduce to 


V = (—i)"P,,(é tan a) P,, (tanh p) } 


(11) 
and V=i"*?Q,,(¢ tan a)P,, (tanh £). 


If, then, V is given on the surface of a spheroid as a function of Band y, 
we must express it as a function of tanh 8 and y, and shall be obliged to 
develop it in terms of Spherical Harmonics of tanh B and y by the formulas of 
Chapter VII, using the first equation in (10) for the value of V at an internal 
point, and the second for the value of V at an external point. If the problem 
is symmetrical, we must develop in Zonal Harmonics of tanh 8 by the formulas 
of Chapter VI. 

A convenient form for Q,,(¢tan a) is obtained from (2) Art. 100; it is 


. : (" dx 
Q(t tan a) = — iP, (¢ tan a) | aa aby : (12) 
tana 
(de »( 
Hence Q,(é tan a) = — 7 ae =— (5 — a): (13) 
; tana 
EXAMPLES. 


1. A conductor in the form of an oblate spheroid whose semi-axes are 
bseca, and )tanay is charged with electricity and is found to be at potential 
V,; find the value of the potential function at any internal or external point. 

Here V)= V,Po(tanh 8). Hence at an internal point 


V= Vases Pa(tanh je) ent Sy (1) 
0 0, 
int 
and at an external poin ms ) 
Q)(¢ tan a) as \2 ; 9 
V= Vogiitan ay total —h=VY @- ; (2) 
2 


Since V in (2) involves a only, the equipotential surfaces are all spheroids 
confocal with the conductor. 
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2. The upper half of an oblate spheroid whose semi-axes are b seca, and 
b tana, is kept at the temperature unity, and the lower half at the tempera- 
ture zero. Find the permanent temperature at any internal point. 


1 , 3 Py(i tana) P,(tanh B) 15 P;(i tan a) P,(tanh 8) +: 


Ans. u= 2 st 4 P,(i tan a) P,(i tan ap) 


(v. Art. 93). w may be expressed in terms of a, y, and 2 without serious 
difficulty [v. (12) Art. 132]. 


1 [25y? — 1by(2? + y? + 2 — 8) — 9b?y| ieee 
9 5c® + 367c 


Fie 
eo: 
if 2c = 20 tan ay = minor axis of spheroid. 


135. Let us now find the potential function at an external point due to 
the attraction of a solid homogeneous oblate spheroid, using the method em- 
ployed in Arts. 98 and 99. 

Consider first the potential function due to a shell bounded by the spheroids 
for which a=@¢ and a=¢+d¢. 

By (1) Art. 98 we have 

Airpk = [D; on == 1D, Valeo 6 (1) 


where p is the density and « the thickness of the shell, V, the value of the 
potential function at an internal point, and V, the value of the potential 
function at an external point. 


Let y= De A,,(— 4)™P,,(¢ tan a)P,,(tanh £) 


and V.= Der m+1¢),, (i tana)P,,(tanh B) — [v. (11) Art. 134]. 


Since VY; and V, must have the same value when a= @q 


FAs = Bes 1 Ym(t tan d) cal 


* ( dx 
P(t tan @) (et) Pad G + @*)[P,, (xt) ? @) 
[v. (12) Art. 134} 


Hence V,= >i7B P,, (tanh B)P 


m m 


: ( dx 
m v t a ) ° 
a vf A+a9[P,@)} 


(3) 
dx 


SCONe 
DV Dea D,V2= D,V_.D,a 


and = > B,,P,, (tanh B)P,,(¢ tan a ff eee 
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eae V, es DE rat =¢— (Ds Le —— 1D, les a BG). =e 


— [DiC Ve ae Vale = ba = > 
tana 


(a= Vz= Divs, P,, (tanh £) P, (¢ tan \q ene ( 2 
tan - 


DA(Vi— V2) => imB,,P,, (tanh B [ 2 itana peeES 
> ( | Pah ) (1 + tan?a)[P,,(i tan a)? 


Ault tan a) 
= J pOas AEP, CO |: 


eek Meg (eh ey. 
ID), V,— V. ae — m ee O7E Noaaee edge 
[ 1 2] =¢ >: 5 mP. (tan d) 


d dx Naa 
Se = et dd =b sec aVtan?a + tanh? Z. da (4) 


v. Art. 130 (8), and Art. 132 (5) and (10). 


ih 
~ bsec ¢ Vian? ¢ + tanh? 8 


eee er mB Pn(tanh B) | 


” P.,(ctan ) 


[Pra Ja = 


Hencea | Do Vi— DV 2,26 


Th sec h ie ¢ + tanh?p 


k=([dn],-4=Osecd Vtan? + tanh? B.d¢ 


by (4), and (1) may be written 


meee ie (ban 
Anpl? sec? (tant + tanh? Bb = SY By Bian gy (6) 
Since tanh? 8 = 1 P,(tanh £) + 2 P,(tanh £) 


by (5) Art. 95, to satisfy (5) we must give m the values 0 and 2 and 
By = 4 mpl’ sec? (3 tan? ¢ + 1)d¢ 


and B, = 4 rpl? sec’ $(3 tan? d + 1)d¢. 
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So that by (3) 


pS ire? sec! 6(3 tan? s+iytal f 


tan tH) 


: dx 
— P,(tanh 8) P,(¢ tan Sa a Semen (6) 
and  V,=47pl? sec? (3 tan? ¢ + 1)dd[iQo(é tan a) | 
+ #P,(tanh 8)Q,(itana)]. (7) 


The potential function at an external point due to the solid spheroid for 
which a= a) 1s 


es 


b= 
f= f V,= 4 mph? sec? a, tan a,[4Qo(é tan a) +2P,(tanh 8) Q,(é tan a)]. (8) 


If 2a is the major axis and 2c the minor axis of the spheroid 


4 mPve _ M 


| b b 


where M is the mass of the spheroid. Therefore 


tarpb” sec? ay tan Ay = 


= + [idol tan a) + ?P,(tanh £) Q,(¢ tan a) ] (9) 


is the required value. (9) can be reduced to 
wud iF P 
laa at; G— a)(3 tan. a-+1)—Stana |[3 tanh? p—1jt. (10) 


EXAMPLES. 


1. Break up the equation (3) Ex. 1, Art. 132, for the prolate spheroid, and 
obtain particular solutions of the term 


V = (A cos ny + B sin ny) P7 (tanh 8) P2(ctnh a), 


m 


V = (A cos ny + B sin ny) P2(tanh B)(— 1)? esch” a 2mCtnh @) 
(d ctnh a)” 


2, Break up and solve the equations of Exs. 2 and 3, Art. 132, and show 
that they lead to familar forms. 


3. If in Ex. 1, Art. 132, the conductor is a prolate spheroid whose semi- 
axes arebctnha, and bescha, show that 


V= JV, at an internal point. i a at an external point. 
0 
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4. Show that the potential function at an external point due to the attrac 
tion of a homogeneous solid prolate spheroid is 


C= = [o(ctnh a) — P,(tanh 8) @,(ctnh a)). 


LEilipsoidal Harmonies. 


136. If we are dealing with an ellipsoid instead of a spheroid, we can take 
as our orthogonal system of surfaces a set of confocal quadrics ; 


ioe We z 

"Wega peweg a 

ue y’ a 

ve —-1= 1 
a pie 1 0 (1) 
i 


2 

v? Seay Oat preg ae 

where V>e?>w>l?>v*. Here the first surface is an ellipsoid, the 
second an unparted hyperboloid, and the third a biparted hyperboloid. Each 
of the three principal sections of the system consists of confocal conics, and it 
is well known and is easily shown that the surfaces cut orthogonally. A, p, 
and v will be our curvilinear codrdinates, and are known as Ellipsoidal 
Coérdinates. 

We find without difficulty that 


psoas alae pal OS (el ea) 


a @-AC— we") 
Ys z 


b2¢2 a Be — 0) ee a b?) (2) 


joe ei eee Fe ee) eee bie= Eee eee (3) 
Seay ew Ye 8 PHA Ky) 


To avoid ambiguity, we shall suppose that of the nine semi-axes in (1) 
Vc? — yw? is to be taken with the positive sign for a point on the half of the 
unparted hyperboloid on which z is positive, and with the negative sign for a 
point on the half on which z is negative ; Vo? — v? is to be taken with the 
positive sign for a point on the half of the biparted hyperboloid on which y is 
positive, and with the negative sign for a point on the half on which y 1s 
negative ; vy is to be taken positive for a point on the halt of the biparted 
hyperboloid on which x is positive, and negative for a point on the half on 
which « is negative, and that the remaining six are to be always positive. It 
follows that our Ellipsoidal Coérdinates have the disadvantage that to fully 
fix a point we need to know not merely the values of its codrdinates A, w, and 
v, but the signs of Vc? — w?, and Vl? — v? as well. 
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— 


We shall see later, Art. 139, when we come to introduce what we may call 
the Normal Ellipsoidal Codrdinates a, B, and y that they are free from this 
disadvantage. 

It is to be observed that A may range from c to o, m» from 6 to ¢, and v from 
—b to db. 

The element of length perpendicular to the Ellipsoid is 


_ ar Ota a 
dn = hy = A? = b°) (2 coan c*) dr. (4) 


The element of Ellipsoidal surface is 


ee ee, Mp) —r) 
aly N BEATE) poe 


and the element of volume is 


dddudv (2 = w)(A2— v?) (uw? = v? 
dy =" = vw) ve) eg ee (6) 


= Iihohs baer V(r? =" b?)(r? —— c?) (pe? ss b?) (2? as be?) (0? as v*) (Ca v*) 


The surface integral of any given function of mw and v taken over the 
ellipsoid is 


Sierras = fav f LAr) + ler) +.foler) 


a 2 i? — 2 2 — yp? 
HSH?) \(u — Va ae (7) 


where f,(H,”), fo(Hsv), fs(M,v) and f,(u,v) are the values of the given function 
on the four quarters of the ellipsoid into which it is divided by the planes of 
(XY) and (XZ). 

Laplace’s Equation proves reducible to 


(Ho — v9) DIV + (At — 09) DeV + 2 — 2) DIV =0 (8) 


A we 
where a=e(——S __., B=e f. ——— delle, 
. VO? — 6)(d? — 0) : Ve — p?) (uw? — 6%) 


ae " dv 
Seana 
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a, B, and y can be expressed as Elliptic Integrals of the first class and are 


62 
io 1— 
a=F(-,5 — F(2,sin-* “), f= is Ey 
la 72 
c 
=F(5,sin2); 0) 
u c b/’ 
whence A= ——— (mod *) = eM 4(mod °), 
sn (K — a) Cc cna Cc 


BPE (ee?) 
B= az p(moa(t a) )? v=bsn y(mod”) (11) 


(v. Int. Cal. Arts. 179, 192, and 196). 


137. If in (8) Art. 136 we assume V=L.M.N where L involves a only, 
M involves B only, and N involves y only, (8) can be written 


w—vPL , v—vdiM , vw aN _ (1) 
L dat’ M ap IN Ady 


(1) is too complicated to be broken up by our usual method. 
If, however, we let 


1@L Gow . 1ON ow , 
Fd ON api PM Haga Df 


substitute in (1) and make use of the fact that the result must be identically 
zero, we find that the coefficients are zero for all values of & except 4=0 and 
a=", and that & =—h =; and @, —— 05 — 65° 

Therefore (1) can be broken up into the three equations 


3 = (Ao + Hr “)L 
eu — (dy + a, w?) M 
EN _ (apt ap)N. 


df 
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We shall find it convenient to take a, as m(m-+1) and a) as — (0? + ¢)p ; 
whence 


sa —[m(m+1)r2— (+ e)p]L =0 


TE (mnt tye — E+ ApI=0 
ae —[m(m + 1)? — (0? + &)p|N=09. J 


If now in (2) we replace a, 8, and y by their values in terms of A, w, and 


vp, we get 


dL 
(2 — BAZ — Aye on See eee =) < 
—[m(m +1)? — (+ e)p|L=0 
dM 
(Bu — 0) st mle! my ee es, (3) 
—[m(m +1)?— & + c)p|M=0 
(?—H)(V—e) or + DO ae “ 


—[m n+ 1) = ep LN 0. 
Whence if L= £2(A), it follows that M= HR(u) and N= EHp(v), and that 
V = EP (A) EP (mw) ER (v) (4) 


is a solution of Laplace’s Equation, (8) Art. 136. 
The equation 


(a 


oot aCe! SO a pele — y= 
— [mn + Fae —@+e)pjz=0 (5) 

is known as Lamé’s Equation, and H?(x) as a Lamé’s Function or an Ellip- 
soidal Harmonic. We shall suppose m a positive integer. 

To get a particular solution of (5) let z= a,x". Substitute in (5) and 
reduce and we get 

[A(&A+1) —m(m+1)Ja,-—-@ +4 [((A+ 2)? — paz, 

+ (hk + 3)(k + 4)a,,.=0. (6) 


We have now only to choose a sequence of coefficients satisfying (6), and we 
may take any two consecutive coefficients arbitrarily. 
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(6) which is ordinarily a relation connecting three consecutive coefficients 
reduces to a relation between two when k=m, when k=— 38, and when 
h—— 4, li we take a,,.2=0,4,,1) Gm.¢, &¢, Will vanish. Let GL 
If m is even the coefficient of a) in (6) will be zero ; if p has such a value 
that a_, is zero, a_4, a_¢, &c., will be zero, and there will be no terms in 
the solution involving negative powers of a. 

If we write the values of @,,2, Gm_4, &C., by the aid of (6) we see that 


@,—2 18 of the first degree in p, a,,_, of the second degree in p, &c., and es, 


of the degree s+ 1 inp. There are then a+ 1 values of p which we shall 


call p1, 2, ps, &e., for which a_, will vanish, and for which our solutions will 
be of the form 


BE) = 2" $ gg 22 ty gat ay 


if m is even. 
If m is odd, the coefficient of a, in (6) will vanish and we can choose p so 
that a_, shall be zero, and then all coefficients of lower order will vanish. 


1 
ue . : in p, and there will be at values 1; Po» Psy 


a_, is of the degree 
&e., of p for which 
UEP) nT ang eri Cea ane yk, 

Following Heine we shall call the solution just obtained KP(x) so that 
| EEE (Gea a eg de ci ce (7) 


terminating with a if m is even, and with a,” if m is odd. If m is even, 
m+1 


2 


there are a 1 of these functions A? (ax), K?(x), &c., and there are 
of them if m is odd. The coefficients can be computed by the aid of (6). 
If in Lamé’s Equation (5) we let z= Wx? — b? we get the equation 
av i dv 
PAO ©) sph bee 2) | ae 
—[(m+ 2)(m—1)2?+P—(P+e)plju=0. (8) 
Letting v= Sa,2* we obtain the relation 


[h(e-+ 3) — (m + 2)(m—1)Jaa— {PHY + 2) — pl + PC 5) ters 
+ Be(k + 3)(k+ 4)ap44= 9. (9) 
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Proceeding exactly as before, we find that there are = values 91, Yo) Ys, &¢., 
m+1 


of p for which v=a"—" a, 24a" a) = tie aa is even, and 3 


values for which vy =a"-!+ a,,_,2"—> + ++:+ a if m is odd. 
Calling v Va? — 0? L2(«) so that 


Lp (2) = NaF = Ba" $ dig 528 diy ge F 4 oY, (10) 
terminating with a,2 if m is even and with a if m is odd, we have 2 
values of H2(x), namely Lao), Lje(a), &c., of the form (10) if m is even 
and ~~ as values if m is odd. 


y 


Pe) 


By interchanging 6 and ¢ in (8), (9), and (10) we may show that if 


MP (x) = V0? — 2 [a™—1 + @,,_ 32"? + a,_ 52" 9+ °°] (11) 
there are $ values of H?(x), namely My1(x), My7(x), Mys(x), &e., of the form 
(11) if m is even and = al : values if m is odd. 


“ 


Finally if in Lamé’s Equation (5) we let z= vV(a? — 2°) (x? — c?) we get 


Pv dv 
2 (i) ee es 
(2=— 2) —¢ FRA Ot (0a re 


—[(m+3)Qn—2)2*§—(+2)(p—1)w=0. (12) 
If now we let v= >Sa,x* we obtain the relation 
[A(k +5) — (m — 2)(m +3) Jag 
— C+) (R24 +4) +1 — plage + Pk + 3)(k+ 4)a,,,=0. (18) 
Proceeding as before we find that there are = values $1, Sz, Ss, &c., of p 
for which v= a"? -- a, puesto aS ee at ee is even, and 


m+1 ; 
5 values for which v=a"—?+a,,_,2"-4-+-++-+ a,x if m is odd. 


Calling vV (a? — 6?)(a* — 0?) N®(x) so that 
NRC) =VE— PPA a? yg" fy gab ee] (AL) 


terminating with a) if m is even and with a, if m is odd, we have 3 values 


of Hr(x), namely N%(x), Ni(a), N;3(x), &c., of the form (14) if m is even and 
70 — 
9) 


a 


il 
values if m is odd. 
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Summing up our results we see that there are 2m-+1 Ellipsoidal Harmonics 
ix) each of which is a finite sum of the mth degree in a, or in # and Va?—8?, 
or in @ and Va?—c?, or in x and Vz?—@? and Var? — @?. 

It was proved by Lamé that the 2m +1 values of Pp, namely 71, p,, ps, &e., 
M13 Ya) Ys, &l., M1, %, 73, &C., $1, S, 83, &e., were all real, and by Liouville that 
they were all different. 

We give tables of the Ellipsoidal Harmonics for m= 0, m=1, m=2, and 
m=3. The coefficients were obtained by the aid of formulas (6); Q); 
and (13). 


EK (x) EF, (x) 


Ky (a) =a 
L,(x) = Vx? — 8? 


M,(x) = Va? — 2 
Ni (x) =90 


E,(x) 


Ke) =a? —3[P +e — VE 8) = 30] 
K(x) =a — 3 [P+ EC +VE + ey — 3h] 
L,(a) =x x — 0 
M(x) = 22? — ¢ 


I,@) =Ve—He— A) 


E(x) 


Kp (a) =2° —2[20' + &) — VAG + A — 1a] 


Kf?(x) — 7 =p + 0?) -f- V4(0? +- e*)? == 1567c"] 
Lp(a) = V2? — BLx? — 30? + 20? — VF + 20°)? — Bore?) ] 


Ip(a) = Vx? — ba? — 1(0? + 20? + Ve E202)? — 5b%?) ] 
Mpa) = Vx? — ea? — 3 (20 + — V(208 + &)? — 5b?) ] 
Mn(a) = V2 — efx? — 1(20? 4+ e+ V (20? + )? — 5%?) ] 


Guay (a —C) 
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It is to be noted that since in the solution (4) of Laplace’s Equation, 
V= ERA) EX(H) En), 


we have the same m and p in each of the three factors, we shall have to deal 
merely with products made up of factors of the same form, for example, 


KP*(X) KI) KPA), Lylt(A) Lylt(H) Lyk) 85 
and that in a solution of the form 
V=D Amy BRA) BR(4) BRC) 
we shall have for a given m just 2m-+1 terms. 


138. From the particular solution of Lamé’s Equation [(5) Art. 137] 
z= H2(a), we can get by formula (5), Art. 18, the general solution. 


: lx 
It is 2 = AE?(«) + BER of : 1 
( _ V (a? — 0?) (a? — BP (@) os 
Making 4=0 and B=2m-+1 we get a second form of particular solution of 
Lamé’s Equation, = F'?(«) where 


Fr (a2) = (2m + BON mere geal 


We shall call F2(x) a Lamé’s Function of the second kind. 
It is easily seen to approach the value zero as «& is indefinitely increased. 


dx 


(2) 


EXAMPLES. 


1. If an ellipsoidal conductor is charged with electricity, and is found to 
be at potential V,, show that since Vj = V,K,(A), 


V = VK (A) Ko(#) Ko(v) = Vo 


at an internal point, and 


Ve VIGGN IO) EEO) | ee 
L . V (x* — b7) (a0? — 0%) [ Ko(x) ? 


een == at 
Je — 6%) (a? — 0?) [ Ky(a) }? 


ae hea! z 
~" fentecs fected 


= ; sin-? = — 
Cc Ms 
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whence = Dear a Sage v. (10) Art. 136. 
(05)-% 


2. Find the value of the potential function at an external point due to the 
attraction of a solid homogeneous ellipsoid (v. Art. 135). 
Observe that 


(2 = w2)(P —v?) = Y[Blt — 2008 + 2) P+ Be") Ky(u) K(v) 


+ ?— 32 a ” 
a 1 Pi P1 
HL Gael roro 


ae b? as ef 3? @2) 2 : 
+a[1- VE 30% . PRP; 


and that 


Ag = Ope 2) 72 2 7 ee 
fare 2 (0? +- €?) 1? + 7c? = trp VAC—AAI—e) = M 


. 37P Ve— 02) (2? — c?) 


where M is the mass of the ellipsoid. 
Ans, v= u} {) gO 
ah = O(a 3) 
dx 


[sro mroxre) [ae a 


Nee = ae 
[ dx 
_ Ken KroKrey fr = 2°) (x? a Wed : 


b b*\3 ; 
139. If for the sake of brevity we represent ; by &, and (1 —‘) by &' in 
the formulas (11) Art. 136 we have 


dn a b 
a ee : eee ah ey ae dk 
feel Che eee an B (mod k')’ y= sn y (mod k) (1) 


and from these we get without difficulty (v. Int. Cal. Art. 192) 


ck! ; bk! sn B ; 
epi) St ea eee py mods 
Se cn a (mod k)’ Vu dn B ( ) 
k! sn 
—v?=bcny(modh), Vi? ee ——<(mo od £), (2) 


ck! en B mod k'), Ve— v? =edn y (mod hy. 
dn 8 


Ve — = 
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If we let a range from 0 to A, and £ from 0 to 2K', and y from 0 to 44, 
where K and K'’are the complete Elliptic Integrals H(i 5) and ra 3) 


respectively, (a, B, y) may represent any point in space, and there will be no 
ambiguity in sign (v. Art. 136). 

We may note that if 0<B<K', z is positive ; Ife, 96521 eee 
negative; if O<y<4, @ and y are both positive; if A y<2K, @ is 
positive and y negative; if 2K <y<3K, and y are both negative; and if 
3K <> <4K, z« is negative and y positive (v. Art. 136). 

We can write the values in (4), (5), (6), and (7), Art. 136, more neatly by 
bringing in a, B, and y. We get 


i= “Vor tl) Ne v*) da, (3) 

it 
d8=5(!—Y NOE— A H*) dB, (4) 
Ci : (2 — p?)(? — v*) (w? — v*) dadBdy. (5) 


For the integral of any function of a, B, and y over the ellipsoid a = a,, we 
shall have 


2K" 4K 


¥ iL 9 9 9 9 $ 9 
f F(a, B,yaS=- | ap i) F(a) B,y)(u2 — YVO2— w)Q2— dy. (6) 
0 0 
140. If we make use of the formula (2) Art. 92 
f(D. V— VD,0)dS=0 (1) 


and take as our closed surface any given ellipsoid, we can get a very important 
result. 


If U = Bex) ER(u) ER») and V= B4(X) B4(u) E4(v) 
then Va VF 
D.U= DUD BE) Be ee 
da VO? — p’) (2 — 7) 
dE (Xr) C 


and D,V = D,VD,a = Es(p) EX(v) 


n 


da \/ (02 ft) (Nae) 
UD,V — VD,U 
= EP(m) ER) Ea(m) Be (v) (2220) ae a = = (A j 
a We ev 
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Integrating UD, V— VD,,U over the whole ellipsoid, and writing the result 
equal to zero, we have 


2 fan f exc xxeneno sx 220) 802 nx) ye y= 0 


Hence i (2) 
unless Bg) — BQ) 22K (3) 


But as our ellipsoid may be taken at pleasure, A and a are unrestricted, and 
if (3) is true it must be true identically. 
If we divide (3) by [#2(A)]? it becomes 


d ai) | =o LE) 
dal_BP(n) and a =a constant ; 


and this obviously cannot be true unless n= m and g =p. 


EXAMPLES. 


1. Show that it follows from (2) Art. 140 that 


S48 f H2(H) BE) Bau) B30) (H! = v*)dy = 0. 


Suggestion : 
2K’ K’ 
i E(w) Eto) (HV) ap = { Feu) Es CH) (Ha a8 
0 0 
2K’ 


+ 224) Ha(u) (wt — v4) dB. 


K’ 
Tf in the last integral we ons B by B +24K' it becomes 


ER (pw) EY (M(H — #48 


y. Arts. 136 and 139 and Int. Cal. Art. 196. 
2. Show that 


fan frre mroe vty =s fan fn Beer — Ae 


262 ELLIPSOIDAL HARMONICS. pArr. 141. 


141. We can now solve the problem of finding the value of V at any point 
in space when it is given at all the points on the surface of the ellipsoid 
a=—=a,. 

We have first to develop in Ellipsoidal Harmonies a function of and v or 
rather of a and @ given at all points on the surface of the ellipsoid in question; 
and this is now easily accomplished by our usual method, which leads us to 
the result 


m=o0 k=2m+1 


FB Y= >, LY Armoy En) En); (1) 
ii eal 
fap nf fay; By y) HAE) ERED) (wt — vi )dy 
where Ain . (2) 
8 fr J [EP (1) BEE(v) Put — dy 


Our final solution is 
m=no Qn +1 


ada: oy mb ae E(w) En) (3) 


m= 0 
at an internal point; 


m=ao k=2m+1 


a Snn'etioy ~ FR 0) OEO (a) 


at an external point. 
Lamé has proved rather ingeniously that 


f 8 f [ERE (u) BPA(v) Bue — Pay 


can always be found and that it is equal to 5 multiphed by a rational integral 
function of the coefficients of E7*(a) and a, c and ( ab 

Of course the labor of obtaining even a few terms of the development of a 
function that is in the least complicated is enormous. 

142. If in Laplace’s Equation (8) Art. 186 we let V= HP(X) U supposing 


U to be a function of B and y only, we get after replacing a 
LEN) das 


by its value m( m+ 1) — (V+ °)p [v. (2) Art. 137 


Ca v) DgU + (Ni pe).D> Oi v’){m(m + 1)? ~ (eae )p |= (1) 
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and since by hypothesis U is independent of d, the coefficient of 2 in (1) 
must vanish. Hence 

DgU+ DIU + (we — v’)m(m + 1)U=0. (2) 
Of course U= Ef(u)HP(v) will satisfy (2). 


EXAMPLES. 
1. Substitute U= H?(u) HP(v) in (2) Art. 142 and by the aid of (2) Art. 137 
show that the equation (2) Art. 142 is satisfied. 
2. Obtain (2) Art. 140 directly from (2) Art. 142. 
3. Conical Coordinates. Consider the system of codérdinates defined by the 
equations 


et yt 27 


wt ew) geo (1) 
ie y 2 
=3 : =) 
St545+555=( 
Whetescs.= fe 0° = 1, 
Show that 
eee PWR) PW AFA), 
err ae ame ye a ee—P) 
eo (= pi) 17 (os) (e@=v) Ae 
he= 4 ake Bo B= SG 0? Bod 
Laplace’s Equation is 
D2V + DgV + (w? — v*)D,(D,V) =0 (2) 


Be v 
du dv 
h = f and §= { —— > 
where a V2 — (2 — pe) . V(o2— v*) (ee — v*) 
If V=U.R (2) breaks up into 


< (e<) = m(m +1), (3) 
DU + DgU + m(m + 1)(wW— vv) =0. (4) 

(3) gives peed a ee ee 
(4) gives U= EP (pm) HEY) (v. Art. 142). 


So that a solution of (2) is 
V = Ar™ E(u) ER). 
But since (2) is Laplace’s Equation, V= Are Ys), in expressed in 
Conical Coérdinates, must satisfy it, consequently Hi(u)#2(v) must be simply 
a Spherical Harmonic of the mth degree. 
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Toroidal Codrdinates. 


143. Any pair of circles belonging to the orthogonal system obtained and 
figured in Art. 46 can be represented by the equations 


200 ee ey a 


sinha —cosha 
(1) 
207 see a 
sinB — cos B 


if we take 2a instead of 2 as the distance between the points common to the 
second set of circles. 

If we rotate the system about the axis of y we get a set of spheres and a 
set of anchor rings which cut orthogonally. These and a set of planes through 
the axis of revolution will form an orthogonal system of surfaces, and the 
parameters corresponding to them may be taken as a set of curvilinear 
codrdinates and may be called Toroidal Codrdinates. 

If we take the axis of the system as the axis of Z, the equations of a set of 
the surfaces may be written 


Aa? (x? + y’) = ex + of + oe + ai 


sinh? a cosh’? a 
ZOa ey ie (2) 
sin B cos B 
y= a tan y 


a, B, and y being regarded as the coédrdinates of a point of intersection of the 
three surfaces. 
Finding Laplace’s Equation in the usual manner we get 


a sinh a cos y a sinha siny a sin B 
SSS SS) 20> 
cosh a = cos B I~ osha += cos B cosh a = cos B 


a sinha a cosh a 
aa a+ 2 ctn B = —_——_—_} 
cosh a = cos B cosh a = cos B 


i V2? a yr = 


sg cosh a = cos B A= cosh a = cos B he cosh a = cos B, 


a a a sinha 
and Laplace’s Equation becomes 
inh a inh 
Dal @ sin D r | D L a sinha 
coshazcosB * dae cosh a = cos Be ee 


a 


D a 
ny | om a(cosh a = cos f) DT |= 0, (1) 
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~ De(rD,V) + Dg(rDgV) + <7 rD2V =O. (2) 
We cannot proceed further by our usual method, for the assumption that V 

is a function of a alone, or that V is a function of B alone, proves to be 

inadmissible. Indeed, not only are a, f, and y not thermometric parameters 

(v. Art. 133), but no thermometric parameters exist, and no possible distribu- 

tion can make our anchor rings or our spheres a set of equipotential surfaces. 
We can, however, simplify (2). It can be written 


Di(VVr) + Di(V VP) + > Di) — VIDNe-+ DN) =0. (3) 


ao 
DNr + DNr l tL sy ners 
aV7 + DsVr proves equal to —Teinh?g? Bence if U=VVr (3) becomes 
sinh? a(D{U + DgU) + Di/U+1U=0, (4) 


for which particular solutions can readily be found by our usual process. 
(4) can be broken up into the three equations 


aN F 
dy + (m+4/PN=0 (5) 
CM 
ag t wit=0 (6) 
2 
sinh? an —[m(m + 1)+ 7’ sinh’a]L =0. (7) 


N= Acos(m+4)y + Bsin(m + $)y 
M= A, cos nB + B, sin np. 


If we introduce into (7) «=ctnha it becomes 


@L dL ne - 
(El oe ce — 207 + [ mom +1)— a = |e —=(()) 


a solution of which is 


hae) = — wy Fal) (v. Art. 102). 


It is to be noted that since ctnha is greater than 1 


2 ein d"P,,(ctnh a) | 
Px(ctnh a) = ? esch” a (d ctuh a)" 
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be 
The constant coefficient 7 can be rejected and we get 


d"P,,(ctnh a) 


U=[A cos(m-+ })y+ Bsin(m-+ })y](A1c0s mB + B, sin nB)esch" a (d cto a)? 
as a particular solution of (4). 


Aide ah n oP »(ctnh a) 
— Pr(ctnh a) = esch” a (d ctnh a)" 


is 


has been called a Toroidal Harmonie. 


EXAMPLES. 


1. Given the value of the potential function at all points on the surface of 
an anchor ring; find its value at any point within the ring. 
Suggestion: If V=f(8, y) when a=dapo, the function to be developed is 


ce 


and the development will be in a double Fourier’s Series (v. Art. 71). 


asinh ag 
cosh ay = cos B 


Vr f(B) te | 


2. Show that if we let a range from 0 to «, 6 from —7 to m, and y from 
0 to 27r, each of the double signs on page 264 may be replaced by the minus 
sign without loss of generality. 


CHAPIN Rex * 
HISTORICAL SUMMARY. 


The method of development in series which has enabled us in the preceding 
chapters to solve problems in various branches of mathematical physics, had 
its origin, as might have been expected, in the theory of the musical vibrations 
of a stretched string. It was in the year 1753! that Daniel Bernoulli 
enunciated the principle of the coexistence of small oscillations, which, in 
connection with Taylor’s and John Bernoulli’s theory of the vibrating string, 
led him to believe that the general solution of this problem could be put in 
the form of a trigonometric series. This principle also led him and Euler to 
treat in a similar manner the problems of the vibration of a column of air and 
of an elastic rod. The problem of the vibration of a heavy string suspended 
from one end was also treated in the same manner by these mathematicians 
and deserves special mention here as in it Bessel’s functions of the zeroth 
order appear for the first time.” In none of these cases, however, was any 
method given for determining the coefficients of the series. 

This last remark also applies to the more complicated problems of the 
vibration of rectangular and circular membranes, which were discussed by 
Euler® in 1764, and in the last of which the general Bessel’s functions of 
integral orders occur. 

It is in problems connected with astronomy that the first completely 
successful application of the method here considered occurs. Legendre in a 
paper published in the Mémoires des Savants Etrangers for 1785, first 
introduced the zonal harmonics P,, and apphed them to the determination of 
the attraction of solids of revolution. He was followed by Laplace, who in 
one of the most remarkable memoirs ever written* determined the potential 
of a solid differing but little from a sphere by means of the development 
according to the spherical harmonics Y,,. 


1 See two articles by Bernoulli and one by Euler in the Memoirs of the Academy of 


Berlin for this year. 
2 See the Transactions of the Academy of St. Petersburg for 1732-33, 1734 and 1781. 


8 Transactions of the Academy of St. Petersburg. 
4« Théorie des attractions des sphéroides et de la figure des Planétes’? Mémoires de 
This article, although bearing an earlier date than that of 


l’académie des sciences 1782. 
It is here that ‘Laplace’s equation”’ first appears, 


Legendre, was really inspired by it. 
occurring, however, only in polar cobrdinates. 
* See preface. 
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Very closely related to this problem is Gauss’s celebrated treatment of the 
theory of terrestrial magnetism,’ which we will for that reason mention here, 
although it was not published until more than half ay century later. This 
paper is particularly noteworthy as it contains a numerical application of the 
method on a larger scale than has ever been attempted before or since. 

After the researches of Legendre and Laplace there was a pause of a 
quarter of a century until in 1812 Fourier’s extensive memoir: Théorie du 
mouvement de la chaleur dans les corps solides was crowned by the French 
Academy. Although not printed until the years 1824-26,’ the manuscript of 
this work was in the meantime accessible to the other French mathematicians 
presently to be mentioned. The first part of this memoir, which was repro- 
duced with but few alterations in the Théorie analytique de la chaleur (1822), 
contains a treatment of the following problems and of practically all of their 
special cases : 

(2) The one dimensional flow of heat. (6) The two dimensional flow of 
heat in a rectangle. (c) The three dimensional flow of heat in a rectangular 
parallelopiped. (d) The flow of heat in a sphere when the temperature 
depends only on the distance from the centre. (e) The flow of heat in a 
right circular cylinder when the temperature depends only on the distance 
from the axis. In these problems not merely the simpler boundary conditions 
are considered but also the question of radiation into an atmosphere. In 
special cases of the first three problems just mentioned (when one or more 
dimensions become infinite) the series degenerate into “ Fourier’s integrals.” 

More important even than any of these special problems is the great 
advance which Fourier caused the theory of trigonometric series to make. 
In a posthumous paper Euler had given the formulae for determining the 
coefficients,® but Fourier was the first to assert and to attempt to prove that 
any function, even though for different values of the argument it is expressed 
by different analytical formulae, can be developed in such a series. The fact 
that the real importance of trigonometric series was thus for the first time 
shown justifies us in associating Fourier’s name with them, although, as we 
have seen, they were known long before his day. 

Fourier’s results were extended by Laplace in 1820! to the general (unsym- 


metrical) case of the flow of heat in a sphere, and by Poisson® (1821) to the 
unsymmetrical flow of heat in a cylinder. 


1 Resultate aus den Beobachtungen des magnetischen Vereins im Jahre 1838. Leipzig, 
1839. Reprinted in Gauss’s collected works, Vol. V., p. 121. 
2 Mémoires de l’académie des sciences for 1819-20 and 1821-29. 


3 Lagrange had practically determined these coefficients long before but failed to notice 
what he had got. 


4 Connaissance des Temps pour l’an 1823. 


5 Journal de |’ Keole Polytechnique, 19¢ Cahier. Although the final forms to which Poisson 
reduces his results are similar to Fourier’s, his methods are very different. 
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In 1835 Green published a paper! in which the method we are considering 
is employed to determine the potential of a heterogeneous ellipsoid. This 
paper, in which the analysis is performed at once for space of m dimensions, 
anticipates much that was subsequently done by others, but has failed to 
exert an influence proportional to its importance. 

At about this time Lamé began a series of publications which have con- 
nected his name inseparably with the problem of the permanent state of 
temperature of an ellipsoid. In the first of these? the equation V?V =0 is 
transformed to ellipsoidal coérdinates and is then broken up into three 
ordinary differential equations. The rest of the solution, however, is hardly 
touched upon. Lamé’s most important work on this subject*® was published 
in Liouville’s Journal in 1839, and in it the complete solution of the problem 
is given. Lamé clearly shows in this paper how he arrived at his solution, by 
considering first the simpler case of a sphere where, instead of the polar 
coordinates 6 and ¢, the parameters of two families of confocal cones of the 
second degree are used as codrdinates. This system of curvilinear codrdinates, 
which, when applied to the complete sphere, merely gives the old results of 
Laplace in a new form, is barely mentioned in Lamé’s later publications. In 
the same volume of Liouville’s Journal Lamé published a second paper in 
which he applies his results to the special cases of ellipsoids of revolution. 

These two papers form the starting-point for a series of articles on the 
same subject by Heine and Liouville. Heine in his doctor dissertation* (1842) 
determined the potential not merely for the interior of an ellipsoid of 
revolution when the value of the potential is given on the surface, but also 
for the exterior of such an ellipsoid and for the shell between two confocal 
ellipsoids of revolution. Even in the first of these problems, which is 
equivalent to that of Lamé, he simplified Lamé’s solution materially by 
showing that the functions used may be reduced to spherical harmonics, 
while in the other two problems he introduced spherical harmonics of the 
second kind, which were then new. Shortly afterwards’ Heine and Liouville 


1«@On the determination of the exterior and interior attraction of ellipsoids of variable 
densities.’? Transactions of the Cambridge Philosophical Society. 

2 Mémoires des Savants Etrangers, Vol. V. Although the volume is dated 1888 this paper 
(which was reprinted in Liouviile’s Journal, 1837) must have appeared at least as early as 1835. 

8 «Sur l’équilibre des Températures dans un ellipsoide a trois axes inégaux.’? An article 
by the same author on the two dimensional potential will be found in Vol. I. of this Journal. 

4 Reprinted in Crelle’s Journal, Vol. 26 (1843). 

In the same Journal for 1847 F. Neumann discussed the related problem of the magnet- 

isation of a soft iron ellipsoid of revolution. 

5 Heine: Crelle’s Journal, Vol. 29, 1845. Liouville: Liouville’s Journal, Vol. X., 
1845, and Vol. XI., 1846. For a treatment of the problem of the potential of an ellipsoidal 


shell by means of a development of ke in terms of Lamé’s functions, see a paper by Heine 


in Crelle’s Journal, Vol. 42, 1851. 
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published simultaneously two papers in which they arrived independently of 
each other at about the same results. In each of these papers attention is 
called to the fact that the product of two Lamé’s functions is a spherical 
harmonic, and this fact is made use of to throw Lamé’s solution of the 
problem of the permanent state of temperatures of an ellipsoid into a more 
elementary form. Besides this the second solution of Lame’s equation is 
introduced for the sake of solving the potential problem for the exterior of 
the ellipsoid. 

In thus following up the theory of heat and the related potential problems, 
we have lost sight of the question of small vibrations, to which during the 
early part of the century a great deal of attention had been devoted by 
Poisson, who frequently made use of the method of development in series. 
In his memoirs! most of the problems left unfinished by Bernoulli and Euler 
are thoroughly treated, as well as various slight modifications of them. 
When, however, he attacked the problem of the vibration of an elastic plate 
he was unable to make much progress, owing in part to the erroneous form of 
his boundary conditions. He was, nevertheless, able to solve the problem of 
the symmetrical vibration of a free circular plate. The complete theory of the 
vibration of a free circular plate was first given by Kirchhoff.? 

Passing now to a new subject, the theory of the equilibrium of an elastic 
spherical shell, we find a solution by Lamé in Liouville’s Journal for 1854, 
and by Sir William Thomson (1862) in the Philosophical Transactions for 
1863. Both of these papers consist of an application of the spherical harmonic 
analysis to this rather complicated problem. Thomson, however, considers 
besides Lamé’s problem certain related questions and the form of his analysis 
is very different from Lamé’s, being of the same nature as that used in the 
Appendix B of his Natural Philosophy of which we shall have to speak 
presently. These investigations form the starting point for a number of 
recent memoirs among which those of G. H. Darwin on cosmographical 
questions deserve special mention. 

Closely related to this last mentioned problem is the theory of the small 
vibrations of an elastic sphere... While the simplest case of this problem was 
treated by Poisson in the memoir referred to above, the general solution has 
been only recently obtained by Jaerisch (1879)* and Lamb (1882). The 
functions involved are the same as those which occur in the problem of the 
non-stationary flow of heat in a sphere as solved by Laplace. 

The Appendix B of Thomson and Tait’s Natural Philosophy, * to which we 
have already referred, deserves to be regarded as one of the most important 


1 See especially the one in the Mémoires de l’académie des sciences, Vol. VALLE S208 

2 Crelle’s Journal, Vol. 40, 1850. 3 Crelle’s Journal, Vol. 88. 

4 Proc. Lond. Math. Soc. ° First edition, 1867. This appendix 
was evidently written as early as 1862, as Thomson refers to it in the memoir quoted above. 
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contributions to the general theory. The way in which spherical harmonics 
are introduced (as homogeneous functions of the rectangular coordinates) was 
then new,' and the solution of the potential problem for a variety of new 
solids was indicated; viz., for solids whose boundaries consist of concentric 
spheres, cones of revolution, and planes. We shall have more to say presently 
concerning the method employed for the solution of these problems. 

Although connected only indirectly with the theory we are discussing, it 
will be well to mention at this point the method of electrical images which is 
also due to Sir William Thomson (1845). This method enables us to solve 
many potential problems for the inverse of any solid when once we have 
solved it for the solid itself. By means of this method most of the solutions 
of potential problems obtained by our method may be applied at once with 
very little modification to systems of curvilinear coérdinates derived by 
inversion from those we have used. It will not be necessary to mention 
separately problems of this sort, as it is clearly immaterial whether they be 
solved directly or by means of the method of inversion.? 

Returning now to the Continent, we find as the next important question 
taken up the problem of the potential of an anchor ring. The first publication 
on this subject is a monograph by C. Neumann?® (1864), but in Riemann’s 
posthumous papers which were not published until 1876, ten years after his 
death, will be found a short fragment on this subject, which (cf. the last page 
of Hattendorf’s edition of Riemann’s lectures: “Partielle Differentialglei- 
chungen”’) would appear to date back to the winter 1860-61. This fragment 
is of peculiar interest, as the opening paragraphs clearly show that Riemann 
had in mind an extended article on the fundamental principles of our subject. 

We will next mention two papers by Mehler in which the functions known 
as “conal harmonics,’ which had already been introduced by Thomson in the 
Appendix B above mentioned, were applied to the solution of two problems in 
electrostatics. The first of these papers* (1868) deals with the solid bounded 
by two intersecting spheres, while in the second’ (1870) the infinite cone of 
revolution is treated. Both of these problems are essentially different from 
those discussed in the “Appendix B,’” inasmuch as the infinite series which 
we usually have degenerate in these cases into definite integrals, just as they 
do in some simpler cases treated by Fourier. The later of the two papers 
just quoted also contains valuable information concerning the nature of the 


1 The same method was used at about the same time by Clebsch. 

2 A case in point would be the potential problem for the shell between two non-intersecting 
eccentric spheres, since these spheres can be inverted into Sonor e spheres. This problem 
was treated directly by C. Neumann in a monograph published in Halle in 1862. 

8 «‘ Theorie der Elektricitiits- und Warme-Vertheilung in einem Ringe.” Halle. 

4 Crelle’s Journal, Vol. 68, 1868. 

5 Jahresbericht des Gymnasiums zu E|bing. 
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solution of similar problems for the hyperboloids and paraboloids of revolu- 
tion. The solutions of these problems are not, however, given. 

It remains, in order to close the history of this part of the subject, to mention 
a number of memoirs which although treating entirely new problems are of far 
less importance than most of those considered up to this point, partly because 
the solution is not brought to a point where it can be of much immediate use, 
and partly because most of the methods employed are such as could not fail 
to present themselves to any one attacking these problems. 

Of these the first is a paper by Mathieu’ on the vibration of an elliptic 
membrane (1868), in which the functions of the elliptic cylinder occur for the 
first time. 

This was followed in the same year by a paper on closely allied subjects by 
H. Weber,? in which not merely the case of the complete ellipse is briefly 
considered, but also that in which the boundary consists of two arcs of 
confocal ellipses and two ares of hyperbolas confocal with them. The special 
case in which the ellipses and hyperbolas become confocal parabolas is also 
considered, whereby the functions of the parabolic cylinder are for the first 
time introduced. 

In Mathieu’s “Cours de physique mathématique” (1873) the problem of 
the non-stationary flow of heat in an ellipsoid is touched upon, and an 
elaborate though not very satisfactory treatment of the special cases where 
we have ellipsoids of revolution is given. New functions appear in all of 
these problems. 

Of late years C. Baer has supped a number of missing links in the chain 
of problems here considered by treating in succession the potential problem 
for the paraboloid of revolution,® the parabolic cylinder* and the general 
paraboloid.’ In the first of these problems Bessel’s functions occur, as had 
already been stated by Mehler, while in the last we find the functions of the 
elliptic cylinder. For each of the three systems of coérdinates employed the 
same author also touches upon the more general problem of the non-stationary 
flow of heat, in which new functions occur. 

Except in the case of the anchor ring we have found so far only such solids 
treated by our method as are bounded by surfaces of the first or second 


1 Liouville’s Journal, Vol. XIII. 
2“Ueber die Integration der partiellen Differentialgleichung mi sh a +ku=0.” 
hep 5y , 

Math. Ann., Vol. I. No physical problem is mentioned in this paper. 

’ ‘Ueber das Gleichgewicht und die Bewegung der Warme in einem Rotationspara- 
boloid.’? Dissertation, Halle, 1881. 

4 «« Die Funktion des parabolischen Cylinders,’? Gymnasialprogramm Ciistrin, 1883 

5 “ Parabolische Coordinaten,’’ Frankfurt, 1888. See also a paper by Greenhill in the 
Proc. Lond. Math. Soc., Vol. XITX., 1889 (read Dec. 8, 1887). Also a posthumous paper b 
Lamé in Liouville’s Journal for 1874, Vol. XIX. x 
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degree. Wangerin! (1875-76) considered in connection with the theory of 
the potential, more general systems of curvilinear coordinates than had 
previously been used in physical questions, namely, cyclidic coérdinates.2 He 
showed, however, merely how to break up Laplace’s equation into three 
ordinary differential equations.® 

An important branch of our theory which we have not yet touched upon 
dates back to the year 1836, when Sturm published a series of fundamentally 
important papers in the first two volumes of Liouville’s Journal. The 
physical question which lies at the basis of these papers is the problem of the 
flow of heat in a heterogeneous bar.4 The method here employed depends 
upon the fact that the functions which occur are characterized by the number 
of times they vanish in a certain interval. This same idea reappears in 
Thomson and Tait’s Appendix B already referred to, but first finds its full 
expression in this more general field of the three dimensional potential in an 
article by Klein: “Ueber Kérper welche von confocalen Flichen zweiten 
Grades begrenzt sind”? (1881). Still more recently (1889-90) Klein has in 
his lectures extended this theory to the treatment of solids bounded by six 
confocal cyclids, and has indicated how all the potential problems heretofore 
treated by our method are special cases of this one.® 

Of late years, especially since the year 1880, the younger English mathe- 
maticians have done a vast amount of work in the theory we are here 
considering. Although much of this work is of great value, hardly any of it 
can be regarded as being a real development of the method; it is rather an 
application of it to a great variety of problems. We must therefore content 
ourselves with giving a mere list of a few of the more important of these 
papers. 

Niven: On the Conduction of Heat in Ellipsoids of Revolution. Phil. 
Trans., 1880. 

Niven: On the Induction of Electric Currents in Infinite Plates and 
Spherical Shells. Phil. Trans., 1881. 


1 Preisschriften der Jablanowski’schen Gesellschaft, No. XVIII., and Crelle’s Journal, 
Vol. 82. See also, concerning a still further extension, the Berliner Monatsberichten 
for 1878. 

2 Cyclids are a kind of surface of the fourth order (see Salmon’s Geom. of three Dimen- 
sions, p. 527). In his first memoir Wangerin considers only cyclids of revolution. 

8 See also a paper by this author in Griinert’s Archiv for 1873, where the problem of the 
equilibrium of elastic solids of revolution is treated. 

4The similar problem of the vibration of a heterogeneous string under the action of an 
external force was treated by Maggi (Giornale di Matematiche, 1880). Several special cases 


are also considered here in detail. 


5 Math. Ann., 18. : 
6 For an exposition of this theory see the treatise: Ueber die Reihenentwickelungen der 


Potentialtheorie, Leipsic, Teubner, 1894, by the writer of the present chapter. 
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Hicks: On Toroidal Functions. Phil. Trans., 1881. 

Hicks: On the Steady Motion and Small Vibrations of a Hollow Vortex 
Phil. Trans., 1884, 1885. 

Lamb: On Ellipsoidal Current Sheets. Phil. Trans., 1887. 

Chree: The Equations of an Isotropic Elastic Solid in Polar and Cylin- 
drical Codrdinates, their Solution and Application. Camb. Phil. Soc. Trans., 
XIV., 1889. 

Hobson: On a Class of Spherical Harmonics of Complex Degree with 
Applications to Physical Problems. Camb. Phil. Soc. Trans., XIV., 1889. 

Chree: On some Compound Vibrating Systems. Camb. Phil. Soc: Trans’ 
XV; 1o91: 

Niven: On Ellipsoidal Harmonics. Phil. Trans., 1892. 

The historical sketch we have just given would naturally require as a 
supplement some account of the work that has been done on the question of 
the convergence of the various series which occur. This, however, would 
carry us too far, and we will content ourselves with mentioning the two 
fundamental memoirs by Dirichlet in Crelle’s Journal, one in 1829 on 
Fourier’s series, and one, which has been criticised to some extent by subse- 
quent mathematicians, in 1837 on Laplace’s spherical harmonic development. 

Another subject which naturally presents itself here is the theory of the 
various new functions we have met. Those properties of these functions, 
however, which the physicist needs have usually been investigated by the 
physicists themselves in the papers mentioned above; while any thorough 
account of the development of the theory of these functions would lead us 
into the vast region of the modern theory of linear differential equations. 

We will therefore close by merely giving a list of books which will be 
found useful by those wishing to continue their study of the subject further. 

We begin with the books relating directly to physical questions : 

Fourier: Théorie Analytique de la Chaleur, 1822. 

Lamé: Legons sur les Fonctions inverses des Transcendantes et les Surfaces 
isothermes, 1857. 

Lamé: Leqons sur les Coordonnées Curvilignes et leurs diverses Applica- 
tions, 1859. 

Mathiew: Cours de Physique Mathématique, 1873. 

Riemann: Partielle Differentialgleichungen, und deren Anwendung auf 
physikalische Fragen (edited by Hattendorf), third edition, 1882. 

F. Neumann: Theorie des Potentials und der Kugelfunktionen (edited by 
C. Neumann), 1887. 

Thomson and Tait: Natural Philosophy, second edition, 1879. 

Rayleigh: Theory of Sound, 1877. 

Basset: Hydrodynamics, 1888. 

Love: Theory of Elasticity, 1892. 


BOOKS OF REFERENCE. Ua) 


Heine: Handbuch der Kugelfunktionen (second edition), 1878-81. 

Ferrers: Spherical Harmonies, 1881. 

Haentzschel: Reduction der Potentialgleichung auf gewohnliche Differential- 
gleichungen, 1893. 

These last three books would also belong in the following list of books 
relating to the theory of the various functions we use : 

Todhunter: The Functions of Laplace, Lamé and Bessel, 1875. 

Lommel: Studien iiber die Bessel’schen Funktionen, 1868. 

I. Neumann: Beitrige zur Theorie der Kugelfunktionen, 1878. 

And finally concerning the question of convergence : 

C. Newmann: Uber die nach Kreis-, Kugel- und Cylinder-Functionen 
fortschreitenden Entwickelungen, 1881. 
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APPENDIX. 


TABLES. 


Table I., a table of Surface Zonal Harmonics (Legendrians), gives the values 
of the first seven Harmonics P, (cos 6), P (cos 8), +++ P; (cos @) for the argument 
6 in degrees. It is taken from the Philosophical Magazine for December, 
1891, and was computed by Messrs. C. E. Holland, P. R. James, and C. G. 
Lamb, under the direction of Professor John Perry. 

Table IL, a table of Surface Zonal Harmonics (Legendrians), gives the 
values of the first seven Harmonics P (a), P,(a), ++: P;(a) for the argument z. 
It is reduced from the Tables of Legendrian Functions computed under the 
direction of Dr. J. W. L. Glaisher, and published in the Report of the British 
‘Association for the Advancement of Science for the year 1879. 

Table III., the table of Hyperbolic Functions, gives the values of e*, e~%, 
sinh x, cosha, and gd# (Gudermannian of «) for values of x from 0.00 to 1.00; 
and the values of logsinha and logcoshs for values of # from 1.00 to 10.0. 
The values of gd, log sinha, and log cosh are taken from the Mathematical 
Tables prepared by Professor J. M. Peirce (Boston: Ginn & Co.). 

The logsinhaz and logcosh«z for values of x between 0.00 and 1.00 can be 
obtained from the values given for the Gudermannian of « in the table by the 
aid of the relations 

log sinh a = log tan (gd x) 


log cosh x = log sec (gd 2). 


Table IV. gives the first twelve roots of J)(~)=0 and J,(~)=0 each 
divided by 7m. The table is taken from Lord Rayleigh’s Sound, Vol. L., 
page 274, and is due to Professor Stokes, Camb. Phil. Trans., Vol. IX., 
page 186. 

Table V. gives the first nine roots of J) (x) =0, Ji: (x) =0, +++ J5(x) = 9. 
The table is taken from Rayleigh’s Sound, Vol. I., page 274, and is due to 
Professor J. Bourget, Ann. de VEcole Normale, T. III., 1866, page 82. 

Table VI., the table of Bessel’s Functions, gives the values of the Bessel’s 
Functions J) (x) and J; (x) for the argument « from «=0 to x=15. It is 
taken from Rayleigh’s Sound, Vol. I., page 265, and from Lommel’s Bessel’sche 


Functionen. 
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TABLE I.—Surrace Zonat HARMONICS. 


P2 (cos 0) 


P3 (COs @) 


P4 (cos @) 


Ps (cos @) 


P¢ (cos @) 


P; (cos 6) 


1.0000 
.9995 
9982 
IY 
9927 


-9886 
-9836 
9777 
.9709 
-9633 


£9548 
SHS 
9352 
Ayal 
9122 


.8995 
.8860 
.8718 
-8568 
.8410 


8245 
-8074 
7895 
-7710 
-7518 


pieyal 
7117 
-6908 
6694 
6474 


-6250 
-6021 
5788 
sal! 
-5310 


5065 
4818 
4567 
aS lt 
4059 


3802 
Oona 
3284 
3023 
.2762 


-2500 


1.0000 
.9985 
19989 
.9863 
9758 


.9623 
JOBS) 
-9267 
.9048 
.8803 


8532 
.8238 
-7920 
7582 
ALLA 


6847 
6454 
.6046 
5624 
.5192 


4750 
-4300 
3845 
3386 
.2926 


2465 
2007 
oS 
.1105 
-0665 


.0234 
.0185 
.0591 
.0982 
SOT 


aT: 
2052 
.2370 
. 2666 
2940 


.3190 
.3416 
—.3616 
—.3791 
—.3940 


—.4062 


1.0000 
9977 
.9909 
ME 
-9638 


SDE 
SH 
8911 
.8589 
8232 


- 7840 
7417 
.6966 
.6489 
.5990 


oil 
cael 
4391 
.3836 
.3276 


eal 
.2156 
. 1602 
-1057 
-0525 


.0009 
.0489 
.0964 
1415 
.1839 


2239 
B20 90 
2923 
3216 
3473 


3691 
3871 
4011 
4112 
alias 


4197 
4181 
4128 
—.4038 
—.3914 


—.3757 


1.0000 
.9967 
.9872 
9713 
495 


.9216 
.8881 
.5476 
8053 
siete 


7045 
.6483 
5892 
MO 2He 
4635 


3982 
3322 
.2660 
.2002 
nile 


.0719 
-0107 
—.0481 
—.1038 
—.1559 


—.2053 
—.2478 
—.2869 
—.3211 
—.3503 


—.3740 
—.3924 
—.4052 
—.4126 
—.4148 


—.4115 
—.4031 
—.3898 
—.3719 
—.3497 


—.3234 
—.2938 
—.2611 
—.2255 
—.1878 


—.1485 


1.0000 
9955 
.9829 
.9617 
9329 


.8961 
8522 
-7986 
7448 
-6831 


-6164 
5461 
4732 
.3940 
3219 


2454, 
.1699 
.0961 
.0289 
.0443 


1072 
. 1662 
2201 
.2681 
3095 


3463 
modi 
3921 
4052 
grilles 


4101 
4022 
.3876 
.3670 
3409 


.3096 
2738 
D2 S45 
.1918 
. 1469 


1003 
.0534 
-0065 
.0398 
-0846 


.1270 
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P, (cos 6) 


Pz (cos @) 


P3 (cos 6) 


P4 (cos 6) 


P¢ (cos 6) 


P; (cos 6) 


7071 
-6947 
-6820 
.6691 
-6561 


-6428 
-6293 
-6157 
.6018 
-5878 


.5736 
ee 
5446 
299) 
-5150 


.5000 
4848 
4695 
4540 
4384 


-4226 
-4067 
-3907 
3746 
3584 


3420 
3256 
-3090 
Loos 
2756 


2588 
AS) 
2250 
.2079 
.1908 


.1736 
Ost 
1392 
ZY) 
1045 


.0872 
-0698 
-0523 
-0349 
.0175 


-0000 


-2500 
2238 
LDF 
-1716 
1456 


-1198 
.0941 
-0686 
-0433 
-0182 


—.0065 
—.0310 
—.0551 
—.0788 
—.1021 


—.1250 
—.1474 
—. 1694 
—.1908 
—.2117 


—.2321 
—.2518 
—.2710 
—.2896 
—.3074 


—.3245 
—.3410 
—.3568 
—.3718 
—.3860 


—.3995 
—.4112 
—.4241 
—.4352 
—.4454 


—.4548 
—.4633 
—.4709 
—.4777 
—.4836 


—.4886 
—.4927 
—.4959 
—.4982 
—.4995 


—.5000 


—.1768 
—.2040 
—.2300 
—.2547 
—.2781 


—.3002 
—.3209 
sO 
—.3578 
—=.3740 


—.3886 
—.4016 
—.4131 
—.4229 
—.4310 


—.4375 
—.4423 
—.4455 
—.4471 
—.4470 


—.4452 
—.4419 
—.4370 
—.4305 
—.4225 


—.4130 
-—.4021 
—.3898 
—.3761 
—.3611 


—.3449 
—.3275 
—.3090 
—.2894 
—.2688 


—.2474 
—.2251 
—.2020 
—.1783 
—.1539 


—.1291 
—.1038 
—.0781 
—.0522 
—.0262 


-0000 


—.4062 
—.4158 
—.4252 
—.4270 
—.4286 


—.4275 
Ay) 
—-thyS 
—.4093 
—.3984 


—.3852 
—.3698 
—.3524 
—.3331 
—73119 


—.2891 
—.2647 
—.2390 
—.2121 
—.1841 


—.1552 
—.1256 
—.0955 
—.0650 
—.0344 


—.0038 
.0267 
-0568 
-0864+ 
aS 


1434 
1705 
oles 
22 
RES 


-2659 
2859 
3040 
3203 
3345 


3468 
3569 
3648 
.3704 
oS) 


FOU) 


—.1485 
—.1079 
—.0645 
—.0251 

.0161 


.0563 
.0954 
- 1326 
1677 
2002 


2297 
OOS) 
2787 
-2976 
OL 25 


BOAOe 
.3298 
SS RVAll 
3302 
3240 


3138 
.2996 
.2819 
-2605 
2361 


2089 
.1786 
oli 
olLat 
-0795 


.0431 
.0076 
—.0284 
—.0644 
—.0989 


—.1321 
—.1635 
—.1926 
—.2193 
—.2431 


—.2638 
—.2811 
—.2947 
—.3045 
—.3105 


—.3125 


.1270 
- 1666 
«2054 
BSN) 
2627 


2854 
3031 
coos 
oA 
SSH 


3191 
3095 
2949 
2102 
2511 


EM 
-1916 
allyl 
1203 
.0818 


0422 
.0021 
—.0375 
—.0763 
—.1135 


—.1485 
—.1811 
—.2099 
—.2347 
209) 


—.2730 
—.2848 
—.2919 
—.2943 
—.2913 


—.2835 
—.2709 
—. 2536 
—.2321 
—.2067 


1779 
—.1460 
Sys 
—.0735 
—.0381 


.0000 
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x P; (x) Ps (a) 
0.00 0.0000 —.5000 
01 0100 —.4998 
02 0200 —.4994 
03 0300 —.4986 
.04 0400 —.4976 
05 0500 —.4962 
.06 0600 —.4946 
.07 0700 —.4926 
.08 .0800 —.4904 
.09 .0900 —.4878 
.10 1000 —.4850 
sui 1100 —.4818 
m2, 1200 —.4784 
oll} 1300 —.4746 
alle! 1400 —.4706 
2ll5 1500 —.4662 
.16 1600 —.4616 
ally 1700 —.4566 
18 1800 —.4514 
ollg) 1900 —.4458 
20 2000 —.4400 
oll 2100 —.4338 
.22 ACO NN eae 
23 2300 —.4206 
ath} 2400 —.4136 
25 2500 —.4062 
.26 2600 —.3986 
ai 2700 —.3906 
.28 2800 —.3824 
JES) 2900 —.3738 
.30 3000 —.3650 
soll 3100 —.3558 
a2 3200 —.3464 
os) 3300 —..3366 
SH 3400 —.3266 
so) 3500 —.3162 
.36 3600 —.3056 
souff 3700 —.2946 
38 3800 —.2834 
532, 3900 —.2718 
.40 4000 —.2600 
Al 4100 —.2478 
42 4200 —.2354 
43 4300 —.2226 
=a 4400 —.2096 
atts 4500 —.1962 
46 4600 —.1826 
47 4700 —.1686 
48 4800 Ne 
.49 4900 —.1398 
.50 5000 11250 


P3 (x) 


0.0000 


—.0150 
—.0300 
—.0449 
—.0598 


—.0747 
—.0895 
—.1041 
—.1187 
—.1332 


—.1475 
—.1617 
—.1757 
—-.1895 
—.2031 


—.2166 
—.2298 
—.2427 
—.2554 
—.2679 


—.2800 
—.2918 
—.3034 
—.3146 
—.3254 
—.3359 
—.3461 
—.3558 
—.3651 
—.3740 


—.3825 
—.3905 
—.3981 
—.4052 
—.4117 


—.4178 
—.4234 
—.4284 
—.4328 
—.4367 


—.4400 
ey 
—.4448 
—.4462 
—.4470 


= A472 
—.4467 
—.4454 
—.4435 
—.4409 


—.4375 


P,(2) Ps (a) Ps (2) P;(2) 

0.3750 | 0.0000 | —.3125 | 0.0000 
.3746 O17 | =s1is 0 
3735 0374 | —.3099 | —.0436 
3716 0560. | ==3066 |) — West 
.3690 0744 | —.3021 | —.0862 
3657 0927 | =22962 |) 1069 
3616 1106. |) 28910 We 278 
3567 (1283 | —.2808 | —.1464 
3512 455: 2713 ie = og 
3449 1624 | —.2606 | —.1828 
3379 1788 | —.2488 | —.1995 
3303 1947 We 0360p isl 
3219 2101 |) 222990 Wee 2205 
3129 12248 | =20718 1p = ae7 
3032 (9380 | 2231913) 2545 
.2928 2523 \ =<-.1746- |) = 2049 
.2819 9650 || -=:1572. |) ==2ise 
.2703 2769  —=.1380. We 281 
.2581 .2880. |, —.1201 | =.2870 
2453 2982 | —.1006 | —.2911 
.2320 3075 |) —==.0806 1) =. 2935 
.2181 .3159 | —.0601 | —.2943 
.2037 73234 | —.0394 | —,2933 
.1889 3299 = =.0183, 4) =2906 
1735 3353 .0029 | —.2861 
AST .3397 0243 | —.2799 
1415 3431 10456. | = 0720 
1249 3453 0669 | —.2625 
.1079 3465 0879. 25ke 
.0906 3465 1087) 1 ==.2384 
.0729 3454 1292, \\ =.2241 
.0550 .3431 1492, |) ==2082 
.0369 3397 1686 | —.1910 
.0185 3351 1873 | ==1724 
—.0000 .3294 2053 |) =5527 
=e 0187 £3225 2205 =nisiS 
310375 3144 2388 | —.1098 
—.0564 3051 .2540 | —.0870 
— 0753 .2948 .2681 | —.0635 
—.0942 2833 .2810 | —.0393 
= 1130 .2706 2926 | —.0146 
e317 .2569 3029 .0104 
—.1504 2421 3118 .0356 
1688 2263 3191 .0608 
==1870 .2095 3249 .0859 
—.2050 1917 3290 .1106 
—.2226 .1730 3314 .1348 
—.2399 1534 3581 1584 
—.2568 1330 3310 1811 
SEY) 1s 3280 .2027 
Ses .0898 2231 
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P(e) 


5000 
-5100 
-5200 
-5300 
.5400 


.5500 
-5600 
-5700 
.5800 
.5900 


-6000 
-6100 
-6200 
-6300 
-6400 


-6500 
-6600 
.6700 
-6800 
-6900 


.7000 
-7100 
.7200 
7300 
.7400 
.7500 
. 7600 
.7700 
.7800 
.7900 


.8000 
.8100 
.8200 
.8300 
.8400 


.8500 
.8600 
.8700 
.8800 
.8900 


-9000 
-9100 
-9200 
.9300 
-9400 


-9500 
.9600 
-9700 
-9800 
.9900 


1.0000 
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TABLE III.— Hyrrrgoric Functions. 


sinh x 


cosh & 


gda 


OF5 Zui 
Oe 
5438 
D002 
.5666 
19182 
5897 
.6014 
-6131 
6248 


-6367 
6485 
-6605 
-6725 
.6846 


.6967 
.7090 
A213 
-7336 
.7461 


7586 
7712 
.7838 
.7966 
.8094 
-8223 
8353 
8484 
.8615 
.8748 


.8881 
.9015 
.9150 
.9286 
9423 


.9561 
.9700 
.9840 
.9981 
1.0122 


1.0265 
1.0409 
1.0554 
1.0700 
1.0847 


1.0995 
TAME Fe 
1.1294 
1.1446 
1.1598 


1.1752 


1.1276 
LES) 
1.1383 
1.1438 
1.1494 


TAS 
1.1609 
1.1669 
1.1730 
1.1792 


1.1855 
LOLS 
1.1984 
1.2051 
T2119 


1.2188 
1.2258 
1.2330 
1.2402 
1.2476 


12552 
1.2628 
1.2706 
1.2785 
1.2865 


12947 
1.3030 
eile 
S199. 
1.3286 


W374 
We sFXeH? 
ease) 
1.3647 
1.3740 


1.3835 
1.3932 
1.4029 
1.4128 
1.4229 


1.4331 
Vagos 
A532 
1.4645 
1.4753 


1.4862 
124973 
1.5085 
IES HSE) 
1.5314 


1.5431 


27.524 
28.031 
28.535 
29.037 
29.537 


30.034 
30.529 
31.021 
Saleey al 
31.998 


32.483 
32.965 
DOminad 
oo.921 
34.395 


34.867 
35.336 
35.802 
36,265 
36.726 


37.183 
37.638 
38.091 
38.540 
38.987 


Se el 
39.872 
40.310 
40.746 
GINZA) 


41.608 
42.035 
42.460 
42.881 
435299 


43.715 
44.128 
44,537 
44.944 
45.348 


45.750 
46.148 
46.544 
46.936 
47.326 


47.713 
48.097 
48.478 
48.857 
49,232 


49,605 
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lsinha | leosha lsinhz | lcosha 1 sinh x lcosha 


0.5595 0.5754 
.5640 .5796 
-5685 -5838 
-5730 .5880 
POaS 922 


.5820 5964+ 
5865 .6006 
5910 .6048 
SQN) .6090 
-6000 .6132 


6044 -6175 
.6089 O27 
-6134 .6259 
-6178 -6301 
-6223 .6343 


.6268 .6386 
.6312 -6428 
-6357 .6470 
.6401 .6512 
.6446 -6555 


-6491 -6597 
-6535 .6640 
-6580 -6682 
-6624 .6724 
-6668 -6767 


.6713 -6809 
-6757 -6852 
-6802 -6894 
-6846 -6937 
-6890 .6979 


-6935 1022 
.6979 - 7064 
.7023 -7107 
- 7067 -7150 
AL LOZ, 


.7156 ERE 
-7200 7278 
1244 -7320 
71289 7363 
YO) 7406 


OME 7448 
ative toll 
7465 7534 
OO od ME 
SOO .7619 


WEY i . 7662 
nL One -7705 


0.3282 O33 745 
3330 noua 
3378 Reon 
.3426 3833 
aos -3873 


3521 O93 
.3569 eey 
1093 .2120 .3616 EZ 
1148 Pall ost 3663 Os2 
1203 .2189 ; Sul 4072 


1257 22225 : 3758 4112 
slit HOSS : 3805 4192 
1365 B28) ; 3852 4192 
SA) 2328 “ .3899 24232, 
1472 Bao On 204 3946 4273 


ES) a3e)e) nO. 3992 AOS 
1578 SeAOD 5 -4039 -4353 
SNES | AO 67 -4086 4394 
. 168+ -2506 : 4132 ey 
.1736 2542 : alge) 4475 


.1788 -2578 3 ives 4515 
. 1840 .2615 : St oAe ao) 
71892, P20o . 4318 BOO 
oll Sees -2688 c -4364 ODE 
B95 ICE : 4411 .4678 


-2046 .2761 ; AO 4719 
2098 2798 : 4503 .4760 
.2148 -2835 AA 4801 
SAS) 2872 4595 4842 
2250 .2909 4641 4883 


.2300 BOT -4687 4924 
2351 2984 ASS 4965 
2401 3022 4778 .5006 
VSI 3059 4824 5048 
-2501 3097 4870 -5089 


2551 EO135 MS -5130 
.2600 os bie) 4961 woli7 2 
-2650 Bey ll .5007 .5213 
.2699 7o249 5052 5254 
2748 3288 .5098 .5296 


DY 3326 5143 5337 
2846 -3365 -5188 word) 
2895 -3403 20d; oka 
2944 2otae 20279) 5462 
2993 3481 5324 -5504 


3041 -3520 -5370 5545 
-3090 5809) Hills 5587 
3138 3598 .5460 -5629 -7686 .7748 
-3186 -3637 5505 5671 .7730 io 
2O234 .3676 -5550 Ab YASS I 22s SCAG 7833 


0.3282 0.3715 0.5595 0:5754 : 0.7818 0.7876 


0.0701 0.1884 
.0758 oO 
-0815 -1950 
-0871 . 1984 
.0927 .2018 


.0982 2051 
.1038 .2086 


AWUInn 
PwWNr OS 


Saya ee 
Cpat tire Crate 


wWMOmmMe Wat 
PWN O OMON 


WOOD DHNMDOHO 
SESES SOSAA 


DPN NN WNYNNNY VNYYHNN NNYNYNNY VNNVYNY YYNYHWN YPHHNH YHNHNNY YNNNY YYVYYVV 


SS yehie op WiiWii Wiwww DNNMNIN wtih SaaS aS ooooo SOoOSeoo 
BS SGGN OR DS NORIO ROMO VIOWAN ROMO OO aan Nowe oo! Oi aia kote oS 


ODIDAA BONES CHIADA FOHHS GHIAN FONES OMIA 
100 9 10 
DIRK 


1 
1 
1 
1 
1 
2 
“2 
2 
Z 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
5 
3 
3 
3 
3 
4 
4 
4 
4 
4 
act 
4 
4 
4 
4 
5 


Polk 
L. 
i 
1. 
ik 
1. 
1 
1: 
if 
ik 
l 
ie 
iL 
i 
rt 
L. 
i 
L. 
ik 
ik 
t 
if 
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1. 
ib 
1: 
1 
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1. 
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iu 
1. 
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1. 
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lsinhz | lcosha | , lsinha | lcosha r lsinha | lcosha 


0.7818 0.7876 
.7862 fu) 
-7906 1962 
-7950 -8005 
DE -8048 


.8038 -8091 
.8082 -8134 
.8176 
.8219 
-8262 


-8305 
.8348 
.8391 
.8434 
8477 


.8520 
-8563 
.8606 
.8649 
.8692 


.8735 
.8778 


0.8915 0.8951 
.8959 -8994 
-9003 -9037 
-9046 -9080 
-9090 SW) 


SUB: -9166 
9178 -9209 
2O22K 9252 
-9265 -9295 
-9309 -9338 


9353 -9382 
-9396 9425 
-9440 9468 
9484 9511 
SNV7/ 9554 


Jil MO7 
-9615 -9641 
-9658 -9684 
-9702 SAT 
SHAE -9770 


-9789 -9813 
£9833 .9856 
.8821 9877 -9900 
-8864 : .9920 -9943 
.8907 5 9964 -9986 


0.8951 : 1.0008 1.0029 


1.0008 1.0029 
1.0444 1.0462 
1.0880 1.0894 
1.1316 TAS27 
IEG 1.1761 


1.2186 1.2194 
1.2621 1.2628 
1.3056 1.3061 
1.3491 13495) 
13925 029) 


1.4360 1.4363 
IES) hese Y/ 
Y5229 1.5231 
1.5664 1.5665 
1.6098 1.6099 


1.6532 1.6533 
1.6967 1.6968 
1.7401 1.7402 
1.7836 1.7836 
1.8270 1.8270 


1.8704 1.8705 
2.3047 2.3047 
2.7390 2.7390 
ellyieys) Sole) 
3.6076 3.6076 


4.0419 4.0419 


BONO OMANAN 


COMM DHDNOOM INNNN 


50 
51 
52 
ye) 
54 
55 
56 
og 
58 
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60 
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TABLE IV.—Roorts oF Berssew’s FUNCTIONS. 


ome Re eta ip x 
~ for Jo(x) =0 ~ for J4(e) 0 = tor Jo(z) =0 ~ for J;(“) =0 


0.7655 W297 Gye, 7.2448 
Ih Ag 2.2330 7.7516 8.2454 
2.4540 3.2383 8.7514 9.2459 
Doll Dos ee eis 10.2463 
Aes Val/ 5.2428 10.7512 11.2466 
Daee On AO® onal 1222469 


WOONANAWNHH 
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x Ji (c) ip Jo (a) Ji (2) x Jo (x) J; (x) 
0.0 0.0000 5.05 | eel reats276. ll 10.00 | ease 0435 
0.1 0499 Sree) 1443 e371 10.1 8 | ee4o0 | oled 
0.2 0995 52) 71103, | = .3432 ||| 10.2. | 2406 | =" 0066 
0.3 1483 5.3 | —.0758 | —.3460 ||| 10.3 | —.2477 | —.0313 
0.4 1960 54) |—0412 | =. 3453 || 10.4) | 2 9434 ) osss 
0.5 2423 5,5) | 0068 | —.3414 I) 10.5 | —.2366 }) —.0780 
0.6 :2867 5.6 | 0270 | —3343 ||| 10:6. | _.2976 1012 
0.7 3290 Z| .0599 | 3241 Ill 107 | 2164 | i994 
0.8 3688 S85) -0917 P=-3110: ||! 10.881 22030) lage 
0.9 4060 SO) Vee 1220 ee s20510 1 10:05 |, = 1ee1 neta cod 
1.0 4401 6.0 | .1506 | —.2767 |I| 11.0 | — 1712: | —.1768 
Py :4709 6.1 1773) ——.2859- NN 11.0) | Seasog es pos 
1.2 4983 6:2 | .2017 | 2329 |I| 11.2 | 71330 | =.2030 
1.3 5220 63 ee), aa || ohio be ie rae 
1.4 15419 6.4 | .2433 | —.1816 ||] 11.4 | —.0902 | —.2205 
i 5579 65 .2601 | —.1538 ||| 11.5 | —.0677 | —.2284 
HG 5699 6.6 | .2740 | —.1250 ||| 11.6 | —.0446 | —.2320 
1.7 5778 G7) |) 285100953. N10. 7 | 0213 2.9333 
1.8 5815 6.8 | .2931 | —.0652 |I] 11.8 | .0020 | —.2323 
1.9 5812 6.9 | .2981 | —.0349 |I] 11.9 | 0250 | —.2290 
2.0 5767 7.0 | .3001 | —.0047 ||| 12.0 | .0477 | —.2234 
2.1 5683 7.1 2991 | .0252 ||] 12.1 | .0697 | —.2157 
2.2 "5560 7.2 | .2951 | .0543 ||| 12.2 | .0908 | —.2060 
2.3 5399 73 | 2882 1 0826 Ill 19.304 21108 | 21943 
2.4 5202 74 | .2786 | .1096 |I| 12.4 | .1296 | —.1807 
Do 4971 WS 2663 pIB52 15 1469 | —.1655 
2.6 ‘4708 7.6 | «2516 | .1592 Il). 12.6 | 1626. p=01487 
2.7 4416 Tip e246 | 18130 12:7) |e 766 07 
2.8 4097 7s | .2154 | .2014 ||| 12.8 | .1887 | —.1114 
2.9 13754 7.9 | .1944 | 2192 ||} 12.9 | .1988 | —.0912 
3.0 3391 8.0 | 1717 | 2346 "||| 13.0 | 2069 | 0703 
361 '3009 8.1 1475 | 2476 ||| 13.1 | .2129 | —.0489 
3.2 2613 g.2 | .1222 | .2580 ||| 13.2 | .2167 | —.0271 
He 2207 33 | .0960 | .2657 |I| 13.3 | .2183 | —.0052 
3.4 1792 8.4 | .0692 | .2708 ||| 13.4 | .2177 | .0166 
3.5 1374 8.5 0419 | .2731 ||] 13.5 | .2150 | .0380 
3.6 0955 3.6 | .0146 | .2728 ||| 13.6 | .2101 | .0590 
3.7 (0538 g.7 |—.0125-| 2697 ||| 13.7 | .2032 | 0791 
3.8 (0128 3s | —.0392 | .2641 |[} 13.8 | .1943 | 0984 
3.9 —.0272 Bio, | eoosge| 2559 ||| 199 |). 11836. 1166 
—.0660 ioe fees 00S LI meee 4530 ||] 14-08 eel 71) “eeeiaa4 
; i E1035 9.1 | —.1142 | .2324 |{| 14.1 1570 | .1488 
: Ev 9.2 | —.1367 .2174 14.2 .1414 .1626 
4.2 1386 

4.3 S719 9.3 | —.1577 | .2004 ||| 14.3 | .1245 1747 
4,4 —.2028 9.4 | —.1768 | .1816 ||| 14.4 1065 | .1850 
4.5 2311 9.5 | —.1939 | .1613 |I] 14.5 | .0875 | .1934 
4.6 —.2566 9.6 | —.2090 | .1395 ||| 14.6 | .0679 | .1999 
4.7 —.2791 97 | —.2218 | .1166 ||| 14.7 | .0476 | .2043 
48 —.2985 913 | —.2323 | .0928 ||| 14.8 | .0271 | .2066 
4.9 gia), 9.9 | —.2403 | .0684 ||| 14.9 | .0064 | .2069 
5.0 3076 ||| 10.0 | —.2459 | .0435 ||] 15.0 | —.0142 |  .2051 
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